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Chapter 3

Building Hadrons from Quarks

Mesons in SU(2)

We are now ready to consider mesons and baryons constructed from quarks. As
we recall, mesons are made of quark-antiquark pair and baryons are made of three
quarks.

Consider mesons made of u and d quarks first.

w =y (space) v (spin) y (flavor) yw (color)

It is straight-forward to write down the spin wave function of a meson. Since both
g and g have spin '5, the gg can form either a spin-triplet or a spin-singlet state:

1,1y =11 h
1,0> = %(/N« + iT) > spin 1 triplet
1,-1) =l D
0, O> = L(/N/ - iT) spin 0 singlet

N

For the flavor wave function, we have an analogous situation. The u, d quarks are
isospin doublet, and so are d, u . However, a slight complication arises since u, d
transforms in the complex conjugate representation.

u' u .
How (d'j:Ii(dj and [Ii’ ]j]:l Egli

*

taking complex conjugate, we get [Il.*, IJ*] =—i &1,

or [_Ii*’ '[1] =i &y (_[Z)
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—I transforms u, d into i, d'
u N
L?J =(-1, )(JJ (Eq. 1)

write out —/; explicitly:

(—ff‘)%(_ol _olj (‘15):%(? ;)"j (_1;)%(‘01 (l’j

One can easily verify that —/; is related to /; by a unitary transformation

1

[ o)l o)

0 -1
One can multiply (Eq. 1) by (1 0 ] on the left
1
0 -1 1/_1'_0—1([*)0 YO —1\u
1 oo)la@) \1 o) -1 o)l o)la (Eq-2)
Y
1;
0 —1\(u _7 0 —-1\u
(Eq. 2) becomes . o la1™ %1 olla

B

~d u
Therefore, L m j transforms just like [ d} and is the isospin doublet for u, d .
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u ~d
Combining the ( dj with the ( = ] , one obtains isospin triplet and isospin

singlet:

1,1)=

1,0> =%(u17—dc7) > =1

1,—1)=ud

_

0,0>:%(uﬁ+d3) } =0

The total spin of the mesons can be S =0 or 1. The lightest mesons have orbital
angular momentum L = 0. Therefore, their total angular momentum J =0 or 1.

+

s, ., (mass~ 140 MeV)
: pLp° p  (mass~770 MeV)
OX (mass ~ 780 MeV)

S <SS
Il
—_— O
NN
Il
O =

-

-

(We will postpone the discussion of J = 0, / = 0 meson until later, since its wave
function contains non-u, d components.)

One can readily combine the flavor and spin parts of the wavefunction. For
example:

p"(JZ:0):%(uﬁ—dc7)%(Ti+iT):%(uTﬁi+u¢ﬁT—ch7i—dic7T)

. -1 1 - —
T (J :0):—ud 2(T~L—¢T):—$(qui—u~LdT)

S

Baryons in SU(2)

Now, consider baryons made of u, d quarks. Let us start with the flavor part.
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First, combining two quarks:
1, 1> Cuu )

1
1,0) : ﬁ(umdu) > [=1 triplet

1,-1) : dd

_

1
0,0> : ﬁ(ud—du)} 1= 0 singlet

Note that / =1 is symmetric with respect to the interchange of the two quarks,
while 7 = 0 singlet is anti-symmetric. We therefore label the symmetry property of
the representations as

202=3,@®1,

where the dimension of the representation is 2/+1/ (For example, [=1/2 —2; 1=1
—3; [=0 —1). Adding another u/d quark, we have

2@202=(3,+1,)®2=(3,®2)®(1,®2)

First consider 1, &®2:

1
—(ud—du)u
u V2
(ud—du)@)(d] = j(ud_du)d

V2

This is an isospin doublet with mixed permutation symmetry (anti-symmetric
WRT the interchange of the first two quarks). Therefore, we denote

-

1,82=2,

where M signifies ‘mixed-symmetry’ while the subscript 4 reminds us the anti-
symmetry between the first two quarks.
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We now consider the remaining part, 3¢ ®2:

uu
Sewl o) (rer- ety
dd

This simply corresponds to the product of an isospin triplet and an isospin doublet.
The resulting isospin can have / = % and [ = %

12%:

uuu Ty
Luua’+\/gi(ud—lra’u)u L(uud+ua’u+a’uu)
V3 342 |3
1
\/_(ud+du)d+\gddu ﬁ(udd+dud+ddu)
ddd ddd
I=%:
J2 11 1
—uud ud +du —(2uud —udu — duu
st [ )
\/— 1 \F 1
NE & ——(udd + dud —2dd
S5 (v v du)d = Sdi g (vdd +dud = 2ddu)

In constructing the /= % and /= % multiplets, we simply use the Clebsch-

Gordon coefficients to combine the |11 1. 1,1 22> states into |I 1 Z> states.
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1= % multiplet is totally symmetric WRT interchange of any pair, while / = %
multiplet has mixed-symmetry and is symmetric WRT the interchange of the first
two quarks.

Therefore, we write 3, 2=4,0 2MS

Collecting previous result, we now have 2Q02Q2=4;0 2MS ® 2MA
The spin wave functions for three quarks are constructed exactly the same way.

The flavor-spin wave functions of the A™, A", A”, A™ quartet are constructed by
combining the / = % (flavor) with the J = % (spin) wave function.

A (45, 49)
AR
flavor spin

For example A" (JZ = %) is simply (uuu)(TTT) =uTulTul

while A (JZ = %) is

ud s+ o) <M1+ 1T+ L11)

— [ tutddvutubdtudbutd )+ permutations]

I
NEL

Note that the A flavor-spin wave function is totally symmetric with respect to
exchange of any pair of quarks. Since quarks are fermions, the wave function
should be anti-symmetric overall. We now believe the color wave function is anti-
symmetric (in order to become a color-singlet state), making the full wave function
anti-symmetric.

The proton and neutron, being spin-"2 isospin-2 particles, are constructed with the
following combination to make the overall flavor-spin wave function symmetric.
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%[(2%, 2., )+(2MA» 2, )]
SN TN

flavor spin flavor spin

As an example, consider proton with J; =" :

(.= Y) =%{%(2uud—udu—duu) : Jlg (211 -1
+%(udu —duu)%(T\LT _ mﬂ

=ﬁ[uud(2 ML= N =) (2T =P - U1
rdi (VM =N )]

Z%{[zu Mutdd—utudd?—udu?d ]+ permutations|

Note that p (J; = - %2) can be obtained from p (J; =+ '2) by interchanging 1 with |.

Similarly, n (Jz = 2) can be obtained from p (J; = 2) by interchanging u with d
quarks.

SUQ3

Adding strange quark, we extend SU(2) to SU(3):
u

=>|d

S

SU(N) has N>-1 generators, and the fundamental representation has matrices of
dimension N. The eight generators for SU(3) satisfy the Lie algebra:
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[Ti’ Tj]:i i Lk

where the structure constants are

Jios =L g = Faas = Josy = Saas = Jsi6 = S :%’fétsg = fors :\/7%

The structure constants are anti-symmetric with respect to interchange of any two
indices.

The fundamental representations for SU(3) are:

| 0O 1 0 | 0 - 0
I,=—|1 0 O I=—li 0 O
2 2
0O 0O _O 0O O
1_1 0O O 1_0 0 1]
I;=—0 -1 0 I,=—|0 0 O
2 2
_O 0O O _1 0 O_
1_0 0 —i] 1_0 0 0]
I.=—|0 0 O I,=—|0 0 1
2 2
_i 0 0_ _0 1 O_
1_0 0 0] | 1 0 O
IL=—0 0 — I.=——=|0 1 O
2
_O l O_ 2\/5 0O 0 -2
Mesons in SU(3)

u, d, s quarks belong to the fundamental representation of SU(3), denoted by 3.

u,d,s belong to the conjugate representation 3. Combining quark and anti-
quark together:
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3®3=8@1

In terms of the ‘weight’ diagram, the 3 and 3 representations are:

Y

N

\
\

} N

-2

¥ 50, -%)

N
’ N

Y
I 5(0,%)

’
’
7

7 (-5, -Y4)

Where Y= B + S, B is the baryon number and S is the strangeness.

3®3 is obtained by superimposing the 3 triplet on top of each site of the quark 3
triplet. One obtains

Y
A
K° ds
44 ®
du *n
K su

-sd K°
8

=13

n'(958)

The SU(3) singlet must contain s, u, d quarks equally and has the wave function

l uit +dd +ss
I |

The other two mesons occupying the I; =0, Y = 0 location are the SU(2) triplet

state
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%(uﬁ—dc?)

and the SU(2) singlet state

L(m_t +dd — 2S§)

NG

The lightest meson octet consists of K (u5), K’ (ds), z* (—ud_ ),

1, _ = 1 _
n’| —=\uu—dd )| 7 (du (— uL7+dd—2s§J i
( /2( )j, ( ) and 7/ \/g( ) . Together with the
SU(3) singlet (#"), they form the pseudoscalar (0°) nonet.

The J = 1 meson octet consists of:

K*O ___________ . K*+
\
\\\
0 \\ +
P ®p NP
ow /'l
/
/
’
4 —
K™ K

and the J = 1 singlet is ¢.

The w and ¢ mesons are found to be mixtures of the SU(3) states ws, ¢,

2 1 _
P==y7 B3 A=

1 2 |
a)z\/; a)8+\/; ¢1:$<uu+dd)

Evidence for ¢ to be nearly a pure ss state is from the peculiar behavior of ¢
decays.
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@ has a width of only 4.3 MeV and its relatively long lifetime is due to the fact that
the main decay channels for ¢ are

¢ —>K'K", KK/  (Branching Ratio = 83%)

The phase space for ¢ (1020) decaying into a pair of kaons is greatly suppressed
relative to the

o0 >’ (Branching Ratio = 16%)

However, the ¢ — 3z decay is suppressed by the Zweig rule if ¢ is mainly a ss
state. The ¢ — KK decays, which are not affected by the Zweig rule, became the
dominant decay channels.

The Zweig rule (or OZI rule, due to Okubo, Zweig, and lizuka) states that decay
rates for processes described by diagrams with unconnected quark lines are
suppressed. Thus, ¢ — 7' 7'7° decay diagram

M}/yﬂ+
S d
d /-771'_
u
- 0
S u /yﬂ'
u

shows that the 37 quark lines are completely disconnected from the initial ss

quark lines. In contrast, the @ = K"K~ decay diagram has some quark lines
connected, and it is not suppressed by the Zweig rule.

S\\Q‘L}/’K

WK
E/\\E
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The three colors (R, B, G) of quark transform under the SU(3) exact symmetry.
Since mesons are made of ¢ —¢ , their color wave function should be an SU(3),

singlet. The singlet state in 3, ®3 =8 @I_is simply

L(RI?+BE+G(_})

3

Therefore, the color wave functions of all mesons have the same form as the flavor
wave function of an SU(3) singlet meson (#").

As discussed earlier, the color contents of gluons are (color X color). Recall the
quark-gluon coupling diagram:

qr >

4

qds

G

RB

for a ‘R’ quark changing into a ‘B’ quark and the gluon carrying RB color. The
gluons therefore have eight different color combinations:

RG, RB, GR, GB, BR, BG, \/I(RE—G(_?), \/I(RE+G(_?—2BE)
2 6

Note that the color contents of the 8 gluons are analogous to the flavor contents of
the meson octet.

Baryons in SU(3)

The spin wave functions for baryons have been discussed earlier:

2®202=(301)®2=4 @2, ©2,

For the flavor wave function, we first consider 3 & 3
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u u
d|®d gives 9 basis states: uu, ud, us, du, dd, ds, su, sd, ss
S S

These basis states can be rearranged to form basis states with specific permutation
symmetry. In particular, the basis states ¥, @, (i =u,d,s,j=u,d,s ) can be
expressed as
1 1
vip, =S (Wi +v,0)+ S (Ve —w,0) = S, + 4,
J \

2

N J
Y Y

symmetric anti-symmetric

It is clear that the symmetric Sj; contains 6 elements, while the anti-symmetric 4;;
contains 3 elements 3®3=6,D3,

In terms of the SU(3) weight diagram

A A

e N _

v

»
»
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Now 3®3®3=(6,©3,)®3=(6,®3)®(3,®3)
First consider 6, ®3

SiWi :%(S[jv/k +8,¥, +Skil//j)+%(Sijl//k — S, _Skin)

The first part of the decomposition is totally symmetric and contains 10 elements,
while the second part contains 8 elements and has mixed symmetry (symmetric
only for i <> j interchange).

Therefore 6, ®3=10®8,

Next consider 3,®3

Aijl)yk = %(Aijl//k + Ajkl//i + Akil//j ) +%(Aijl//k - Ajkl//i - Akil//j)

The first term has 1 element and is totally anti-symmetric, while the second term
has 8 elements with mixed symmetry (anti-symmetric only for i <> j interchange).

Therefore 3A ®3 = SMA S 1A

Finally we have 3®3®3=10,®8,, ©8, DI,

The explicit flavor wave functions for 10, 8 My > 8y x and 1 4 are listed on the

next two pages.
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SU(3) Baryons

Flavor:

10,: AT
AT

™
51~

[1]

[1]

8MSZ p:

>t

>

A%

[1]

5 51~

[1]

NI~§I‘”

3©3®3=10,®8, 8, @1,

H§|~

&

. ddd

1= &1

= -

(

E“_ﬂ_%‘”ﬁ”

uuu

(uud +udu + duu)

(ddu + dud + udd)

(MMS +usu + Suu)

(uds +usd + dsu + dus + sud + sdu)

(ddS +dsd + sdd)

(SSH +sus + MSS)

(ssd + sds + dss)

2uud —udu — duu)

(—2ddu +dud + udd)

(Zuus —usu — suu)

(2uds —usd —dsu + 2dus — sud — sdu)

(des —dsd —sdd )

(usd +sud —sdu — dsu)

(sus +uss — 2ssu)

(sds +dss —2ssd )

15
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8y, p: %(udu—duu)
n: %(uderdud)
> %(usu—suu)
>0 %(usd+dsu—sdu—sud)
> :%(dsd—sdd)
A% %(Zuds—dsu—sud—Zdus—sdu+usd)
=7 %(uss—sus)
= %(dss—sds)
1, %(uds—usdersu—dus+sud—sdu)

Note 8,, is obtained by the following sequence:

starting from ¢q; ¢, q;

a) symmetrize in positions 1 and 2
b) anti-symmetrize in positions 1 and 3
c) symmetrize in positions 1 and 2

For A°, orthogonality to X°, £° , and 1, are imposed to obtain its wave function.

For 8,, , the procedure is analogous, but with anti-symmetrization in steps a) and
¢) and symmetrization in step b). Also, X°is obtained by requiring orthogonality to
A°, 2% and 1,.
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Spin: 20202=402, @2,

4 ¥.3%): 11

. /> TN+NT+¢TT)
Y. /> m+m+m>

[ AL m

2, AT = SRRy
Vo Ji): (Mt a i)

2, VoY) 5 (N=41)
Vo= i) (T =4n)

Baryon decuplet: (10, 4)
Baryon octet: %[(8%, 2y, )+(8MA’ 2y, )}

We can write down explicitly the flavor-spin wave functions of the baryon octet:

pt=g{lututdboutubd toubu? d s permutasions|
nt=il[2aatudvatabut sd b Pt s permuations)
>t T:%{PuTuTs»L—uTui«sT—ui«uTsﬂ+permutations}

= f2utd M -uldd stk s 1]+ permutations)
- 1
2t

—o 1 :
= T:E{[—%Ts'ru ~L+sTsiuT+s~LsTuﬂ+permutatlons}

2deTsi—dTdi«sT—di«deT]erermutations}
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[1]

T:ﬁ{[—%TSTdiﬁsTsidT+s¢sTdT]+permutati0ns}

A T= %{[u TddsT-uldls T] + permutations}

Note the following for the flavor-spin wave functions of the baryon octet:

1) Forp,n, X', ¥, E°, Z, they contain two identical quarks and there are
three permutations, i.e.

pn%{[zuTmu_muu?_uwwﬂ

+[2qui«uT—quTu~L—u¢dTuT}
+[2d¢uTuT—dTuTui«—dTuiuT]}

For X° and A, they have three different quarks, and there are six permutations, i.e.

AOTZ%{[L{Td\lfST—qudTST]-F[CII\LUTST—CZTL{\LST]

+[sTd~LuT—sTdTu\L]+[uTSTd»L—quSTdT]
+[sTuTdi«—sTui«dT]+[d~LsTuT—dTSTui«]}

2) Once one knows the proton wave function, one can obtain the wave

functions for other baryons by replacing (interchanging) the quark
flavors. The resulting wave function is correct within an overall factor.

peon(ued peoX(des)
T e X (1o d) neZ°(des)

=0
—

E o2 uUed

3) The total spin of an identical quark pair is always in an s = 1 (symmetric)
state. This is required since the overall wave function is anti-symmetric
for this quark pair, and the color wave function is anti-symmetric.

4) For X°, the ud have s = 1, while s = 0 for ud in A°. Also, for A° the
baryon’s spin only resides on the strange quark.
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Magnetic Dipole Moments of Hadrons

We have obtained the flavor-spin functions of the lightest mesons and baryons.
Can this simple constituent quark model describe the static properties of these
hadrons, such as mass, spin, parity, magnetic dipole moment, lifetime, decay
modes, etc.?

The spin and parity of the mesons and baryons naturally emerge from the quark
model. It turns out that the magnetic dipole moments and the masses of hadrons
are also well described by the quark model.

First, we consider the magnetic dipole moments.

For point spin-" charged particles, such as e, 4", the Dirac theory tells us that
g =2, where g is the gyromagnetic ratio:

_ e _
2mc

[ is the magnetic dipole moment, m is the mass of the point particle, and § is the
spin of the particle.

One gets, for example, for electron A =

—eh

2mc

magnitude of £, is e =

Similarly, for spin-72 quarks and anti-quarks, the magnetic dipole moments are

_%eh_ eh _—%eh__ eh
H 2m,c  3mc Ha 2m,c 6m ¢

ll’lg z_/’ld ll’lﬁ :_ll’lu
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In the quark model, the magnetic dipole moment operator for a hadron is expressed
as the vector sum of the magnetic dipole moment operator of the constituent quarks

My = Z 4,
i=1
The magnetic dipole moment is defined as the expectation value of the z-
component of £, for a hadron with spin along the z direction. The baryon

3
magnetic dipole moment is therefore g = <B T ‘ Z # (o )I- ‘B T>
i=1

As an example, for proton, we have

[P1)=—{lu Mt ddutudd P ulu'a M permutasion

(Note that the u-u pairs are always in an s = 1 state, since uu are identical particles
and their spin wave function has to be symmetric to produce an overall anti-
symmetric wave function after the color wave function is included.)

1

T A(pt, + = 11y )+ (1, =, + g )+ (g, =, + p1,) | %3

1

1
= (Bu, — 4w, +2p,) =2 (4p, 1)

For neutron’s magnetic dipole moment, we simply interchange u <> d and obtain
1
py =5 (40~ 1)

An interesting prediction of the quark model can be obtained if one assumes that
the up and down quarks have the same mass. Then,

1

ﬂd = _Eﬂu
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A —p, _ 34, 2
ILln ILI = = = ——
and / p 4u — 1, %,Uu 3
eh eh
. =2.793 =-1.913
Experimentally, #» { ) and H, [ J
p y 2mpc zmpc

#, /1, ==0.685 very close to the quark model calculation of — %.

From the proton’s magnetic dipole moment, one can even obtain an estimate of the

u, d quark mass.
1 33 % en| en

:—4 — = — = — =
H 3( o= Ha) 275 2mec | 2m.c

eh
. 2.793
but u«, 1s measured to be )
Hp (2m pcj

eh eh 1
2.793 = - m = M
Therefore [ 2mpc] 2m.c m, > 793 m, =336 MeV

For the A-baryon magnetic dipole moment, we have

‘A T>:%{[u Tdi«ST—ui«dTST]+permutati0n}

(Note that the u, d pair have spin = 0, and the spin of A is carried by the s quark
alone.)

1
Hy =E[ﬂu—ﬂd+ﬂs—ﬂu+ﬂd+ﬂs]x6=ﬂs

eh
From the experiment, Hy =-0.61 { 2 mpc)
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This should be equal to u, according to the quark model.

Therefore, AT Y 9 m = H 2m.c
d m :(—1 ] ljm =513 MeV
an o6l )\3)7

One can also predict the magnetic dipole moments for £, £°, =7, Z° using the

quark model. Reasonably good agreements with the experimental data (within
20%) are obtained.

Masses of Hadrons

We now consider the masses of hadrons in the quark model. For hadrons with zero
orbital angular momenta, the interaction between quarks can depend on the relative
orientation of their spins. An empirical expression for the masses of mesons and
baryons are given as
M (meson)=m, +m, + aZ1%2
mm,

M (baryon) =m, +m, +m,

The 0,+6; term is the QCD analog of the ‘hyperfine’ interaction in QED, which

originates from magnetic force. This term is called color-magnetic interaction. m;,
m,, ms correspond to the masses of the quarks.

It is relatively straight forward to calculate the meson mass. Note that
GG, =4(5,+5,) =4[ (5,+5,)-5 -5, |2
= 2|:S(S+1)—S1 (s1 +1)—s2 (52 +1)]

=2 s(s+1)-3)

[\
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=1fors=1,or—3 fors=0where § =5, +5,

Using m, = my; =310 MeV, m; =483 MeV, a = 160 MeV (muz) one obtains the
following meson masses (in MeV):

T p K K* g ¢
calculated 140 780 484 890 559 1032
observed 138 776 496 892 549 1020

For the mass of baryon, the quark model calculation is slightly more complicated.

V= = = = o

a | o,°o0 0,0 O, °0

M (baryon) =m, +m, +m, +—| ——2 423 4 ZL 3
mm,  m,ms; -y,

a) For baryons made of u, d quarks only (#n, p, A) or of s quarks only (),
my = my = m3 and the color-magnetic term becomes

'
a 1l ,_. - - - _ _
—?(01'024‘02’034'01'03)

b) For J= % baryon decuplet
G,+6,=2(5+5,)=25,  sp=1

Similarly for s,; and 513

Therefore, 0,+0, = 2(§122 _§12 _§22) = 2(2 _%) =1
Similarly, for 0,°0;, 0,0,

c) For J =2 baryon octet

> (uus), X (dds), Z° (ssu), 2 (ssd), ° (uds)
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All have m; =my=m
In addition, the first two quarks couple to s, = 1

0,0, 0,0, O0,°C 0,°G, 0,*C, O,*C
1 2 2 3 1 | 2 2 3 1 3
Therefore [ + + ] =— 5t +
mm, m,m;  mm, m mm,;  mm,
=2 =2 =2 - -
2(S12 =85 TS5, ) 1 . - - . . .\ 00,
- : - (6,46, + 6,46, +5,+0; ) ———=
m mm, mm,

RIS SRR Y )

d) For A° (uds), it is similar to ¢), except that s;, = 0.

Nuclei are made of protons and neutrons. In certain sense, they are analogous to
hadrons which are made of quarks and anti-quarks. However, protons and
neutrons are color-less objects, unlike the quarks and anti-quarks. This has
interesting implications which can be illustrated by a consideration of the mass-3
nuclear system “H and *He.

*H consists of (pnn) while *He is made of (ppn). (p, n) are isospin doublet, just like
(d, u) form and isospin doublet. If one substitutes (p, n) by (u, d), then

(pnn) — (udd) and (ppn) — (uud).
H n *He p

In the previous sections, we discussed the wave functions and magnetic moments
of p, n in terms of the constituent quarks (#, d). Can one extend such an approach
to describe *H and *He?

Let us consider the magnetic moments of *H and *He. We recall that the magnetic
moment of proton is expressed in terms of the magnetic moment of up, down
quarks:

1
7 =§(4ﬂu — ;)

1
Similarly, for neutron: M, = 3 (4ﬂd —H, )
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If the wave functions for *He, *H are analogous to those of p, n, then one could
express the magnetic moments of *He, *H in terms of the magnetic moments of p
and n

1 1

1, =§(4u,, - u,) 1, =§(4un —u,)

Since u, = 2.79 N.M, u, = -1.91 N.M., the above equations give

s, =436 N.M. p,, =348 N.M.

This result is in total disagreement with the experimental data of

p,, =-2.13 N.M. s, =2.98 N.M.

In fact, even the signs are wrong!

Since proton and neutron are color-neutral objects, the color wavefunctions are
symmetric. Therefore, one should calculate the *H and *He magnetic moments
assuming that their color wave functions are symmetric (and hence the flavor-spin
wave functions are anti-symmetric). The expressions for *H and *He’s magnetic
moments are now very different. We obtain

M, =4, =—1.91 N.M. Hsy, =4, =279 N.M.

These results are much closer to the experimental values of £, =—2.13 N.M. and
i, =298 NM.

This example illustrates the important role played by color for describing the
hadrons. For *He, *H, the underlying nucleons are colorless, resulting in very
different magnetic moments from what would have been expected assuming a
complete analogy between (*He, *H) and (p, n).

Another interesting example is the magnetic dipole moment of deuteron. If one
assumes a simple wave function for deuteron:

dt =p1 nt (deuteron has total spin = 1)
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This is analogous to vector mesons, whose magnetic moments are given as the sum
of the ¢ and g ’s magnetic moments. One expects

(d Tyl d )= p,+u,=279-1.91N.M.= 0.88 N.M.

Experimentally, 1, = 0.86 N.M. The small discrepancy between the simple model
prediction and the data reflects a small contribution from the D, state component
in the deuteron wave function.

Other Hadrons

We have so far only discussed the lightest mesons and baryons. While these
hadrons are among the most important ones to be familiar with, clearly other
hadrons can be formed by orbital or radial excitation of one or more quarks, or by
replacing the u/d/s quarks by the heavy charm (c) or beauty (b) quarks.

We now consider mesons with total spin J , orbital angular momentum L , and
quark spin S
J=L+S S=0,1

The parity operator P applied to a gg meson gives

P=(-1) g, =(-1)"

where (-1)" reflects the effect of space inversion on the orbital angular momentum.
n, and 77, are the intrinsic parity of ¢ and ¢ , respectively. The opposite intrinsic
parity of fermion and anti-fermion introduces a factor of —1.

The operation of charge conjugation changes a particle into an anti-particle. For
neutral mesons which are their own anti-particles, they are eigenstates of the
charge conjugation operator C. The C operation may be considered equivalent to
the exchange of ¢ with ¢ . On exchange, a factor of (-1)* comes from the orbital
angular momentum, another factor of (-1) from the opposite intrinsic parity of g
and ¢ , and finally a factor of (-1)°"' comes from the symmetry property of the spin
wave function.
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The C-parity for a self-conjugate meson is
C=(1) D -1y =(-D"
Since P=(-1)""! C=(-1)" PC=(-1)*"

Hence, for S = 0 mesons PC = -1 (P, C have opposite signs)
for § =1 mesons, PC = +1 (P, C have same signs)

The J°€ of ordinary gq mesons are as follows:

=0 S=1
L=0 0" 1~
L=1 1+_ O++, 1++, 2++
L=2 27 17,27,37
L=3 3+- 2++ 3++ 4++

It is important to note that ordinary ¢g mesons cannot have
JC=07,0",1",2,37,.....

These are ‘exotic’ quantum numbers, which could only be associated with non- gq

exotic mesons such as gg (glueball), ggg (hybrid), ¢°7°, etc.

Note that K°, K° are neutral mesons, but not eigenstates of C-parity.

Photon is an eigenstate of C. Since EM field changes sign under C, photon has C
=-1.

C is conserved in strong and electromagnetic interactions.

7’ > isallowed, while 7% A yyy

Similarly, ég: Ar'n p° A
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The current naming scheme for mesons considers two separate cases:

a) “Neutral-flavor” mesons ( S=C=B=0)

qq content UL = Leven)s  '(Loaa)s *(Leyen)s *(Lodaa)s
ud, uu —dd, du (I=1) T b p a
dd +uw and/or s5 (1= 0) 7, n' h, W' w, @ LS
cc Me he W Xe
bb Mo hy Y Xb

b) Mesons with non-zero S, C, B
strange meson: K (I="%)
charm meson: Ds(I1=0),Dd="%)
beauty meson: Bs(I=0),Bc(I=0),B(I="%)

K, D, B without subscript indicates that they also contain a light u/d or u / d.
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The following table from the most recent PDG lists the quark-model assignments
for the known mesons:

Table 13.2: Suggested ¢§ quark-model assignments for most of the known mesons. Some assignments, especially for the 071 multiplet
and for some of the higher multiplets, are controversial. Mesons in bold face are included in the Meson Summary Table. Of the light mesons
in the Summary Table, the f{1500}, f1(1510}, f2(31930), f2(2300), f2(2340), and one of the two peaks in the n(1440) entry are not in this
table. Within the ¢g model, it is especially hard to find a place for the firsi two of these f mesons and for one of the n(1440) peaks. Sev the
*Note on Non-gij Mesons” at the end of the Meson Listings.

ud, uT, dd T, dd, s7 o | bb Fu, 5d : &m, ed | 5 bu,bd | bs l Te ;
NEHLL | JPC Ti=id I=0 I=o0 I=0 I=1/2 | I=1/2 I=0 |I=12:1=0j1=0,
1185 o=+ x o | me(18) | m(1S) K D D, . B | B | B
’1351 17~ P w, ¢ J/p(18}y| Y(15) | K*(892) | D*(2010) D B B:
1P 1%~ | b1(1285} | hy(1170), 21(1380) | he(1P} Ki1p° | D1(2420) ]| D,1(2536) |
135 0FF | ag(1450)* * £2(1370)", f(1710)" | xca{1P) | x50(1P) | K}j(1430) ﬂ‘
137 1% | a3(1260) | £1(1285), £1(1420) | xc2(1P) | xpn(3P)|  Kiaf ,
13p, 237 | a2(1820) | F2{1270), F35(1525) | x2(1P} | x32 (1P} K%(1430) | D5 (2460) '
11Dy 2=+ | wa(1670) | 1a(1645), 3 (1870) K2{1770)
18D, 177 | p(1700) | w(1650) $(3770) K*(1680)! B
13Dy o= K2(1820)
1°Dy 377 | p3(1690) | wz{1670}, ¢3{1850) K3(1780)
138y 41t | ag(2040) | F4(2050), f1(2220) K;(2045)
218, o~* | «{1300) 7{1295), n{1440} n:(25) K (1460} 7|
238 177 I p(1450) | w(1420), $(1680) P$(28) | ¥(28) | K*{1410)} ‘!
23R, 2t | ay(1700) F2(1950), £2(2010} xe2(2P) | K3(1980) ‘
115, 0~% | x(1800) n{1760) K{1830) : [ |

* See our scalar minireview in the Particle Listings. The candidates for the I = 1 states are ¢g(980) and ag(1450), while for [ = 0 they ave:
fo(600), fo(980), fp(1370), and fy(1710). The light scalars are probiematic, since there may be two poles for one g7 state and ug (D307,

fo(980) may be KK bound states,
¥ The K4 and Kqp are nearly equal (45°) mixes of the K7(1270) and Iy (1400).
! The A*(1410) could be replaced by the K*(1680) as the 2 38, state.



P570 30

The SU(4) 16-plets for pseudoscalar and vector mesons are shown as follows:

(a)

(b)

Note that the neutral mesons at the center of the center plane are mixtures of
uut, dd, ss and cc states. Also note the 4-fold symmetry in the SU(4) 16-plets.
For example, one can form an octet plane containing D’, D;, K, K, Dy, D’ (an

SU(3) octet made of u, s, ¢). Similarly octet planes made of (d, s, ¢) and (u, d, c)
can also be envisaged.

Analogous SU(4) 16-plets can be constructed for (u, d, s, b) and for any orbitally
or radially excited mesonic states.
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Baryon Excited States

For baryons with L = 0, the space wave function is symmetric and the flavor-spin
wave function is totally symmetric too. For baryons with one quark excited to the
1 P state, both symmetric and mixed symmetry space wave function can be formed.

Recall the SU(3), SU(2) (flavor, spin) multiplets:
Symmetric: (10,4)+(8,2)=56
Mixed Symmetry: (10, 2) + (8, 4) +(8,2) + (1,2)=70
Anti-symmetric: (8, 2) +(1,4)=20

For baryon ‘ground’ states with L = 0: (10, 4) : IF=372"
(8,2) : F=11"

For baryon states with one quark excited to L = 1, the space-symmetric state
vanishes if the origin is chosen to be the center-of-mass of the three quark system
(see F. Close’s book, page 82). Therefore, only mixed symmetry states are
allowed:

L=1: (L=1) ®(10,2) = J =3/27, 1/2
L=1)® (8,4 = J =5/2,3/2,1/2
L=1)® (8,2)=J=3/2,1/2
L=1)®(,2)=J=3/2,1/2

The following table lists the (D, L;) for many of the known (u, d, s) baryons. D

is the dimensionality of the SU(3) x SU(2), L is the total quark orbital angular
momentum, and P is the total parity. N is the total number of quanta of excitation
(both radial and orbital). Note that baryon states with total spin up to 11/2" have
been observed.
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Table 13.4: Quark-model assignments for many of the known
baryons in terms of a flavor-spin SU(6) basis. Only the dominant
representation is listed. Assignments for some states, especially
for the A(1810), A(2350), Z(1820), and =(2030), are merely
educated guesses. For assignments of the charmed baryons, see
the “Note on Charmed Baryons” in the Particle Listings.

= @DRLL)'S Octet members Singlets
172t (56,00) 1/2 N(939) A(1116) ${1193) =(1318)
1/2t (56,05) 1/2 N(1440) A(1600) Z(1660) Z(?)
1/2= (70,17} 1/2 N(1535) A(1670) £(1620) Z(7)  A(1405)
3/2~ (70,17) 1/2 N(1520) A{1690) Z(1670) Z(1820) A(1520)
1/2= (70,17) 3/2 N(1850) A{1800) £(1750) Z(7)
3/2~ (70,17) 3/2 N(1700) A1)  Z(1)  =(7)
5/2~ (70,17) 3/2 N(1675) A(1830) Z(1775} 5(7)
/2t (70,05) 1/2 N(1710) A{1810) Z(1880) =(7)  A(?)
32t (56,2F) 1/2 N(1720) A(1890) (1)  =(7)
5/27 (36,29) 1/2 N(1680) A(1820) X{1915) =(2030)
/2 (70,37) 1/2 N(2190) A7)  E{?) E5(I)  A(2100)
0/2= (70,37) 3/2 N{2250) A(T)  Z(T) E(D)
9/2% (56,4F) 1/2 N(2220) A{2350) =(?)  =(7)
Decuplet members
3/2t (56,05) 3/2 A(1232) F(1385) Z(1530) £2(1672)
/2= (70,17) 1/2 A(1620) £(7) =T 2(9)
320 (70,17) 1/2 A(L700) Z(2) =M (D)
52T (56,24) 3/2 A(1905) B(7) =) (7
/2t (56,27) 3/2 A(1950) D(2030) Z(7)  2(7)
11/2% (56,47) 3/2 A(2420) Z(7)  E(T) 1Y)

32
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Baryon Naming Scheme

The naming scheme for baryons containing u, d, s, ¢, b quarks is relatively straight-
forward. The symbols N, A, A, Z, E, and Q originally used for the baryons made
of light quarks (u, d, s) are now generalized for heavy baryons too.

3u/d : N (Isospin="2), A =3/2)
2u/d: A{I=0), XU=1)
If the third quark is a ¢ or b quark, its identity is given by a subscript, 1.e.
Aba AC) Zb: ZC
1 u/d: E. They have I = A.

If one or both of the non-u/d quarks are heavy, then subscripts are added:
ey Bes Epy Eper Eps, €tC (Note that E. contains (u/d) s ¢ where s is not
specified in the subscript.

No w/d : Q. They all have /= 0.
The heavy quark contents are again shown explicitly in the subscripts, such
as Qccc: Qcc: Qc: beb) bec: chc: etc.

A baryon that decays strongly has its mass as part of its name, such as A(1232),
>(1385), etc.

There are eleven known charm baryons, each with one ¢ quark. The charmed-
baryon spectrum is shown here in comparison with the light baryons:
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(a) Charmed baryons (b) Light strange baryons
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For b-baryons, both A, and =, have been found.

Charmed Baryons

34

—1.8

For baryons containing u, d, s, ¢ quarks, the SU(3) needs to be extended to SU(4):

40404=4020020820

The SU(3) symmetric decuplet is now extended to SU(4) totally symmetric 20-

plet. The SU(3) mixed symmetry octet now becomes SU(4) mixed-symmetry 20-

plet. These two SU(4) 20-plets are shown as follows:

Strange baryon mass (GeV)
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®) / | .\.\\

s made of u, d, 5, and

iplets of baryon
s eh an SU(3) octet. (b) The 20-plet

i : SU(4)
Figure 13.2: S ;
¢ quarks. (a) The 20-plet wit
with an SU(3) decuplet.

(a) mixed-symmetry 20-plets (b) symmetric 20-plets
Note the 4-fold symmetry in these diagrams. The mixed-symmetry 20-plets

contain 4 SU(3) octets made of (u, d, s), (u, d, ¢), (u, s, c) and (d, s, ¢). Similarly,
the symmetric 20-plets contain 4 SU(3) decuplets.

Exotic Mesons and Barvyons

While gg and gqgq states are the simplest colorless hadrons one can construct,
there are clearly other colorless states which can be made out of ¢, ¢ , and gluons.

Extensive experimental searches for such exotic hadrons have not yet provided any
clear evidence for their existence. Some examples of the exotic hadrons are:

a) Glueballs. These are colorless objects made of a pair of gluons. Lattice gauge
calculations suggest that light glueballs have J*“=0""and 2" (~ 1600 MeV for 0"
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and ~ 2230 for 2""). So far, the best candidate for glueball is the £, (1500) 0" state.
These glueballs can mix with ordinary ¢gq states, making their identification a

difficult task.

b) Hybrids. These are exotic mesonic states consisting of ggg , where a gluon
combines with the gq . The presence of the extra gluon allows some exotic
quantum numbers for the hybrids. Evidence for such an exotic hybrid with J° =
17" has been reported for the 7,(1400) produced in the 7 p—#yx p reaction, where
71(1400) couples to yr. More extensive studies for the hybrids are planned in the
future at the Jefferson Laboratory.

c) Dibaryons. These are six-quark states. The most celebrated example is the ‘H
particle’ made of (uuddss). Extensive search has shown no evidence for such
particle.



