
University of Illinois Fall 2017

ECE 586BH: Problem Set 6
Optimal selling mechanisms, and cooperative games

Due: Thursday, December 7, at beginning of class
Reading: Course notes, Sections 6.2 and Chapter 7. Also recommended: V. Krishna, Auction Theory,

Chapter 5 (based largely on Myerson(1982))
and Chapter 6 (based on Milgrom and Weber(1983))

1. [Revenue optimal auction with identically distributed uniform valuations]
Consider the design of a mechanism to sell a single object to maximize the expected payoff to
the seller, assuming the value of the object to the seller is r = 0 (free disposal) and there are
n bidders with n ≥ 1 such that the valuations (Xi)1≤i≤n are independent, and each uniformly
distributed over the interval [a, b], where 0 ≤ a < b.

(a) Identify the IC, IR selling mechanism that maximizes the expected payoff of the seller,
assuming the min to win payment rule is used. Be as explicit as possible.

(b) Find the expected payoff of the seller in case of a single bidder, n = 1. (Hint: Treat the
cases a < b

2 and a ≥ b
2 separately.)

2. [Optimal seller mechanism for single minded bidders]
Suppose a seller wishes to sell a finite collection of objects O, and the value to the seller of any
subset of objects is zero (i.e. free disposal) so the payoff of the seller is the sum of payments
made by the bidders. Suppose there are n bidders indexed by I. Suppose each bidder i has a
random positive value Xi for some particular bundle Âi and value zero for any other bundle.
Suppose the random variable Xi is distributed over some interval [0, wi] with positive density
fi and virtual valuation function ψi. Suppose ψi is strictly increasing for each i, so the design
problem is proper. Suppose the sets (Âi) and the distributions of the values are known to
the seller and all bidders. Describe an IC, IR selling mechanism that maximizes the expected
seller revenue.

3. [Optimal seller mechanism with discrete valuation distributions]
Myerson’s theory of optimal auctions can be developed for discrete valuation distributions
with only minor modifications. Suppose there is a seller with a single object to sell and n
bidders indexed by I. Let Xi denote the value of the object to bidder i. Assume the Xi’s are
independent and identically distributed with P {Xi = xk} = pk for 1 ≤ k ≤ K and i ∈ I,
where x1 < . . . < xK and p = (p1, . . . , pK) is a probability vector with strictly positive
probabilities. The revelation principle holds for discrete distributions with the same proof as
given in the notes for the continuous setting. (We restricted attention to the case of identical
distributions only to simplify the notation.)

(a) Let qk denote the probability a bidder gets the object given the bidder bids xk and let
mk denote the expected payment the bidder makes given bid xk. Adopt the notational
convention that q and m can also be thought of as functions with q(xk) = qk and
m(xk) = mk for 1 ≤ k ≤ K. Show that for a given q, it is possible to select m to satisfy
the IC constraint if and only if qk is nondecreasing in k. Furthermore, show that if qk is
nondecreasing in k, then the maximum choice of the function m subject to the IC and



IR constraints is given by (with q0 , 0):

mk =

k∑
j=1

(qj − qj−1)xj for 1 ≤ k ≤ K. (1)

(Note: Unlike the case of continuous values, q and the IC and IR constraints do not
unquely determine m, but there is still a unique pointwise maximum m, given by (1),
satisfying the IR and IC constraints.)(Hint: Use induction on k. For the base case, why
must m1 satisfy m1 ≤ q1x1?)

(b) Show there exists a virtual valuation function ψ so that

E [m(Xi)] = E
[
ψ(Xi)1{bidder i gets object}

]
.

(Hint: Use the notation ψ(xj) = ψj and find an expression for ψ1, . . . , ψK in terms of the
x’s and p’s.) The value distribution is said to be proper if ψj is increasing in j. Describe
the optimal selling mechanism in a manner similar to the continuous case described in
the notes, under the assumption the value distribution is proper. Let r denote the value
of the object to seller in case it is not given to any bidder.

(c) Let 0 < L < H and 0 < p < 1. Specialize the results of this problem to the case of a
single bidder with a value X satisfying P {X = H} = p and P {X = L} = 1−p. Suppose
the value of the object to seller, r, is zero (free disposal). Find the maximum expected
revenue of the seller for IC and IR seller mechanisms. Calculate the expected value of
the object to the bidder minus the expected revenue of the seller. This is called the
information rent. It is the value the seller cannot extract because seller does not know
the value of X.

4. [Production economy with convex productivity function]
Recall the production economy of Example 7.5 in the course notes. The set of players is
I = {c}∪W , where c represents a factory owner, and W is a set of m workers, for some m ≥ 1.
In order for a coalition to have positive worth, it must include the owner and at least one
worker, because both the factory and at least one worker are needed for production. Suppose
the worth of a coalition consisting of the owner and k workers is f(k), where f : [m] → R
is such that f(0) = 0, f is monotone increasing, and its increments f(k + 1) − f(k) are
nondecreasing in k over 0 ≤ k ≤ m−1. (In contrast, in the notes, the increments are assumed
to be nonincreasing.)

(a) Identify the core of the game. Simplify your answer as much as possible. Hint: Given
(xc, x1, . . . , xm), let x[1] ≤ . . . ≤ x[m] denote the ordered permutation of x1, . . . , xm.
Express your answer using x[i]’s.)

(b) Find the Shapley payoff profile.

(c) Is the Shapley payoff profile in the core?

5. [A market with two goods]
Consider the market with transferrable utilities M = (I, `, (wi), (fi)) such that I = {1, 2, 3},
` = 2, and

f1(z1,1, z1,2) = (min{z1,1, z1,2})1/2 w1 = (0, 0)

f2(z2,1, z2,2) = (0.1)(z2,1 + z2,2) w2 = (0, 0)

f3(z3,1, z3,2) ≡ 0 w3 = (5, 8).
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The two goods are complementary for player 1. For example, the goods could be left shoes
and right shoes. Player 2 has a small fixed unit value for either type of good, no matter how
much of each he/she is allocated. Player 3 has a nonzero initial endowment and no value for
either good.

(a) Find the core of the induced cooperative game.

(b) Find the set of all competitive equilibria (z∗, p∗) and the set of all payoff profiles x∗ ∈ R3

for competitive equilibria.

(c) Find the Shapley value profile.
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