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ABSTRACT

This paper analyzes stochastic gradient descent (SGD) in two aspects. For the first topic, it mainly
discusses the paper by Kuzborskij et al. [1]], accepted by international conference on machine learning
(ICML) in 2018, about data-dependent stability of SGD. Kuzborskij et al. [1] heavily based the
analysis on a previous work by Hardt et al. [2]] in 2016, which is overlapped with chapter 10 of the
lecture note. Therefore, this paper will combine the knowledge from lecture with literature review to
provide and compare several bounds on stability. The second half will talk about why SGD performs
well in neural network (NN), to be specific, about when does SGD escape a bad local minima and get
close to a desired solution. This part refers to Kleinberg et al. [3] accepted by ICML in 2018 as well.
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1 Introduction

Stochastic gradient descent (SGD) is widely used in machine learning. Although in most cases, it serves as a faster
but less accurate alternative to gradient descent (GD), SGD always finds better solutiosn than GD in training highly
complex and non-convex models, such as neural network (NN).

2 Problem Setup

The problem setup is basically the same as in the lecture course, so the notation is rewritten correspondingly. A example
space Z represents a set of possible values of data samples, and its member is indicated by Z € Z. For instance, in a
supervised setting Z = X x Y, such that X is the input and Y is the output space of a learning problem. P is a probability
distribution for Z-valued random variables, where training and testing examples are assumed to be drawn independent
and identically distributed (iid) from. In particular, the training set is denoted as Z™ = {Z,;}_, ~ P".

For a parameter space F C R¢, which is nonempty and closed, we define a learning algorithm as amap A : Z* — F.
To measure the accuracy of a learning algorithm A, a loss function ¢( f, Z) measures the cost incurred by predicting
with parameters f € F on an example Z. The risk of F with respect to the distribution P and the empirical risk
given a training dataset Z" are defined as L(f) := Ez.p[l(f, Z)] and L,,(f) := 2 3", ¢(f, Z;). Finally, define
L*(f) = infer L(f).
For SGD, step sizes {a;}~_;, random indices I = {j;}1_,, an initialization point f;, and a update formula
ferr = fo = VUi, Zi,)

for T' < n steps are needed. Here, the varience of stochastic gradients is assumed to obey

Ezn z[[[VU(fz04,Z) = VL(fz04)|"] < 0

, Vt € [T]. The notation fz» ; means the output of SGD ran on a training dataset Z™ at step ¢, and [T'] denotes the
enumeration.

The SGD gradient update rule can be regarded as an operate G : F — F, such that G¢(f) := f — 4 VL(f, Z;,). In
addition, define 6;(Z", Z) := || fzn.t — fzn—@i).ll-
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3 Stability

In this section, Kuzborskij et al. [1]] and Hardt et al. [2] is focused to evaluate the stability of SGD and obtain some
bounds that are useful to bound the error.

3.1 Uniform Bound
Before continuing to derive the main result, some preliminaries about stability are necessary to be introduced. Uniform
stability is defined according to both Kuzborskij et al. [[1] and the lecture note.

Definition 1 (Uniform stability) . A randomized algorithm A is e-uniformly stable if for all datasets Z™, Z(”i) S
such that Z" and Za) differ in the i-th example, we have

sup  Ea[l(A(Z"), Z) — ((A(Z(}), Z)] < e
Z€eZ,ig[n]

As Z" and Z&) only differ in the i-th example, when outputs of a learning algorithm A on the original Z" and the
modified Z, 8.) are compared, A is said to be stable if this small perturbation in training dataset does not affects its output
to much.

Theorem 1. Let A be e-uniformly stable. Then,
[Ezn A[Ln(A(Z")) — L(A(Z"))]| < €

The above theorem indicates that if an algorithm is stable, it also generalizes from the training dataset to the unseen
dataset sampled from the same distribution. In particular, an algorithm is stable on average if and only if it generalizes
on averages.

3.2 Data-Dependent Bound

Data-dependent stability states not only the property of the learning algorithm but also the additional parameters,
denoted by 6, of the algorithm. In the following section, 6 will describe the data-generation distribution and the
initialization point of SGD.

Definition 2 (On-Average stability) . A randomized algorithm A is £(0)-on-average stable if it is true that
SUip] EAEzn 7[0(A(Z"), Z) — U(A(Z(;)), Z)] < ()
i€ln

, where Z™ ~ P" and Z(”i) is its copy with i-th example replaced by Z ~ P.

Theorem 2. Let an algorithm A be e-on-average stable. Then,

Bz BAlL(A(Z") ~ La(A(Z")] < &

Same as the uniform case, on-average stable algorithm also guarantees to generalize in expectation.
Also, a few conditions are required to derive the main result.

Definition 3 (Lipschitz) . A loss function £ is L-Lipschitz if ||VA(f, Z)|| < L,Vf € F andVZ € Z. Note that this also
implies that |(f, Z) — £(g, Z)| < L||f — gl

Definition 4 (Smooth) . A loss function is M -smooth ifVf,g € F andVZ € Z, ||VU(f, Z) —N{(g, Z)|| < M||f —gl|,
which also implies ((f, Z) — (g, Z) < Vl(g, Z) " (f — g) + %Hf — gl

Definition 4 (Lipschitz Hessian) . A loss function ¢ has p-Lipschitz Hessian ifVf,g € F andVZ € Z,
V2U(g, Z)|l2 < pllf = gl

Lipschitz Hessian holds whenever ¢ has a bounded third derivative, and it is occasionally used in analysis of SGD.

VS, Z) -
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3.2.1 Convex Loss

Kuzborskij et al. [1] states a data-dependent stability result for convex loss in Theorem 3.

Theorem 3. Assume that ¢ is convex, and that SGD’s step sizes satisfy oy = % < ﬁ, Vt € [T]. Then SGD is
(P, f1)-on-average stable with

O(/e(L VT | VT

(P, f1) = L*)~—+ U—)

Theorem 4. Assume that the loss Sunction (-, Z) is M-smooth, convex and L-Lipschitz for every Z. Suppose that we
run SGD with step sizes o < for T steps. Then, SGD satisfies uniform stability with

212 &
e — Qi
n t=1

However, in theorem 4 from Hardt et al. [2] and the lecture note, under the same assumption, it implies a uniform
stability bound that € = O(g) The first bound differs in that it has a multiplicative risk at the initialization point.
Therefore, intuitively, if starting at a good location of the objective function, the algorithm will be more stable and
generalizes better. For example, when L(f1) = L+, the theorem confirms that SGD is perfectly stable and does not
need any further updates. However, it is only the case when the variance of stochastic gradients is not too large. On
the other hand, when the variance is large enough to make the second term dominant, the bound dose not offer any
improvement compared to the uniform one. At least, taking the minimum of two bounds can always tighten the result.

3.2.2 Non-Convex Loss

For loss function that is not convex, it is assumed to have a p-Lipschitz Hessian.

Theorem 5. Assume that ((-, Z) € [0, 1] and has a p-Lipschitz Hessian, and that step sizes a form oy = § satisfy
¢ < min(4;, m) Then, SGD is (P, f1)-on-average stable with

1
cy

T (o) (B a[L(A(Z")] - T)

1
5(P7f1) <

, where

= O(min(M, Ez[||V2((f1, 2)|l2] + A ,2))
A 52 = pleo +/e(L(fr) — L¥))

This theorem is the first to establish a theoretical link between the curvature of the loss function and the generalization
ability of SGD in a data-dependent sense. Stability is controlled by the curvature, the risk of the initialization point, and
the variance of the stochastic gradient. In particular, y characterizes how the curvature at the initialization point affects
stability and the generalization error of SGD. Since v heavily affects the rate of convergence in the inequality, in most
situations, smaller v yields higher stability. Therefore, it suggests that starting from a point in a less curved region with
low risk is supposed to yield higher stability and allow faster generalization.

Lemma 1. Assume that the loss function £(-, Z) is M-smooth and that its Hessian is p-Lipschitz. Then,

NG (fzr s = fzp, DIl < (L +@&i(27, 2))00(2", Z)

where
t—1

&(2m,2) = ||V (fl,Zt>||2+f\|Zakw z”k,zk>||+f|\2akw 200 Zl

. Furthermore, for any t € [T,

Ezn 7[6(2", 2)] < Ezn 2[||V2(f1, 20)||2 + 20V (L(f1) — Lx)c(1 +1I0(T)) + po(V2cM + ¢(1 + In(T)))]




A PREPRINT - MAY 10, 2019

Lemma 2. Assume that the loss function ((-, Z) € [0,1] is L-Lipschitz for all Z. Then, for every to € 0,1,2,...,n we
have that,
to

Ezn 2Ball(fzn1,2) = Ufzy, 7, 2)] < LEzn 2[Eal67(Z", Z)1600 (2", Z) = O] + Ezn A[L(A(Z"™))]

Here comes the outline about how to prove theorem 5. Denoting E 4[0:(Z", Z)|6:,(Z™, Z) = 0] as A(Z", Z), the
proof starts by bounding Ar(Z™, Z) in lemma 2 using recursion. By applying lemma 1, it ends that

T T
V(27 Z) 2eL
Ar(Z",7) < TRAH
W22 Y e YD L)
t=to+1 k=t+1

, where ¢y, (Z™, Z) := min(& (2™, Z), M). Then, Ezn z[exp(c Zfzﬂ_l W)] can be bounded as

T T
YALYA 2
Ezn zlexplc %)} <explc Y %)
k=t+1 k=t+1
, where pug, := Ezn 7t (Z", Z)] < 5. Consequently,
1 2¢L,T
Ezn z[A7(Z7,7)] < — —=(=)*<
zn 2| A7 (2", )]*207 v
. By plugging this inequality back to lemma 2,
2T t
Ezn 2EAll(fzn10,2) = Ufzp 1, Z)] < — (=) 42
' T to

, where r := Ezn z[L(A(Z™))] for brevity. Since ¢ is a free parameter, and eventually by tuning of ¢(, the right hand
side of the previous inequality is minimized to be

1+1 .
—9(2eL?) T (rT) T
n

, where g := 2¢, when

2
2CL)ﬁTﬁ

to = ( .

Corollary 1. Under conditions of Theorem 5 we have that SGD is (P, f1)-on-average stable with

1
1+ £

e(P, f1) = O( (L(f1) - T)™+)

In corollary 1, for the risk term in (L(f1)-T') e if L(f1) goes to 0, € also goes to 0. In other words, the generalization
error approaches zero as the risk of the initialization point vanishes. However, uniform stability can not capture this fact
in that it is distribution-free.

Corollary 2. Under conditions of Theorem 5 we have that the output of SGD obeys

1+ = e T
Ezn AlL(A(Z")) = Ln(A(Z7))] = O(—= - max((Bzn a[La(A(Z"))] - T) 77, (-)7))

Kuzborskij et al. [1] empirically evaluate the tightness of this non-convex generalization bounds on real data using the
MINST dataset. The network involves three convolutional layers interlaced with max-pooling layers and then followed
by fully connected layers.

In figure |1} the blue dash line represents the bound given in Theorem 4 by Hardt et al. [2] and the lecture note, and
colored lines are data-dependent bounds for multiple start points. It can be clearly seen that data-dependent bound gives
tighter estimations, and moreover, using pre-trained positions to start suggests even tighter estimations.
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Figure 1: Comparison.
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Figure 2: Trajectory.

4 Optimization

This section will discuss the phenomenon that the performance of SGD overwhelms GD in both efficiency and accuracy
for non-convex optimization problem, such as NN, and develop theorems to support this proposition.

Assume step sizes « is a fixed value here, and let v; denotes the stochastic gradients that statisfies E[v;] = V(f;) and
wy denotes the noise with E[w;] = 0. Figure gives an intuition that for some f;, instead of pointing to the solution f,
its negative gradient points to a bad local minimum. If using GD, it will arrive at g; := f; — aV£(f;), but if using SGD,
it will arrive at f; 11 = f; — aw;. So, if a large « is taken, the negative gradient at ;1 may not point to ), and it is
possible to get out of the basin with the help of the noise.

Since, —av; = —a(VL(f) +w;) and then f;11 = g — auwy, it follows that g;11 = g; — cw; — aV¥E(gs — aw;). Since
the noise has expectation zero, Ey, [g:+1 = g+ — aVEy, [¢(g:) — cw;]]. Therefore, the function £} (f)E,,, [((g — cw;)]
is simply the original ¢ convolved with the a-scaled gradient noise, and the sequence g; is approximately doing GD on
the sequence of functions £;(f).

Assumption 1. For a fixed point f*, noise distribution W ( f), step size «, the function ¢ is m-one point strongly convex
with respect to f* after convolved with nose. That is, for any f, g in domain F s.t. g = f — aVL(f),

<_VEw€W(f)€(g - aw),f* - g> 2 C||f* - g||%

According to Kleinberg et al. 3], for point g, since the direction f* — g points to f*, by having positive inner product
with f* — g, the direction —aV£(g; — aw;) approximately points to f* in expectation. Therefore, g; will converge to
f* with decent probability.

Theorem 6. Assume { is M-smooth, for every f € F, W(f) s.t, max,,w s) ||w||2 < 7. For a fixed target solution

%, if there exists constant c,ac > 0, such that Assumption 1 holds with f*, o, ¢, and o < min(ﬁ7 e 2%)

Algo—1*113

A= 2ac — a®?M?, b := o?r?(1 + aM)?. Then For any fixed T > % and Ty > 0, with probability at

least %, we have ||gr — f*||3 < % and ||g; — f*||3 < O(@)forallts.t., T+ Ty >t>1.

This theorem helps to explain why SGD can escape sharp local minima and converge to flat local minima. The sharp
local minima have small loss value and small diameter, so after convolved with the noise kernel, they easily disappear,
but flat local minima survive due to their large diameter. See figure[3|as an example. The function ¢ is an approximately
convex function but very spiky. Therefore, GD gets stuck at various local minima as shown in the bottom left subplot.
For using SGD, on one hand, if the noise is small, the convolved / is still somewhat non-convex, then SGD may find a
few bad local minima; on the other hand, if the noise is too large, the noise dominates the gradient, and SGD will act
like random walk. In this example, using noise in [—0.3, 0.3] seems to be nice trade-off.
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Figure 3: Example.

This theorem not only says SGD will get close to f* but also says with constant probability, SGD will stay close to f*

for the future 7% steps. Within 73 + T5 steps, SGD will stay in a local region centered at f* with diameter O(W).
However, for fixed c, there exists a lower bound on « to satisfy assumption 1, so o cannot be arbitrarily small.
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