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Neural Networks in a slide!

Given a set {(x1, y1), (x2, y2), ..., (xN , yN)} of training examples.
We define the loss of a model as

L(W ) =
N∑
i=1

l(ΦW (xi ), yi ) (1)

Training a neural network

W = arg min
W
L(W ) (2)

Making a prediction for a neural network

ŷi = ΦW (xi ) (3)



Fully Connected Layer

z
(l−1)
j = the j th hidden node’s activation at (l − 1)th layer. z

(l−1)
j ∈ R .

W
(l−l)
ij = the weight in the (l − 1)th layer going from input i to hidden

unit j . W
(l−l)
ij ∈ R

b
(l−1)
j = the bias for j th node at (l − 1)th layer. b

(l−1)
j ∈ R

f (·) = a element-wise non-linear function.

The forward Convolution Operation

a
(l)
j = (

∑
i
z
(l−1)
i ·W (l−1)

ij ) + b
(l−1)
j

z
(l)
j = f (a

(l)
j )



Fully Connected Layer for Image?

Neural network illustration

Consider an image of size 250× 250.
For each hidden node, it requires 250× 250 = 62, 500 weights.
If we choose the same number of hidden node as the input, then we need
62, 500× 62, 500 = 3, 906, 250, 000 weights per layer.
Not the best idea! (1) Expensive to compute, (2) Very complicated model.



Convolutional Neural Network Motivation

Assume stationary image statistics, this motivates the weight sharing
between the inputs, and results in the convolution layer.

CNN illustration from clarifai.com.

Advantage: (1) Reduces the number of weights, (2) Generalizes better in
practice, (3) Respects the image structure, and enable operators that are
easier to interpret.



Convolution Layer

z
(l)
j = the j th channel of the activation map at l th layer. z

(l)
j is a matrix.

W
(l)
ij = the i th channel of the j th filter at l th layer. W

(l)
ij is a matrix.

b
(l−1)
j = the bias for j th filter at l th layer. b

(l−1)
j is a scalar.

f (·) = a element-wise non-linear function.
? = convolution

The forward Convolution Operation

a
(l)
j = (

∑
i
z
(l−1)
i ?W

(l−1)
ij ) + b

(l−1)
j · 1

z
(l)
j = f (a

(l)
j )

Note: 1 denotes matrix of all ones.



Convolution Layer Gradient

L = the cost function
δ
(l)
j (u, v) = ∂L

∂a
(l)
j (u,v)

= the backprop error.

Gradient for bias term

∂L
∂b

(l−1)
j

=
∑
j ′

∑
u′

∑
v ′

∂L
∂a

(l)

j′ (u
′,v ′)
·
∂a

(l)

j′ (u
′,v ′)

∂b
(l−1)
j

=
∑
u′

∑
v ′

∂L
∂a

(l)
j (u′,v ′)

· ∂a
(l)
j (u′,v ′)

∂b
(l−1)
j

=∑
u′

∑
v ′

∂L
∂a

(l)
j (u′,v ′)

=
∑
u′

∑
v ′
δ
(l)
j (u′, v ′)

Recall a
(l)
j (u, v) = (

∑
i
z
(l−1)
i ?W

(l−1)
ij )(u, v) + b

(l−1)
j

Thus,
∂a

(l)
j (u′,v ′)

∂b
(l−1)
j

= 1



Convolution Layer Gradient

Gradient for Weight term

∂L
∂W

(l−1)
ij (u,v)

=
∑
j ′

∑
u′

∑
v ′

∂L
∂a

(l)

j′ (u
′,v ′)
·

∂a
(l)

j′ (u
′,v ′)

∂W
(l−1)
ij (u,v)

=

∑
u′

∑
v ′

∂L
∂a

(l)
j (u′,v ′)

· ∂a
(l)
j (u′,v ′)

∂W
(l−1)
ij (u,v)

Recall, a
(l)
j (u′, v ′) = (

∑̂
i

∑̂
u

∑̂
v

z
(l−1)
î

(u′ − û, v ′ − v̂)W
(l−1)
î j

(û, v̂)) + b
(l−1)
j .

(Expanded using def. of Conv).

Then,
∂a

(l)
j (u′,v ′)

∂W
(l−1)
ij (u,v)

= z
(l−1)
i (u′ − u, v ′ − v) as the derivative is non-zero

when û = u, and v̂ = v .



Convolution Layer Gradient

Putting everything together.

Gradient for Weight term

∂L
∂W

(l−1)
ij (u,v)

=
∑
u′

∑
v ′

∂L
∂a

(l)
j (u′,v ′)

· ∂a
(l)
j (u′,v ′)

∂W
(l−1)
ij (u,v)

=
∑
u′

∑
v ′
δ
(l)
j (u′, v ′)z

(l−1)
i (u′ −

u, v ′ − v) =
∑
u′

∑
v ′
δ
(l)
j (u′, v ′)z̃i

(l−1)(u − u′, v − v ′) = δ
(l)
j ? z̃i

(l−1)(u, v)

Note: z̃
(l−1)
i (u, v) = z

(l−1)
i (−u,−v)



Backprop Error

Backprop Error δ
(l−1)
j

δ
(l−1)
j (u, v) = ∂L

∂a
(l−1)
j (u,v)

=
∑
j ′

∑
u′

∑
v ′
δ
(l)
j ′ (u′, v ′) ·

∂a
(l)

j′ (u
′,v ′)

∂a
(l−1)
j (u,v)

Recall, a
(l)
j ′ (u′, v ′) = (

∑̂
j

∑̂
u

∑̂
v

z
(l−1)
ĵ

(u′ − û, v ′ − v̂)W
(l−1)
ĵ j ′

(û, v̂)) + b
(l−1)
ĵ

Then,
∂a

(l)

j′ (u
′,v ′)

∂a
(l−1)
j (u,v)

= W
(l−1)
jj ′ (u′ − u, v ′ − v)f ′(a

(l−1)
j (u, v)) as the derivative

is non-zero only when u′ − û = u and v ′ − v̂ = v .



Backprop Error

Putting everything together

Backprop Error δ
(l−1)
j

δ
(l−1)
j (u, v) = ∂L

∂a
(l−1)
j (u,v)

=∑
j ′

∑
u′

∑
v ′
δ
(l)
j ′ (u′, v ′) ·W (l−1)

jj ′ (u′ − u, v ′ − v) · f ′(a(l−1)j (u, v)) =∑
j ′

∑
u′

∑
v ′
δ
(l)
j ′ (u′, v ′) · W̃ (l−1)

jj ′ (u − u′, v − v ′) · f ′(a(l−1)j (u, v)) =

((
∑
j ′
δ
(l)
j ′ ? W̃

(l−1)
jj ′ ) · f ′(a(l−1)j ))(u, v)

Note: W̃
(l−1)
jj ′ (u, v) = W

(l−1)
jj ′ (−u,−v)
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