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Abstract. The goal of most learning algorithms is to train some set of parameters 6
over a set of training data X (*®™  However, many of these learning algorithms have
associated quantities that are not learned during the course of training, but rather
are fixed at the beginning of the training process. These quantities are called hyper-
parameters (denote them \). In neural networks, these hyperparameters include the
number of hidden units, the regularization penalty, and the method with which the
weights are initialized. In this way, we can denote the result of training with hyper-
parameter choice A as an output function f = Ay (X (trai“)). For neural networks, it is
common practice to use stochastic gradient descent (SGD) as the learning algorithm
A. However, the methods for finding optimal hyperparameters are not as straightfor-
ward. This paper will focus on this outer-loop optimization problem by describing a
few existing methods, considering the advantages of each, and reproducing the results
for the random search method introduced by Bergstra and Bengio [2].

1 Problem Characterization

The problem of hyperparameter optimization has the aim of minimizing the generalization
error, Exgy [L(X; Ax(X#2m)))] over the hyperparameter space A. This can be expressed
as follows:

\* = arg IAniHEXNgX [L(X; Ay (X (traimy)] (1)
€

An important thing to note is that for any problem in practice, there is no natural
distribution but rather a finite set of samples taken from it to construct a training, validation,
and test set. We should still consider the existence of a distribution Gx however, since in
practice any trained classifier may be used on new data not included in the datasets gathered
for training and evaluation. This raises the question of how to compute the expectation. The
standard technique is cross-validation [4], which is approximating the expectation with the
mean over a validation set X Valid) that is drawn i.i.d. from Gx. As long as the validation
set is not seen by the learning algorithm during training (and under the i.i.d. assumption),
cross-validation is unbiased. With this in mind, the optimization problem becomes:

1 .
* oy . . (train)
X~ argmin ey > LA ) (2)
X X (valid)
= in ¥
argmin () (3)
~ arg min U(A) (4)
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We'll refer to ¥ from equations (3,4) as the hyperparameter response function, and in
the future use it to refer to its use both validation and test datasets. Note that equation 4
suggests evaluating the response function at S trial points in the hyperparameter space, and
simply choosing the one that minimizes the validation error. This approach is reasonable
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because we know very little about the behavior of the response function ¥, so it cannot be
solved in the same manner as more traditional optimization problems. Thus, the crux of
the problem is in choosing the set of trial points {)\(1), e )\(S)}, methods for which will be
described in the next section.

2 Comparison of Methods

The first and most straightforward method is a manual search (”grad student descent”) that
is effectively choosing values for hyperparameters sequentially based on the intuition of the
researcher gleaned from prior experiments. There is essentially no barrier to entry with this
method, although more experienced researchers will tune their model more effectively. This
method also gives some sense of intuition into the hyperparameter response function ¥. On
the other hand, it is not reproducible or extensible.

Another common and intuitive method is a grid search, in which a grid of reasonable
hyperparameter values is iterated over in brute force. It is an embarrassingly parallel task,
making it simple to implement and feasible if large amounts of resources are available.
However, it suffers from the curse of dimensionality in the number of hyperparameters to
optimize over. If each of the K hyperparameters may take values in a set L(*), then the
number of trials needed in total is S = Hle |L()|. While this is the case, grid search was
still the standard until random search and bayesian models began to be considered [6].

This brings us to random search. With this method, the value of each hyperparameter
in each trial is drawn uniformly (or uniformly in log domain) from the same search space
as a grid search. One of the most striking features of random search is its performance
in high-dimensional hyperparameter spaces, especially those with low effective dimension-
ality. Low effective dimensionality is the property that ¥ is more sensitive to changes in
some variables than others. In one dimension, for instance, we can think of this property as
f(z1,22) = g(x1), where the function f is more sensitive in changes to 21 than zs. As shown
in figure 1, the grid search doesn’t effectively cover the subspace formed by each dimension
as it tests the same point in that dimension many times.
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Fig. 1: Tllustration of grid search and random search performance in the case of low effective
dimensionality. Taken from [2].
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3 Interpreting Results of Random Experiments

3.1 Estimating Generalization

The standard for evaluating performance of a model found by cross-validation is to consider
the A®®) that minimizes ¥V (\(*)) as optimal, and report ¥(*est)(A\(*)) However, as dis-
cussed in the previous section, the training, validation, and test datasets are finite samples
from an assumed natural distribution (extensible by assuming the inference task will be
applied in practice on new data). As such, the test error is not monotone with the valida-
tion error i.e. the hyperparameter configuration that minimizes the validation error may not
minimize the test error. We’d like to take this uncertainty in our choice of the ”best” model
into account so that we not only report a test error, but have some idea of a variance in
that error. Note that this is not helpful in a practical sense; choosing the minimizer on the
validation data is still our best chance at minimizing test error. However, this can be useful
as an analysis tool as we will discuss. A procedure for considering this variation is outlined
in [2]. Consider the following definitions:

vali 1 rain
pvalid) (\) — O] > L(X; A (X ey (5)
X X (valid)
< 1 rain
g (te t)()\) _ W Z L(X;A)\(X(t a ))) (6)
X € X (test)
. g (valid) (1- g/(valid))
yivalid) (y) = | X (valid)| — ] @
. g (test) (1— gp(test))
V(t R ()\) = |X(test)| -1 (8)

Note that this variance is only valid because the loss we are considering in this case is the
error rate which is 0-1 loss, so Bernoulli variance is correct.

In light of the fact that X (V214 ig a finite sample of Gx, we can view the test error of the
best model in the set {A(), ..., A(®)} as a random variable z. We’ll model this random variable
with a Gaussian mixture model with .S mixture components. The mean and variance of each
component are simply the mean test error and test variance respectively, or s = w(test) ()\(s))
and g2 = V{test) (\()),

For the weights of each component, we’d like some estimate on the probability that that
component actually was the best model trained according to validation error. To do so via
simulation, we’ll draw hypothetical validation scores Z(*) from a normal distribution with
mean @21 (X\(9)) and variance V(i) (\(*)) and assign each component a weight w, equal
to the fraction of simulation iterations where that component’s score was best. A formal
description of the simulation strategy is as follows:

ws =P (Z(S) < 2 Vs £ s) where 9)
Z(s) ~ N(W(Valid) ()\(s))) V(valid) ()\(s))) (10)

Finally, bringing this all together gives the statistics of the random variable z representing
the performance of the best model as follows:



4 Ben Rabe, brabe2@illinois.edu

S
Mz = Zwsﬂs (11)
s=1

S
” (z vy (2 + >) 2 (12)
s=1

This technique ends up averaging together the performance of the ”best” model (the one
with lowest validation error) with other models that were near-optimal, but could have been
the best with variation in the dataset.

3.2 Random Experiment Efficiency Curves (REECs)

In the Bergstra paper [2], a plot style is introduced to interpret the results of random ex-
periments. Collecting data for S trials can be interpreted as N independent experiments
of s trials each so long as they are evenly divisible. An example of a REEC as well as an
explanation of its features can be seen in figure 2 below.

0.80 rectangles images

T T

0.75 | é%% s + o+
L

i T
-
—L
0.70 | 'j
I
I
I

0.65

accuracy

0.60 .

*
050 L E 1

045 1 2 4 8 16 32 64 128

experiment size (# trials)

Fig. 2: An example of a random experiment efficiency curve. At each horizontal axis position,
the S=256 total trials is reinterpreted as N experiments, each with the size listed on the axis.
For instance, at position 128, we see two data points as there are N=2 experiments of size
s=128. The box plot covers lower and upper quartiles with a line at the median. Whiskers
show 1.5x the nearest inter-quartile range, with data points beyond that plotted as ”+".
Each data point listed follows from the generalization protocol listed in 3.1. The two black
lines mark a 95% confidence interval on the s=256 case. Image taken from [2].

There are several features to note about the plot in figure 2. First, as the number of
trials per experiment increases, we see the lower bound on accuracy increase as expected.
This is because the poor-performing models get assigned low weights w, in the GMM model
of test error. However, we get a slight decrease in the accuracy of the highest-performing
experiments. This is because due to our uncertainty about which trial is best, we’re averaging
better validation score trials with slightly worse ones as explained in the previous section.

The figures produced for this paper follow the same style, with the exception that the
box plot has not been implemented for convenience as well as the final experiment (N = 1)
plotted as a single data point instead of ommitted.
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4 Experimental Setup

All the code written for the project is hosted at https://github.com/bendrabe/bergstral2reprol
The training itself is carried out in {mnist,rot,rectimages}.py. The GMM estimation of
generalization is carried out in analysis/gmm.py. TensorFlow [I] was used for generating

and training the model. MLPython [5] was used for acquiring datasets. The code was run on

an IBM 8335-GTH AC922 server with 4 NVIDIA V100 GPUs. The hyperparameter space
sampled from can be seen in the following table:

H Hyperparameter \ Space and sampling H
Weight initialization distribution Uniform on [-1,1] and unit normal
Weight initialization scaling Multiple of vIN or v/IN + OUT
Number of hidden units Drawn geometrically from 18 to 1024
Activation function Sigmoid or tanh
Learning rate Drawn exponentially from 1.0e-3 to 10.0
L2 regularization Drawn exponentially from 3.1e-7 to 3.1e-5
Batch size [20,100]

IN and OUT correspond to the number of inputs to and outputs from the hidden layer
respectively. Drawn geometrically corresponds to drawing uniformly in the log domain, expo-
nentiating, then rounding to an integer. Drawn exponentially is the same without rounding.
If two methods or options are listed, they are chosen with equal probability. See the code
itself for more details if desired. Note that the only divergence from the Bergstra paper is
the lack of learning rate annealing.

5 Results and Discussion

The three datasets chosen to reproduce from the Bergstra paper [2] were chosen for their
widespread familiarity as well as the more interesting statistics that resulted in their analysis.
For more details about the datasets, see [6].

In general, we see nearly identical results compared to the Bergstra paper. Basic MNIST
(figure 3) reached an accuracy plateau at around 8 random trials. Grid search produced
what appears to be a nearly optimal classifier in this case. There was very low variance in
the generalization scores and as such, a very tight 95% confidence interval.
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(a) Reproduction by author (b) Taken from [2]

Fig. 3: Random experiment efficiency curves for MNIST dataset. The dashed blue line is the
best model found in a 100 trial grid search.
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The MNIST rotated dataset is the same as base MNIST with a random rotation applied
to each image. Again we see very neat agreement with the Bergstra results, but this time we
see that an experiment size of 8 trials is enough to beat the 100 trial grid search accuracy
in both the original and reproduction.
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(a) Reproduction by author (b) Taken from [2]

Fig. 4: Random experiment efficiency curves for MNIST rotated dataset. Note that in both
the reproduction (a) and the original paper (b), 8 random search trials are sufficient to beat
the performance of a 100 trial grid search (dashed blue line).

The rectangles images dataset is composed of rectangles of random height, width, and
location with an image patched inside and a background patched outside the rectangle. The
label is whether the rectangle has larger width or height. As the experiment size increased,
we saw very similar results to Bergstra. However, for small experiments (1 or 2 trials), we
had outliers that were not present in the original. We attribute these outliers to the lack of
learning rate annealing, as the outliers occurred when minibatches were small and learning
rates were high. In these cases, gradient descent carried out massive overcorrection with
each gradient application. Another possible hyperparameter to explore with this in mind is
SGD with momentum (Nesterov or otherwise) [7].
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Fig. 5: Random experiment efficiency curves for rectangles images dataset. Note that in both
the reproduction (a) and the original paper (b), 4 random search trials are sufficient to beat
the performance of a 100 trial grid search (dashed blue line).
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6 Future Work

There are two directions for extension of these results. The first is repeating this kind of
study on larger, more complex classification problems such as CIFAR-10 or even ImageNet.
The training process for a single trial on a modest system (like the 4-GPU server used in this
work) would take on the order of 1 hour and 10 hours respectively for CIFAR and ImageNet.

To combat this higher resource demand, researchers have attempted to find methods of
choosing promising hyperparameter combinations based on the results of previous trials. An
example is sequential model based optimization (SMBO) [3]. For sequential hyperparameter
tuning, the expensive step is training the classifier f and computing the validation score.
SMBO attempts to identify some surrogate for f that roughly models its response to chang-
ing hyperparameters. This surrogate is then minimized to choose the next hyperparameter
combination to try. The expensive step must still be carried out, but it will be run with
hyperparameters chosen to minimize the surrogate, so a good choice of surrogate function
can be very useful.
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