
University of Illinois Spring 2013

ECE 586: Exam I

Monday April 1, 2013
7:00 p.m. — 8:30 p.m.
168 Everitt Laboratory

1. [30 points] Recall the standard Cournot game for constants a > c > 0. Firm 1 must select
a quantity s1 to produce and firm 2 must select a quantity s2 to produce, with si ≥ 0. Each
firm sells all it produces at the price a− s1 − s2 per unit, and the nominal production cost is
c per unit of production, for either firm.
Now consider the following variation, which is a game with two stages. Firm 1 has an
opportunity to pay an amount m > 0 for an equipment upgrade, which would reduce the
production cost for firm 1 from c to zero. In the first stage of the game, firm 1 decides whether
to buy the equipment upgrade. Firm 2 can observe whether firm 1 buys the equipment
upgrade, before the second stage of the game. In the second stage of the game, the firms play
the Cournot game to determine s1 and s2, with the production cost of firm 1 being either 0
or c, depending on whether firm 1 bought the equipment upgrade. For simplicity, assume
c ≤ a

2 , and no discount factor is used.

(a) (10 points) Find the production levels (s1, s2) for a subgame perfect equilibrium, and
the resulting payoffs of the firms for the second stage of the game, given firm 1 does not
buy the equipment upgrade.

(b) (10 points) Find the production levels (s1, s2) for a subgame perfect equilibrium, given
firm 1 buys the equipment upgrade, and the resulting payoffs of the firms for the second
stage of the game. (Remember we’ve assumed c ≤ a

2 for simplicity.)
(c) (10 points) Identify a subgame perfect equilibrium (SPE) for the overall game, including

the decision of firm 1 about the equipment upgrade. In particular, under what conditions
on m, a, and c (still under the assumption c ≤ a

2 ) does firm 1 buy the equipment upgrade
under the SPE?

2. [10 points] The subparts of this problem are unrelated.

(a) (5 points) The maxmin value for player i in a finite game with N players is given by
vi = maxpi minp−i ui(pi, p−i), where each value of (p1, . . . , pn) represents a mixed strategy
profile. If player i uses a Hannan consistent strategy, is it true that with probability one,
the limit inferior as T → ∞ of his average payoff per play up to time T will be greater
than or equal to vi? Briefly explain why.

(b) (5 points) In the following extensive game with imperfect information, which one(s) of
the six nodes, n1, . . . , n6 are root nodes of proper subgames?
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3. [30 points] Consider the two-player strategic game with the following payoff matrix, where

player 1 selects a row and player 2 selects a column:

1 2 3
1 6,6 3,4 3,3
2 5,3 9,8 9,7
3 4,3 8,8 8,7

.

(a) (5 points) Identify all dominant strategies by either player and state whether each is
strongly or weakly dominant.

(b) (5 points) Identify all pairs of strategies such that both strategies are for the same player,
and one strategy dominates the other, and state whether the domination is strong or
weak.

(c) (5 points) Identify the pure strategy NE.
(d) (5 points) Identify the NE involving nondegenerate mixed strategies, if any.
(e) (5 points) Is the game a potential game? If so, identify the potential function. If not,

show why.
(f) (5 points) Consider the following algorithm for seeking a pure strategy NE. Initially,

player 1 selects one of the three pure strategies, all three having equal probability. Then
player 2 selects a best response to the strategy of player 1. Then player 1 selects a best
response to the strategy of player 2. The process continues. With what probability
does the algorithm converge (i.e. eventually each player keeps using the same strategy?
Given the algorithm converges, what is the distribution of the limiting strategy pair?

4. [30 points] Consider the following symmetric, two-player game:
1 2

1 2,2 1,1
2 1,1 3,3

.

(a) (5 points) Does either player have a (weakly or strongly) dominant strategy?
(b) (5 points) Identify all the pure strategy and mixed strategy Nash equilibria.
(c) (5 points) Identify all evolutionarily stable pure strategies and all evolutionarily stable

mixed strategies.
(d) (5 points) The replicator dynamics based on this game represents a large population

consisting of type 1 and type 2 individuals. Show that the evolution of the population
share vector θ(t) under the replicator dynamics for this model reduces to a one dimen-
sional ordinary differential equation for θt(1), the fraction of the population that is type
1, and find the differential equation

(e) (5 points) Identify the steady states of the replicator dynamics.
(f) (5 points) Of the steady states identified in the previous part, which are asymptotically

stable states of the replicator dynamics? Justify your answer.
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