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Announcements and Reminders
• Project presentations on December 15

– Will try to start at 5:00 pm to finish early

• Homework 4 is out and tomorrow!

• Submit papers on the 17th via EasyChair
– Will send the link soon
– You will get 3 anonymous reviews

• I wonder who the reviewers are!

• ICES forms!!!
– Please show and fill up the ICES forms
– Get 1 point of the participation credits

ECE/CS 541: Computer System Analysis. Fall 2018
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Outline for the next week
• Today

– Output Analysis
– Course wrap up
– ICES forms

ECE/CS 541: Computer System Analysis. Fall 2018
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Learning Objectives
• Or what is this course about?

• At the start of the semester, you should have

– Basic programming skills (C++, Python, etc.)

– Basic understanding of probability theory (ECE313 or equivalent)

• At the end of the semester, you should be able to

– Understand different system modeling approaches

• Combinatorial methods, state-space methods, etc.

– Understand different model analysis methods
• Analytic/numeric methods, simulation

– Understand the basics of discrete event simulation

– Design simulation experiments and analyze their results
– Gain hands-on experience with different modeling and analysis tools

ECE/CS 541: Computer System Analysis. Fall 2018
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Today’s Lecture
• Confidence Intervals

• Course Wrap-up

ECE/CS 541: Computer System Analysis. Fall 2018
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Recall: Types of Simulation
• We distinguished between two types of simulation approaches: terminating and 

non-terminating

• Terminating simulation
– Run for a specific duration !" or until a specific event # happens
– Start at time 0 under well-specified initial conditions
– Example: Bank opens at 8:30 a.m., closes at 4:30 p.m.

• We are only interested in these 480 minutes

• Non-terminating simulation 
– Run for a very long period of time
– Goal is to study the long run (steady-state) properties of the system

• Properties that are not influenced by the initial conditions
– Example: network packet switching, queueing systems, hospital emergency 

rooms

ECE/CS 541: Computer System Analysis. Fall 2018
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Output Data
• The outputs of a model consist of one or more random variables

– Why?
– We can look at a model as an input-output transformation of a given set of 

random variables (e.g. exponentially distributed inter-arrival times)

• Example: Consider an M/G/1 queueing example
– Poisson arrival rate
– Normal service time

• Suppose we are interested in the long-run mean queue length, i.e. !"
– We run the simulation for 5000 time units, and we divide it into 5 equal sub-

intervals of 1000 time units
– Average the number of customers in the queue in each sub-interval

ECE/CS 541: Computer System Analysis. Fall 2018



Slide 8
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• We run ! independent simulations and obtain ! i.i.d. random variables

• where,

• Our purpose is to devise an estimator "# of #
– Evaluate how good of an estimator that is
– Obtain insight into when to stop running simulations, i.e., how large must !

be

Current Setup
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Quantity we want to estimate
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The Sample Mean
• Definition:

– The sample mean is the arithmetic average of                          defined as 

• Definition:
– An estimator !" of a quantity " is said to be unbiased if 

• Claim:
– The sample mean #θ = &Y is an unbiased estimator of 

– Proof: What is ([ !"]?
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How Good is the Sample Mean?
• A common measure of the goodness of an estimator is to look at its mean-

squared error (MSE), i.e.

• So let’s look at what the MSE for the sample mean is
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MSE of the Sample Mean
• We have shown that

• The error of our sample mean actually depends on the variance of our random 
variables
– This means that when        , !" is a good estimator of "

• We know that a random variable is unlikely to be too many standard deviations 
from its mean
– Why? Because of two main theorems:

• Chebychev’s inequality
• The Central Limit Theorem
• Proof in class

ECE/CS 541: Computer System Analysis. Fall 2018
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MSE and Variance
• We will show in class that, using some magic

• So what does this mean to us?
– For large !, we have a probabilistic approximate bound on how far is "#

from #

• That’s good. But what seems to be missing?
– We don’t know what $ is, so how do we obtain it?
– We can also estimate it from the data we have!
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S2 ⌘
nX

i=1

⇣
Yi � Ŷ

⌘2

k � 1
<latexit sha1_base64="Unzt6DquZFX6EqSLSh8PAjhdmWw="></latexit><latexit sha1_base64="J5fEHvg8Rl4yh83o8J+UYXN27qI="></latexit><latexit sha1_base64="J5fEHvg8Rl4yh83o8J+UYXN27qI="></latexit><latexit sha1_base64="x2XTHu9rh5t5QNtXiW0OXexBTn4="></latexit>

Sample Variance
• Definition:

– The sample variance of                          is defined as

• Claim:
– The sample variance is an unbiased estimator of !"
– Proof: We will show in class that 

• We will call # the sample standard deviation 

ECE/CS 541: Computer System Analysis. Fall 2018

Y1, Y2, . . . , Yk
<latexit sha1_base64="BRXeNPbwTA0xoReH1dPhukZpDHg=">AAACLnicbVBNSwMxEJ34WetXVTx5CYrgQWS3CHqz4EVvFWxV2rJks6kNzW6WZFYoS3+MV734awQP4lX/hdm2B6s+CLy8mTczvDBV0qLnvZGZ2bn5hcXSUnl5ZXVtvbKx2bQ6M1w0uFba3IbMCiUT0UCJStymRrA4VOIm7J8X9ZsHYazUyTUOUtGJ2X0iu5IzdFJQ2b4L/EN6F1QPaVtFGm3x6QeVPe/IG4H+Jf6E7NXWv84oANSDDULakeZZLBLkilnb8r0UOzkzKLkSw3I7syJlvM/uRcvRhMXCdvLR/UO675SIdrVxL0E6Un86chZbO4hD1xkz7NnftUL8r9bKsHvayWWSZigSPl7UzRRFTYswaCSN4KgGjjBupLuV8h4zjKOLrDy1phjufFpZN+aSsihyJ2NPWjrpKLvQ/N8R/SXN6pHv+JVL7xjGKMEO7MIB+HACNbiAOjSAQw6P8ATP5IW8knfyMW6dIRPPFkyBfH4DwMKmXw==</latexit><latexit sha1_base64="YGCBO1AUhph53ctHCWvUZkYYCIE="></latexit><latexit sha1_base64="YGCBO1AUhph53ctHCWvUZkYYCIE="></latexit><latexit sha1_base64="KNjIS+nBWwZggDAJ9ZVi4lXxjYU=">AAACLnicbVDLSsNAFJ3xWeOrVVy5GSyCi1KSIuiy4EZ3CtYHbQiTyaQdOsmEmRuhhH6MW934NYILcetnOKlZqPXAwJlz77n3csJMCgOu+4YXFpeWV1Zra876xubWdr2xc2NUrhnvMSWVvgup4VKkvAcCJL/LNKdJKPltOD4r67cPXBuh0muYZNxP6DAVsWAUrBTU9+4Dr0Xug06LDGSkwJSfcVBvum13BjJPvIo0UYXLoIHxIFIsT3gKTFJj+p6bgV9QDYJJPnUGueEZZWM65H1LU5pw4xez+6fk0CoRiZW2LwUyU386CpoYM0lC25lQGJm/tVL8r9bPIT71C5FmOfCUfS+Kc0lAkTIMEgnNGciJJZRpYW8lbEQ1ZWAjc36tKYdbn5LGjrkgNIrsyTAShlQdjg3N+xvRPLnptD3Lr9xm97iKr4b20QE6Qh46QV10ji5RDzFUoEf0hJ7xC37F7/jju3UBV55d9Av48wtOLqTI</latexit>

E[S2] = �2
<latexit sha1_base64="YNmHB/Ipk2Tph/ro1EvyMNjjGwc=">AAACKnicbVBLS0JBGP3GXmYvrXZthiRoJfdKUJtAiKB2RvkAvdrcuXN1cO6DmbmFiD+lbW36Ne2kbT+kueoitQ8+OJxzvgfHjQVX2rImKLO2vrG5ld3O7ezu7R/kC4d1FSWSshqNRCSbLlFM8JDVNNeCNWPJSOAK1nAHN6neeGFS8Sh80sOYOQHphdznlGhDdfOF29Zjp+zga9xWvBeQTrmbL1ola1p4FdhzUKwc+/4zAFS7BYTaXkSTgIWaCqJUy7Zi7YyI1JwKNs61E8ViQgekx1oGhiRgyhlNfx/jM8N42I+k6VDjKft3YkQCpYaBa5wB0X21rKXkf1or0f6VM+JhnGgW0tkhPxFYRzgNAntcMqrF0ABCJTe/YtonklBt4sotnEmXm7lIKLPmHhPPMy/rPld47siZ0OzliFZBvVyyDX4w6V3ArLJwAqdwDjZcQgXuoAo1oPAKb/AOH+gTfaEJ+p5ZM2g+cwQLhX5+AT1spR4=</latexit><latexit sha1_base64="31g0ilkoGzyA36MneAasqU3yS7M=">AAACKnicbVDLSsNAFJ2pr1pfrbpzM1gEVyUpgm6Eggi6q2htIU3LZDJph04yYWailNBPcasbv8ZdceuHOEm7sK0HLhzOfR2OF3OmtGVNYWFtfWNzq7hd2tnd2z8oVw6flUgkoS0iuJAdDyvKWURbmmlOO7GkOPQ4bXujm6zffqFSMRE96XFM3RAPIhYwgrWR+uXKrfPYq7voGnUVG4S4V++Xq1bNyoFWiT0n1cZxkKPZr0DY9QVJQhppwrFSjm3F2k2x1IxwOil1E0VjTEZ4QB1DIxxS5aa59wk6M4qPAiFNRRrl6t+NFIdKjUPPTIZYD9VyLxP/6zmJDq7clEVxomlEZo+ChCMtUBYE8pmkRPOxIZhIZrwiMsQSE23iKi28yY6bPcGVOXOPsO8by3rIFJpPlExo9nJEq+S5XrMNfzDpXYAZiuAEnIJzYINL0AB3oAlagIBX8AbewQf8hF9wCr9nowU43zkCC4A/vxjmplY=</latexit><latexit sha1_base64="31g0ilkoGzyA36MneAasqU3yS7M=">AAACKnicbVDLSsNAFJ2pr1pfrbpzM1gEVyUpgm6Eggi6q2htIU3LZDJph04yYWailNBPcasbv8ZdceuHOEm7sK0HLhzOfR2OF3OmtGVNYWFtfWNzq7hd2tnd2z8oVw6flUgkoS0iuJAdDyvKWURbmmlOO7GkOPQ4bXujm6zffqFSMRE96XFM3RAPIhYwgrWR+uXKrfPYq7voGnUVG4S4V++Xq1bNyoFWiT0n1cZxkKPZr0DY9QVJQhppwrFSjm3F2k2x1IxwOil1E0VjTEZ4QB1DIxxS5aa59wk6M4qPAiFNRRrl6t+NFIdKjUPPTIZYD9VyLxP/6zmJDq7clEVxomlEZo+ChCMtUBYE8pmkRPOxIZhIZrwiMsQSE23iKi28yY6bPcGVOXOPsO8by3rIFJpPlExo9nJEq+S5XrMNfzDpXYAZiuAEnIJzYINL0AB3oAlagIBX8AbewQf8hF9wCr9nowU43zkCC4A/vxjmplY=</latexit><latexit sha1_base64="supifzOtkUPYCwicfJfJSpwVybA=">AAACKnicbVDLSsNAFJ2pr1pfrS7dDBbBVUmKoBuhIILuKtoHpGmZTCbt0JkkzEyUEvopbnXj17grbv0QJ20WtvXChcM55z44XsyZ0pY1g4WNza3tneJuaW//4PCoXDluqyiRhLZIxCPZ9bCinIW0pZnmtBtLioXHaccb32Z654VKxaLwWU9i6go8DFnACNaGGpQrd85Tv+6iG9RTbChwvz4oV62aNS+0DuwcVEFezUEFwp4fkUTQUBOOlXJsK9ZuiqVmhNNpqZcoGmMyxkPqGBhiQZWbzn+fonPD+CiIpOlQozn7dyLFQqmJ8IxTYD1Sq1pG/qc5iQ6u3ZSFcaJpSBaHgoQjHaEsCOQzSYnmEwMwkcz8isgIS0y0iau0dCZbbuYirsyaB4R937ysR0yh3FEyodmrEa2Ddr1mG/xoVRuXeXxFcArOwAWwwRVogHvQBC1AwCt4A+/gA37CLziD3wtrAeYzJ2Cp4M8v7tGjng==</latexit>
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P

✓
|✓̂ � ✓| > 1.96Sp

k

◆
⇡ 0.05

<latexit sha1_base64="E/pAotJ5ldk1iZPe7Qq3QFNtyoM="></latexit><latexit sha1_base64="AWtF6cvNK2uav5VCMxKMmGcRzAc="></latexit><latexit sha1_base64="AWtF6cvNK2uav5VCMxKMmGcRzAc="></latexit><latexit sha1_base64="hjXaVZA7KbWLQdY9M/xB43d1vlY="></latexit>

Now What?
• So far, we have established that, using our sample mean !" and our sample 

standard deviation # that we have

• How does this help us figure out what $ is?

– Let 

– Then choose an acceptable value for %
• Keep increasing $ until we hit that value

– Problems?

ECE/CS 541: Computer System Analysis. Fall 2018
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Sp
k

<latexit sha1_base64="mOdKBCKzS8/+sQj3IUDpK0XEwI4=">AAACL3icbVDLSgMxFL3xWeurVXDjJiiKK5kpgm6EghvdVbRV6JSSyWRsaOZhckco4/yMW92IHyNuxK1/YfpY+DoQOJxzXzl+qqRBx3kjU9Mzs3PzpYXy4tLyymqlutYySaa5aPJEJfraZ0YoGYsmSlTiOtWCRb4SV37/ZOhf3QltZBJf4iAVnYjdxDKUnKGVupWNgB5TL9SM5xdF7plbjXm/KLqVbWffGYH+Je6EbNdrL7sUABrdKiFekPAsEjFyxYxpu06KnZxplFyJouxlRqSM99mNaFsas0iYTj76QEF3rBLQMNH2xUhH6veOnEXGDCLfVkYMe+a3NxT/89oZhkedXMZphiLm40VhpigmdJgGDaQWHNXAEsa1tLdS3mM2DbSZlX+sGQ63fYkydswZZUFgT8aeNHRSUbahub8j+ktatX3X8nOb3gGMUYJN2II9cOEQ6nAKDWgCh3t4gEd4Is/klbyTj3HpFJn0rMMPkM8vnMeohg==</latexit><latexit sha1_base64="wuOI9V8VzfDCW7tuoW5hznxj+DY="></latexit><latexit sha1_base64="wuOI9V8VzfDCW7tuoW5hznxj+DY="></latexit><latexit sha1_base64="YlzCb4mkIDjHAcZJnjfvmOQp2gA=">AAACCXicbVDLSgMxFL2przpWbddugkVwVWbc6FJwo7sK9gHtUDKZTBuaSYYkI5ShP+DWjV/jTvwG/8ZMOwvbeiBwOPd1cqJMcGN9/wfV9vYPDo/qx95Jwzs9O282+kblmrIeVULpYUQME1yynuVWsGGmGUkjwQbR/KGsD16ZNlzJF7vIWJiSqeQJp8Q6qTtptv2OvwLeJUFF2lBh0kJoHCuap0xaKogxo8DPbFgQbTkVbOmNc8MyQudkykaOSpIyExYrn0t85ZQYJ0q7Jy1eqX8nCpIas0gj15kSOzPbtVL8rzbKbXIXFlxmuWWSrg8lucBW4fLTOOaaUSsWjhCqufOK6YxoQq2Lxts4Uy53c0oYt+YJkzh2lu2MG1x1eC6zYDuhXdK/6QSOP/tQhwu4hGsI4Bbu4RG60AMKMbzBO/pAn+hrnW0NVSG3YAPo+xf78JsJ</latexit><latexit sha1_base64="jZZ2m55vKR7cbp5LxmANU8YwXIo=">AAACJHicbZC7SgNBFIbPeo0xamJhYzMYBKuwa6ONINhoF9FcILuE2dnZZMjsxZmzQlj3ZWy18WnERnwUJ5fCJB4Y+PnPdT4/lUKjbX9Za+sbm1vbpZ3ybmVv/6Baq7R1kinGWyyRier6VHMpYt5CgZJ3U8Vp5Eve8Uc3k3znmSstkvgRxyn3IjqIRSgYRWP1q0cBuSJuqCjLH4rc1U8K81FR9Kt1u2FPg6wKZy7qMI9mv2ZZbpCwLOIxMkm17jl2il5OFQomeVF2M81TykZ0wHtGxjTi2sunHyjIqXECEibKvBjJ1P3bkdNI63Hkm8qI4lAv5ybmf7lehuGll4s4zZDHbLYozCTBhExokEAozlCOjaBMCXMrYUNqaKBhVl5YMxlu+hKpzZg7QoPAnIxDocm8omygOcuIVkX7vOEYfW9DCY7hBM7AgQu4hltoQgsYvMArvMG79WF9Wt8zvGvWnPMhLIT18wtEV6WT</latexit><latexit sha1_base64="jZZ2m55vKR7cbp5LxmANU8YwXIo=">AAACJHicbZC7SgNBFIbPeo0xamJhYzMYBKuwa6ONINhoF9FcILuE2dnZZMjsxZmzQlj3ZWy18WnERnwUJ5fCJB4Y+PnPdT4/lUKjbX9Za+sbm1vbpZ3ybmVv/6Baq7R1kinGWyyRier6VHMpYt5CgZJ3U8Vp5Eve8Uc3k3znmSstkvgRxyn3IjqIRSgYRWP1q0cBuSJuqCjLH4rc1U8K81FR9Kt1u2FPg6wKZy7qMI9mv2ZZbpCwLOIxMkm17jl2il5OFQomeVF2M81TykZ0wHtGxjTi2sunHyjIqXECEibKvBjJ1P3bkdNI63Hkm8qI4lAv5ybmf7lehuGll4s4zZDHbLYozCTBhExokEAozlCOjaBMCXMrYUNqaKBhVl5YMxlu+hKpzZg7QoPAnIxDocm8omygOcuIVkX7vOEYfW9DCY7hBM7AgQu4hltoQgsYvMArvMG79WF9Wt8zvGvWnPMhLIT18wtEV6WT</latexit><latexit sha1_base64="QTN0WmAP/zyCihFaKR+P5Wq4Jf4=">AAACL3icbVDLSgMxFE3qq9ZXq+DGTbAIrsqMCLoRCm50V9E+oC0lk8m0oZmHyR2hjPMzbnXj14gbcetfmGlnYVsPBA7n3FeOE0mhwbI+cWFldW19o7hZ2tre2d0rV/ZbOowV400WylB1HKq5FAFvggDJO5Hi1Hckbzvj68xvP3GlRRg8wCTifZ8OA+EJRsFIg/KhS65Iz1OUJfdp0tOPCpJxmg7KVatmTUGWiZ2TKsrRGFQw7rkhi30eAJNU665tRdBPqALBJE9LvVjziLIxHfKuoQH1ue4n0w+k5MQoLvFCZV4AZKr+7Uior/XEd0ylT2GkF71M/M/rxuBd9hMRRDHwgM0WebEkEJIsDeIKxRnIiSGUKWFuJWxETRpgMivNrcmGm75QajPmllDXNSfDSGiSV5RMaPZiRMukdVazDb+zqvXzPL4iOkLH6BTZ6ALV0Q1qoCZi6Bm9oFf0ht/xB/7C37PSAs57DtAc8M8vba+nGw==</latexit><latexit sha1_base64="QTN0WmAP/zyCihFaKR+P5Wq4Jf4=">AAACL3icbVDLSgMxFE3qq9ZXq+DGTbAIrsqMCLoRCm50V9E+oC0lk8m0oZmHyR2hjPMzbnXj14gbcetfmGlnYVsPBA7n3FeOE0mhwbI+cWFldW19o7hZ2tre2d0rV/ZbOowV400WylB1HKq5FAFvggDJO5Hi1Hckbzvj68xvP3GlRRg8wCTifZ8OA+EJRsFIg/KhS65Iz1OUJfdp0tOPCpJxmg7KVatmTUGWiZ2TKsrRGFQw7rkhi30eAJNU665tRdBPqALBJE9LvVjziLIxHfKuoQH1ue4n0w+k5MQoLvFCZV4AZKr+7Uior/XEd0ylT2GkF71M/M/rxuBd9hMRRDHwgM0WebEkEJIsDeIKxRnIiSGUKWFuJWxETRpgMivNrcmGm75QajPmllDXNSfDSGiSV5RMaPZiRMukdVazDb+zqvXzPL4iOkLH6BTZ6ALV0Q1qoCZi6Bm9oFf0ht/xB/7C37PSAs57DtAc8M8vba+nGw==</latexit><latexit sha1_base64="wuOI9V8VzfDCW7tuoW5hznxj+DY="></latexit><latexit sha1_base64="wuOI9V8VzfDCW7tuoW5hznxj+DY="></latexit><latexit sha1_base64="wuOI9V8VzfDCW7tuoW5hznxj+DY="></latexit><latexit sha1_base64="wuOI9V8VzfDCW7tuoW5hznxj+DY="></latexit><latexit sha1_base64="QTN0WmAP/zyCihFaKR+P5Wq4Jf4=">AAACL3icbVDLSgMxFE3qq9ZXq+DGTbAIrsqMCLoRCm50V9E+oC0lk8m0oZmHyR2hjPMzbnXj14gbcetfmGlnYVsPBA7n3FeOE0mhwbI+cWFldW19o7hZ2tre2d0rV/ZbOowV400WylB1HKq5FAFvggDJO5Hi1Hckbzvj68xvP3GlRRg8wCTifZ8OA+EJRsFIg/KhS65Iz1OUJfdp0tOPCpJxmg7KVatmTUGWiZ2TKsrRGFQw7rkhi30eAJNU665tRdBPqALBJE9LvVjziLIxHfKuoQH1ue4n0w+k5MQoLvFCZV4AZKr+7Uior/XEd0ylT2GkF71M/M/rxuBd9hMRRDHwgM0WebEkEJIsDeIKxRnIiSGUKWFuJWxETRpgMivNrcmGm75QajPmllDXNSfDSGiSV5RMaPZiRMukdVazDb+zqvXzPL4iOkLH6BTZ6ALV0Q1qoCZi6Bm9oFf0ht/xB/7C37PSAs57DtAc8M8vba+nGw==</latexit>
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Variance Based Stopping Condition
• A problem might arise from the fact that we are also estimating !

– So we need " to be good enough for # a good estimate of !

• Algorithm now looks like: 
• Choose $ and a lower bound k& = 30

ECE/CS 541: Computer System Analysis. Fall 2018
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Confidence Intervals
• From our previous discussion,

– we know that !" is close to "
– we have computed an approximate probabilistic upper bound on how far is 

!" from "

• However, it would be meaningful if 
– we could also assert, with a certain confidence, whether the real " falls 

within a given interval

• Enter confidence intervals!
– Notice that we used confidence intervals and not probability intervals
– We will see later on why we used that term specifically!

ECE/CS 541: Computer System Analysis. Fall 2018
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Recall our Setup
• We run k simulation runs, and obtain k i.i.d random variables 

• We know that 

• Goal: Assert, with a certain confidence, that ! falls within a certain interval,

ECE/CS 541: Computer System Analysis. Fall 2018

Y1, Y2, . . . , Yk
<latexit sha1_base64="BRXeNPbwTA0xoReH1dPhukZpDHg=">AAACLnicbVBNSwMxEJ34WetXVTx5CYrgQWS3CHqz4EVvFWxV2rJks6kNzW6WZFYoS3+MV734awQP4lX/hdm2B6s+CLy8mTczvDBV0qLnvZGZ2bn5hcXSUnl5ZXVtvbKx2bQ6M1w0uFba3IbMCiUT0UCJStymRrA4VOIm7J8X9ZsHYazUyTUOUtGJ2X0iu5IzdFJQ2b4L/EN6F1QPaVtFGm3x6QeVPe/IG4H+Jf6E7NXWv84oANSDDULakeZZLBLkilnb8r0UOzkzKLkSw3I7syJlvM/uRcvRhMXCdvLR/UO675SIdrVxL0E6Un86chZbO4hD1xkz7NnftUL8r9bKsHvayWWSZigSPl7UzRRFTYswaCSN4KgGjjBupLuV8h4zjKOLrDy1phjufFpZN+aSsihyJ2NPWjrpKLvQ/N8R/SXN6pHv+JVL7xjGKMEO7MIB+HACNbiAOjSAQw6P8ATP5IW8knfyMW6dIRPPFkyBfH4DwMKmXw==</latexit><latexit sha1_base64="YGCBO1AUhph53ctHCWvUZkYYCIE="></latexit><latexit sha1_base64="YGCBO1AUhph53ctHCWvUZkYYCIE="></latexit><latexit sha1_base64="KNjIS+nBWwZggDAJ9ZVi4lXxjYU=">AAACLnicbVDLSsNAFJ3xWeOrVVy5GSyCi1KSIuiy4EZ3CtYHbQiTyaQdOsmEmRuhhH6MW934NYILcetnOKlZqPXAwJlz77n3csJMCgOu+4YXFpeWV1Zra876xubWdr2xc2NUrhnvMSWVvgup4VKkvAcCJL/LNKdJKPltOD4r67cPXBuh0muYZNxP6DAVsWAUrBTU9+4Dr0Xug06LDGSkwJSfcVBvum13BjJPvIo0UYXLoIHxIFIsT3gKTFJj+p6bgV9QDYJJPnUGueEZZWM65H1LU5pw4xez+6fk0CoRiZW2LwUyU386CpoYM0lC25lQGJm/tVL8r9bPIT71C5FmOfCUfS+Kc0lAkTIMEgnNGciJJZRpYW8lbEQ1ZWAjc36tKYdbn5LGjrkgNIrsyTAShlQdjg3N+xvRPLnptD3Lr9xm97iKr4b20QE6Qh46QV10ji5RDzFUoEf0hJ7xC37F7/jju3UBV55d9Av48wtOLqTI</latexit>

E[Yi] = ✓, and, V ar(Yi) = �2
<latexit sha1_base64="WbCCBs4FvpTdgrbyyEXhvI6kUII="></latexit><latexit sha1_base64="JIFL33JiKWlDv0EiQwB79GR8cZA="></latexit><latexit sha1_base64="JIFL33JiKWlDv0EiQwB79GR8cZA="></latexit><latexit sha1_base64="axgFB/KHZY0owij/7KTTBDGGccM="></latexit>

⇣
✓̂ � �, ✓̂ + �

⌘

<latexit sha1_base64="EP+dpzVfxMndCKA1VWtDeMD70xU="></latexit><latexit sha1_base64="xVRe+jmFwsZvWLoLF/rgvbCyd00="></latexit><latexit sha1_base64="xVRe+jmFwsZvWLoLF/rgvbCyd00="></latexit><latexit sha1_base64="65N/7pK+x+I0TNpIYiWJBFMrgAc=">AAACJHicbZDLSitBEIZ7vBtvUZduGoOgqGFGhHPAjeDGpYJRIRNCTacm09g9M3TXCGHIw7jxVdy4OEdx4cZnsRNn4e2Hhp+vqqiuP8qVtOT7r97E5NT0zOzcfG1hcWl5pb66dmmzwghsiUxl5joCi0qm2CJJCq9zg6AjhVfRzcmofnWLxsosvaBBjh0N/VTGUgA51K0fhQpj2uZhAlSGlCDBkO/zsA9aw95XvFthHhrZT2inW2/4TX8s/tMElWmwSmfd+lPYy0ShMSWhwNp24OfUKcGQFAqHtbCwmIO4gT62nU1Bo+2U4yOHfMuRHo8z415KfEw/T5SgrR3oyHVqoMR+r43gb7V2QfHfTinTvCBMxceiuFCcMj5KjPekQUFq4AwII91fuUjAgCCXa82FEHw/+ae5PGgGfjM49xvHh1Ucc2yDbbJtFrA/7JidsjPWYoLdsQf2j/337r1H79l7+Wid8KqZdfZF3ts7Qk+j4Q==</latexit>
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Confidence Intervals
• We know from the Central Limit Theorem, that for large k,

• Also, from a results know as Slutsky’s theorem, we can write  
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p
k

 
✓̂ � ✓

�

!
ṡ N(0, 1)

<latexit sha1_base64="vhyc/FUIdMwuSEmetwHBNjljr9w="></latexit><latexit sha1_base64="+HzhayPh24rXIzM/R91bxie19vE="></latexit><latexit sha1_base64="+HzhayPh24rXIzM/R91bxie19vE="></latexit><latexit sha1_base64="Tfy69mk8SncGG7vtaTuhRZU6emI="></latexit>

approximately

p
k

 
✓̂ � ✓

S

!
ṡ N(0, 1)

<latexit sha1_base64="LmQrjposA19KUqtcmzxvCpIGYHQ="></latexit><latexit sha1_base64="c3vo91DuEMjCiowEmOaUnJYztGI="></latexit><latexit sha1_base64="c3vo91DuEMjCiowEmOaUnJYztGI="></latexit><latexit sha1_base64="7nlKKGS5yUgShlDEkC3IyKg7P18="></latexit>

Sample standard deviation
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Derivations
• Let                         and      be such that

• For example,  

• By symmetry of the normal distribution (specifically, the standard normal in our 
case)

• i.e.,

• It follows that
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Z ⇠ N(0, 1)
<latexit sha1_base64="4T6vsDoZa15wy8J3Sps0hs5/FCU=">AAACAXicbVDLSgNBEOyNrxhf8XEQvAwGIYKEXREUchG8eBIFo8FsiLOT2ThkZneZ6RXDEi/+ihcPinj1L7z5N04SD2osaCiquunuChIpDLrup5ObmJyansnPFubmFxaXissrFyZONeM1FstY1wNquBQRr6FAyeuJ5lQFkl8G3aOBf3nLtRFxdI69hDcV7UQiFIyilVrF9SviV30jlF8lPvI7zE76ZXfH224VS27FHYKME++blA7XwvAaAE5bxQ+/HbNU8QiZpMY0PDfBZkY1CiZ5v+CnhieUdWmHNyyNqOKmmQ0/6JMtq7RJGGtbEZKh+nMio8qYngpsp6J4Y/56A/E/r5FieNDMRJSkyCM2WhSmkmBMBnGQttCcoexZQpkW9lbCbqimDG1oBRuC9/flcXKxW/Hcindm09iDEfKwAZtQBg/24RCO4RRqwOAeHuEZXpwH58l5dd5GrTnne2YVfsF5/wIDyZa7</latexit><latexit sha1_base64="7SgUEB/RK8EzLPcfnocmFIJLehs=">AAACAXicbVDJSgNBEO2JW4zbuBwEL41BiCBhRgSFXAJePEkEs2BmCD2dnqRJz0J3jRiGePFXvHhQxKt/4c2/sTPJQRMfFDzeq6KqnhcLrsCyvo3cwuLS8kp+tbC2vrG5ZW7vNFSUSMrqNBKRbHlEMcFDVgcOgrViyUjgCdb0Bpdjv3nPpOJReAvDmLkB6YXc55SAljrm/h12Ko7igVPBDrAHSK9HJevEPu6YRatsZcDzxJ6SYnXPz1DrmF9ON6JJwEKggijVtq0Y3JRI4FSwUcFJFIsJHZAea2sakoApN80+GOEjrXSxH0ldIeBM/T2RkkCpYeDpzoBAX816Y/E/r52Af+GmPIwTYCGdLPITgSHC4zhwl0tGQQw1IVRyfSumfSIJBR1aQYdgz748TxqnZdsq2zc6jTM0QR4doENUQjY6R1V0hWqojih6RM/oFb0ZT8aL8W58TFpzxnRmF/2B8fkDpLSX8w==</latexit><latexit sha1_base64="7SgUEB/RK8EzLPcfnocmFIJLehs=">AAACAXicbVDJSgNBEO2JW4zbuBwEL41BiCBhRgSFXAJePEkEs2BmCD2dnqRJz0J3jRiGePFXvHhQxKt/4c2/sTPJQRMfFDzeq6KqnhcLrsCyvo3cwuLS8kp+tbC2vrG5ZW7vNFSUSMrqNBKRbHlEMcFDVgcOgrViyUjgCdb0Bpdjv3nPpOJReAvDmLkB6YXc55SAljrm/h12Ko7igVPBDrAHSK9HJevEPu6YRatsZcDzxJ6SYnXPz1DrmF9ON6JJwEKggijVtq0Y3JRI4FSwUcFJFIsJHZAea2sakoApN80+GOEjrXSxH0ldIeBM/T2RkkCpYeDpzoBAX816Y/E/r52Af+GmPIwTYCGdLPITgSHC4zhwl0tGQQw1IVRyfSumfSIJBR1aQYdgz748TxqnZdsq2zc6jTM0QR4doENUQjY6R1V0hWqojih6RM/oFb0ZT8aL8W58TFpzxnRmF/2B8fkDpLSX8w==</latexit><latexit sha1_base64="mUIH/LbmTTQ3+lnXTdCiinPlces=">AAACAXicbVDLSgNBEJz1GeNr1YvgZTAIESTMiqCQS8CLJ4lgHphdwuxkkgyZfTDTK4YlXvwVLx4U8epfePNvnCR70MSChqKqm+4uP5ZCAyHf1sLi0vLKam4tv76xubVt7+zWdZQoxmsskpFq+lRzKUJeAwGSN2PFaeBL3vAHl2O/cc+VFlF4C8OYewHthaIrGAUjte39O+yWXS0Ct4xd4A+QXo+K5MQ5btsFUiIT4HniZKSAMlTb9pfbiVgS8BCYpFq3HBKDl1IFgkk+yruJ5jFlA9rjLUNDGnDtpZMPRvjIKB3cjZSpEPBE/T2R0kDrYeCbzoBCX896Y/E/r5VA98JLRRgnwEM2XdRNJIYIj+PAHaE4Azk0hDIlzK2Y9amiDExoeROCM/vyPKmflhxScm5IoXKWxZFDB+gQFZGDzlEFXaEqqiGGHtEzekVv1pP1Yr1bH9PWBSub2UN/YH3+AP0ulTs=</latexit>

z↵
<latexit sha1_base64="4cYcdLeu1eUXgfL/qmZqvagE2EQ=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAF48RzAOSJfROZpMhs7PrzKwQl/yEFw+KePUj/ANP3vwbZ5McNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGV7nfumdK81jemnHC/AgHkoecorFS+6HXRZEMsVeuuFV3CrJMvDmp1IqfH2BR75W/uv2YphGThgrUuuO5ifEzVIZTwSalbqpZgnSEA9axVGLEtJ9N752QE6v0SRgrW9KQqfp7IsNI63EU2M4IzVAvern4n9dJTXjpZ1wmqWGSzhaFqSAmJvnzpM8Vo0aMLUGquL2V0CEqpMZGVLIheIsvL5PmWdVzq96NTeMcZijCERzDKXhwATW4hjo0gIKAR3iGF+fOeXJenbdZa8GZzxzCHzjvP5LekcQ=</latexit><latexit sha1_base64="AwE1qwCaK1NMZUgWkH//x3F6KSw=">AAAB73icbVDLSgNBEOyNrxhfMR69DAmCp7Argh4DevAYwTwgCaF3MpsMmZ1dZ2aFuOQnvHhQxJPgR/gHnrz5N04eB00saCiquunu8mPBtXHdbyezsrq2vpHdzG1t7+zu5fcLdR0lirIajUSkmj5qJrhkNcONYM1YMQx9wRr+8GLiN+6Y0jySN2YUs06IfckDTtFYqXnfbaOIB9jNl9yyOwVZJt6clCrZz4/C5Vux2s1/tXsRTUImDRWodctzY9NJURlOBRvn2olmMdIh9lnLUokh0510eu+YHFmlR4JI2ZKGTNXfEymGWo9C33aGaAZ60ZuI/3mtxATnnZTLODFM0tmiIBHERGTyPOlxxagRI0uQKm5vJXSACqmxEeVsCN7iy8ukflL23LJ3bdM4hRmycAhFOAYPzqACV1CFGlAQ8ABP8OzcOo/Oi/M6a80485kD+APn/QcRVpLi</latexit><latexit sha1_base64="AwE1qwCaK1NMZUgWkH//x3F6KSw=">AAAB73icbVDLSgNBEOyNrxhfMR69DAmCp7Argh4DevAYwTwgCaF3MpsMmZ1dZ2aFuOQnvHhQxJPgR/gHnrz5N04eB00saCiquunu8mPBtXHdbyezsrq2vpHdzG1t7+zu5fcLdR0lirIajUSkmj5qJrhkNcONYM1YMQx9wRr+8GLiN+6Y0jySN2YUs06IfckDTtFYqXnfbaOIB9jNl9yyOwVZJt6clCrZz4/C5Vux2s1/tXsRTUImDRWodctzY9NJURlOBRvn2olmMdIh9lnLUokh0510eu+YHFmlR4JI2ZKGTNXfEymGWo9C33aGaAZ60ZuI/3mtxATnnZTLODFM0tmiIBHERGTyPOlxxagRI0uQKm5vJXSACqmxEeVsCN7iy8ukflL23LJ3bdM4hRmycAhFOAYPzqACV1CFGlAQ8ABP8OzcOo/Oi/M6a80485kD+APn/QcRVpLi</latexit><latexit sha1_base64="OrovU2OYY6DJcktJbOQh8wI4nRU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cK9gPaUCbbTbt0s4m7G6GG/gkvHhTx6t/x5r9xm+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVlLVoLGLVDVAzwSVrGW4E6yaKYRQI1gkmN3O/88iU5rG8N9OE+RGOJA85RWOl7tOgjyIZ46Bac+tuDrJKvILUoEBzUP3qD2OaRkwaKlDrnucmxs9QGU4Fm1X6qWYJ0gmOWM9SiRHTfpbfOyNnVhmSMFa2pCG5+nsiw0jraRTYzgjNWC97c/E/r5ea8NrPuExSwyRdLApTQUxM5s+TIVeMGjG1BKni9lZCx6iQGhtRxYbgLb+8StoXdc+te3durXFZxFGGEziFc/DgChpwC01oAQUBz/AKb86D8+K8Ox+L1pJTzBzDHzifPx57j/M=</latexit>

P (Z > z↵) = ↵
<latexit sha1_base64="DzzDqJ2T05bg4Woa1Mh0EddfQs4=">AAACDXicbVDJSgNBEK1xjXEbl5uXxijES5gRQS9KwIvHCGbBTIg9nZ6kSc9Cd40QQ37Ai7/ixYMiXr1782/sLAdNfFDw+r0quur5iRQaHefbmptfWFxazqxkV9fWNzbtre2KjlPFeJnFMlY1n2ouRcTLKFDyWqI4DX3Jq373cuhX77nSIo5usJfwRkjbkQgEo2ikpn1QIp7kAeZvyQV5aHpUJh3qKdHu4BE5J+N30845BWcEMkvcCckVd4PgDgBKTfvLa8UsDXmETFKt666TYKNPFQom+SDrpZonlHVpm9cNjWjIdaM/umZADo3SIkGsTEVIRurviT4Nte6FvukMKXb0tDcU//PqKQZnjb6IkhR5xMYfBakkGJNhNKQlFGcoe4ZQpoTZlbAOVZShCTBrQnCnT54lleOC6xTca5PGCYyRgT3Yhzy4cApFuIISlIHBIzzDK7xZT9aL9W59jFvnrMnMDvyB9fkDDHCbtQ==</latexit><latexit sha1_base64="2wdnYhZunYOGnUUXL+rpPBAN4BQ=">AAACDXicbVC7SgNBFJ2Nrxhf8dHZDEYhNmFXBG2UgI1lBPPAbFhmJ7PZIbOzy8xdIYb8gI2/YmOhiK29nX/jJJtCEw9cOHPOvcy9x08E12Db31ZuYXFpeSW/Wlhb39jcKm7vNHScKsrqNBaxavlEM8ElqwMHwVqJYiTyBWv6/aux37xnSvNY3sIgYZ2I9CQPOCVgJK94WMOuYAGU7/AlfvBcIpKQuIr3QjjGFzh7e8WSXbEnwPPEmZJSdS+YoOYVv9xuTNOISaCCaN127AQ6Q6KAU8FGBTfVLCG0T3qsbagkEdOd4eSaET4yShcHsTIlAU/U3xNDEmk9iHzTGREI9aw3Fv/z2ikE550hl0kKTNLsoyAVGGI8jgZ3uWIUxMAQQhU3u2IaEkUomAALJgRn9uR50jipOHbFuTFpnKIMebSPDlAZOegMVdE1qqE6ougRPaNX9GY9WS/Wu/WRteas6cwu+gPr8wetW5zt</latexit><latexit sha1_base64="2wdnYhZunYOGnUUXL+rpPBAN4BQ=">AAACDXicbVC7SgNBFJ2Nrxhf8dHZDEYhNmFXBG2UgI1lBPPAbFhmJ7PZIbOzy8xdIYb8gI2/YmOhiK29nX/jJJtCEw9cOHPOvcy9x08E12Db31ZuYXFpeSW/Wlhb39jcKm7vNHScKsrqNBaxavlEM8ElqwMHwVqJYiTyBWv6/aux37xnSvNY3sIgYZ2I9CQPOCVgJK94WMOuYAGU7/AlfvBcIpKQuIr3QjjGFzh7e8WSXbEnwPPEmZJSdS+YoOYVv9xuTNOISaCCaN127AQ6Q6KAU8FGBTfVLCG0T3qsbagkEdOd4eSaET4yShcHsTIlAU/U3xNDEmk9iHzTGREI9aw3Fv/z2ikE550hl0kKTNLsoyAVGGI8jgZ3uWIUxMAQQhU3u2IaEkUomAALJgRn9uR50jipOHbFuTFpnKIMebSPDlAZOegMVdE1qqE6ougRPaNX9GY9WS/Wu/WRteas6cwu+gPr8wetW5zt</latexit><latexit sha1_base64="6Ei8PqtMAsl7Hv+Xv85KGxuKabI=">AAACDXicbVDLSsNAFJ34rPUVdelmsAp1UxIRdKMU3LisYB/YhDCZTpqhkwczN0IN/QE3/oobF4q4de/Ov3HaZqGtBy6cOede5t7jp4IrsKxvY2FxaXlltbRWXt/Y3No2d3ZbKskkZU2aiER2fKKY4DFrAgfBOqlkJPIFa/uDq7HfvmdS8SS+hWHK3Ij0Yx5wSkBLnnnYwI5gAVTv8CV+8Bwi0pA4kvdDOMYXePr2zIpVsybA88QuSAUVaHjml9NLaBaxGKggSnVtKwU3JxI4FWxUdjLFUkIHpM+6msYkYsrNJ9eM8JFWejhIpK4Y8ET9PZGTSKlh5OvOiECoZr2x+J/XzSA4d3MepxmwmE4/CjKBIcHjaHCPS0ZBDDUhVHK9K6YhkYSCDrCsQ7BnT54nrZOabdXsG6tSPy3iKKF9dICqyEZnqI6uUQM1EUWP6Bm9ojfjyXgx3o2PaeuCUczsoT8wPn8ABeSaNQ==</latexit>

z0.025 = 1.96
<latexit sha1_base64="mplKKjfNfpbLNiwaBWmHOONhzss=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFchaT4XAgFNy4r2Ae0IUymk3boZBJmJoUa+iduXCji1rV/4Mqdf+P0sdDWAxfOnHMvc+8JU86Udt1va2l5ZXVtvbBR3Nza3tm19/brKskkoTWS8EQ2Q6woZ4LWNNOcNlNJcRxy2gj7N2O/MaBSsUTc62FK/Rh3BYsYwdpIgW0/BLnruOWzEbpGnnN1Htgl854ALRJvRkqVwucHGFQD+6vdSUgWU6EJx0q1PDfVfo6lZoTTUbGdKZpi0sdd2jJU4JgqP59sPkLHRumgKJGmhEYT9fdEjmOlhnFoOmOse2reG4v/ea1MR5d+zkSaaSrI9KMo40gnaBwD6jBJieZDQzCRzOyKSA9LTLQJq2hC8OZPXiT1suO5jndn0jiFKQpwCEdwAh5cQAVuoQo1IDCAR3iGFyu3nqxX623aumTNZg7gD6z3H46ykxs=</latexit><latexit sha1_base64="pCvXT4ljNMcK6JjFlbKNXIm7LXM=">AAAB+XicbVC7SgNBFL3rM8bXGkubIUGwWnaDz0IIaGEZwTwgWZbZyWwyZPbBzGwgLvkTGwuD2Fr7B1Z2/o2TR6GJBy6cOede5t7jJ5xJZdvfxsrq2vrGZm4rv72zu7dvHhTqMk4FoTUS81g0fSwpZxGtKaY4bSaC4tDntOH3byZ+Y0CFZHH0oIYJdUPcjVjACFZa8kzz0ctsyy6fjdA1cqyrc88s6fcUaJk4c1Kq5D4/CrfjYtUzv9qdmKQhjRThWMqWYyfKzbBQjHA6yrdTSRNM+rhLW5pGOKTSzaabj9CxVjooiIWuSKGp+nsiw6GUw9DXnSFWPbnoTcT/vFaqgks3Y1GSKhqR2UdBypGK0SQG1GGCEsWHmmAimN4VkR4WmCgdVl6H4CyevEzqZcuxLedep3EKM+TgCIpwAg5cQAXuoAo1IDCAJ3iBsZEZz8ar8TZrXTHmM4fwB8b7Dw0qlDk=</latexit><latexit sha1_base64="pCvXT4ljNMcK6JjFlbKNXIm7LXM=">AAAB+XicbVC7SgNBFL3rM8bXGkubIUGwWnaDz0IIaGEZwTwgWZbZyWwyZPbBzGwgLvkTGwuD2Fr7B1Z2/o2TR6GJBy6cOede5t7jJ5xJZdvfxsrq2vrGZm4rv72zu7dvHhTqMk4FoTUS81g0fSwpZxGtKaY4bSaC4tDntOH3byZ+Y0CFZHH0oIYJdUPcjVjACFZa8kzz0ctsyy6fjdA1cqyrc88s6fcUaJk4c1Kq5D4/CrfjYtUzv9qdmKQhjRThWMqWYyfKzbBQjHA6yrdTSRNM+rhLW5pGOKTSzaabj9CxVjooiIWuSKGp+nsiw6GUw9DXnSFWPbnoTcT/vFaqgks3Y1GSKhqR2UdBypGK0SQG1GGCEsWHmmAimN4VkR4WmCgdVl6H4CyevEzqZcuxLedep3EKM+TgCIpwAg5cQAXuoAo1IDCAJ3iBsZEZz8ar8TZrXTHmM4fwB8b7Dw0qlDk=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="juF8r8RnFNoeXkO+dsZIv9xNoAw=">AAAB7nicbZDLSgMxGIX/qbdaq45u3QSL4GqYFLwtBMGNywr2Au0wZNJMG5rJDEmmUIe+iRsXivg47nwb08tCWw8ETs5JyJ8vygTXxve/ndLG5tb2Tnm3slfdPzh0j6otneaKsiZNRao6EdFMcMmahhvBOpliJIkEa0ej+1nfHjOleSqfzCRjQUIGksecEmOj0HWfw8L3/PrFFN0i7N1chm7N7udC6wYvTQ2WaoTuV6+f0jxh0lBBtO5iPzNBQZThVLBppZdrlhE6IgPWtVaShOmgmE8+RWc26aM4VXZJg+bp7xsFSbSeJJE9mRAz1KvdLPyv6+Ymvg4KLrPcMEkXD8W5QCZFMwyozxWjRkysIVRxOyuiQ6IINRZWxULAq19eN626h30PP/pQhhM4hXPAcAV38AANaAKFMbzAG7w7hfPqfCxwlZwlt2P4I+fzB93+j/g=</latexit><latexit sha1_base64="juF8r8RnFNoeXkO+dsZIv9xNoAw=">AAAB7nicbZDLSgMxGIX/qbdaq45u3QSL4GqYFLwtBMGNywr2Au0wZNJMG5rJDEmmUIe+iRsXivg47nwb08tCWw8ETs5JyJ8vygTXxve/ndLG5tb2Tnm3slfdPzh0j6otneaKsiZNRao6EdFMcMmahhvBOpliJIkEa0ej+1nfHjOleSqfzCRjQUIGksecEmOj0HWfw8L3/PrFFN0i7N1chm7N7udC6wYvTQ2WaoTuV6+f0jxh0lBBtO5iPzNBQZThVLBppZdrlhE6IgPWtVaShOmgmE8+RWc26aM4VXZJg+bp7xsFSbSeJJE9mRAz1KvdLPyv6+Ymvg4KLrPcMEkXD8W5QCZFMwyozxWjRkysIVRxOyuiQ6IINRZWxULAq19eN626h30PP/pQhhM4hXPAcAV38AANaAKFMbzAG7w7hfPqfCxwlZwlt2P4I+fzB93+j/g=</latexit><latexit sha1_base64="UedJknRDGcI40vKcM1UcUXhdnf4=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFchaT4XAgFNy4r2Ae0IUymk3boZBJmJoUa+iduXCji1j9x5984bbPQ1gMXzpxzL3PvCVPOlHbdb2tldW19Y7O0Vd7e2d3btw8OmyrJJKENkvBEtkOsKGeCNjTTnLZTSXEcctoKh3dTvzWiUrFEPOpxSv0Y9wWLGMHaSIFtPwW567jViwm6RZ5zcxnYFfOeAS0TryAVKFAP7K9uLyFZTIUmHCvV8dxU+zmWmhFOJ+VupmiKyRD3acdQgWOq/Hy2+QSdGqWHokSaEhrN1N8TOY6VGseh6YyxHqhFbyr+53UyHV37ORNppqkg84+ijCOdoGkMqMckJZqPDcFEMrMrIgMsMdEmrLIJwVs8eZk0q47nOt6DW6mdF3GU4BhO4Aw8uIIa3EMdGkBgBM/wCm9Wbr1Y79bHvHXFKmaO4A+szx8aT5FK</latexit><latexit sha1_base64="UedJknRDGcI40vKcM1UcUXhdnf4=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFchaT4XAgFNy4r2Ae0IUymk3boZBJmJoUa+iduXCji1j9x5984bbPQ1gMXzpxzL3PvCVPOlHbdb2tldW19Y7O0Vd7e2d3btw8OmyrJJKENkvBEtkOsKGeCNjTTnLZTSXEcctoKh3dTvzWiUrFEPOpxSv0Y9wWLGMHaSIFtPwW567jViwm6RZ5zcxnYFfOeAS0TryAVKFAP7K9uLyFZTIUmHCvV8dxU+zmWmhFOJ+VupmiKyRD3acdQgWOq/Hy2+QSdGqWHokSaEhrN1N8TOY6VGseh6YyxHqhFbyr+53UyHV37ORNppqkg84+ijCOdoGkMqMckJZqPDcFEMrMrIgMsMdEmrLIJwVs8eZk0q47nOt6DW6mdF3GU4BhO4Aw8uIIa3EMdGkBgBM/wCm9Wbr1Y79bHvHXFKmaO4A+szx8aT5FK</latexit><latexit sha1_base64="pCvXT4ljNMcK6JjFlbKNXIm7LXM=">AAAB+XicbVC7SgNBFL3rM8bXGkubIUGwWnaDz0IIaGEZwTwgWZbZyWwyZPbBzGwgLvkTGwuD2Fr7B1Z2/o2TR6GJBy6cOede5t7jJ5xJZdvfxsrq2vrGZm4rv72zu7dvHhTqMk4FoTUS81g0fSwpZxGtKaY4bSaC4tDntOH3byZ+Y0CFZHH0oIYJdUPcjVjACFZa8kzz0ctsyy6fjdA1cqyrc88s6fcUaJk4c1Kq5D4/CrfjYtUzv9qdmKQhjRThWMqWYyfKzbBQjHA6yrdTSRNM+rhLW5pGOKTSzaabj9CxVjooiIWuSKGp+nsiw6GUw9DXnSFWPbnoTcT/vFaqgks3Y1GSKhqR2UdBypGK0SQG1GGCEsWHmmAimN4VkR4WmCgdVl6H4CyevEzqZcuxLedep3EKM+TgCIpwAg5cQAXuoAo1IDCAJ3iBsZEZz8ar8TZrXTHmM4fwB8b7Dw0qlDk=</latexit><latexit sha1_base64="pCvXT4ljNMcK6JjFlbKNXIm7LXM=">AAAB+XicbVC7SgNBFL3rM8bXGkubIUGwWnaDz0IIaGEZwTwgWZbZyWwyZPbBzGwgLvkTGwuD2Fr7B1Z2/o2TR6GJBy6cOede5t7jJ5xJZdvfxsrq2vrGZm4rv72zu7dvHhTqMk4FoTUS81g0fSwpZxGtKaY4bSaC4tDntOH3byZ+Y0CFZHH0oIYJdUPcjVjACFZa8kzz0ctsyy6fjdA1cqyrc88s6fcUaJk4c1Kq5D4/CrfjYtUzv9qdmKQhjRThWMqWYyfKzbBQjHA6yrdTSRNM+rhLW5pGOKTSzaabj9CxVjooiIWuSKGp+nsiw6GUw9DXnSFWPbnoTcT/vFaqgks3Y1GSKhqR2UdBypGK0SQG1GGCEsWHmmAimN4VkR4WmCgdVl6H4CyevEzqZcuxLedep3EKM+TgCIpwAg5cQAXuoAo1IDCAJ3iBsZEZz8ar8TZrXTHmM4fwB8b7Dw0qlDk=</latexit><latexit sha1_base64="pCvXT4ljNMcK6JjFlbKNXIm7LXM=">AAAB+XicbVC7SgNBFL3rM8bXGkubIUGwWnaDz0IIaGEZwTwgWZbZyWwyZPbBzGwgLvkTGwuD2Fr7B1Z2/o2TR6GJBy6cOede5t7jJ5xJZdvfxsrq2vrGZm4rv72zu7dvHhTqMk4FoTUS81g0fSwpZxGtKaY4bSaC4tDntOH3byZ+Y0CFZHH0oIYJdUPcjVjACFZa8kzz0ctsyy6fjdA1cqyrc88s6fcUaJk4c1Kq5D4/CrfjYtUzv9qdmKQhjRThWMqWYyfKzbBQjHA6yrdTSRNM+rhLW5pGOKTSzaabj9CxVjooiIWuSKGp+nsiw6GUw9DXnSFWPbnoTcT/vFaqgks3Y1GSKhqR2UdBypGK0SQG1GGCEsWHmmAimN4VkR4WmCgdVl6H4CyevEzqZcuxLedep3EKM+TgCIpwAg5cQAXuoAo1IDCAJ3iBsZEZz8ar8TZrXTHmM4fwB8b7Dw0qlDk=</latexit><latexit sha1_base64="pCvXT4ljNMcK6JjFlbKNXIm7LXM=">AAAB+XicbVC7SgNBFL3rM8bXGkubIUGwWnaDz0IIaGEZwTwgWZbZyWwyZPbBzGwgLvkTGwuD2Fr7B1Z2/o2TR6GJBy6cOede5t7jJ5xJZdvfxsrq2vrGZm4rv72zu7dvHhTqMk4FoTUS81g0fSwpZxGtKaY4bSaC4tDntOH3byZ+Y0CFZHH0oIYJdUPcjVjACFZa8kzz0ctsyy6fjdA1cqyrc88s6fcUaJk4c1Kq5D4/CrfjYtUzv9qdmKQhjRThWMqWYyfKzbBQjHA6yrdTSRNM+rhLW5pGOKTSzaabj9CxVjooiIWuSKGp+nsiw6GUw9DXnSFWPbnoTcT/vFaqgks3Y1GSKhqR2UdBypGK0SQG1GGCEsWHmmAimN4VkR4WmCgdVl6H4CyevEzqZcuxLedep3EKM+TgCIpwAg5cQAXuoAo1IDCAJ3iBsZEZz8ar8TZrXTHmM4fwB8b7Dw0qlDk=</latexit><latexit sha1_base64="UedJknRDGcI40vKcM1UcUXhdnf4=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFchaT4XAgFNy4r2Ae0IUymk3boZBJmJoUa+iduXCji1j9x5984bbPQ1gMXzpxzL3PvCVPOlHbdb2tldW19Y7O0Vd7e2d3btw8OmyrJJKENkvBEtkOsKGeCNjTTnLZTSXEcctoKh3dTvzWiUrFEPOpxSv0Y9wWLGMHaSIFtPwW567jViwm6RZ5zcxnYFfOeAS0TryAVKFAP7K9uLyFZTIUmHCvV8dxU+zmWmhFOJ+VupmiKyRD3acdQgWOq/Hy2+QSdGqWHokSaEhrN1N8TOY6VGseh6YyxHqhFbyr+53UyHV37ORNppqkg84+ijCOdoGkMqMckJZqPDcFEMrMrIgMsMdEmrLIJwVs8eZk0q47nOt6DW6mdF3GU4BhO4Aw8uIIa3EMdGkBgBM/wCm9Wbr1Y79bHvHXFKmaO4A+szx8aT5FK</latexit>

z1�↵ = z↵
<latexit sha1_base64="ssaKxrEqTqemtlejs+Ay1TJ62ks=">AAACBHicbVC7SgNBFL3rM8ZHNqZMMxgEG8OuCNoIARvLCOYBybLcnUySIbMPZmaFuKSw8VdsLBSx9SPs/Bsnj0ITD1w4c869zL0nSARX2nG+rbX1jc2t7dxOfndv/6BgFw+bKk4lZQ0ai1i2A1RM8Ig1NNeCtRPJMAwEawWj66nfumdS8Ti60+OEeSEOIt7nFLWRfLv84GcuOSVdFMkQJ+SKGGHx8O2KU3VmIKvEXZBKrVQs1ACg7ttf3V5M05BFmgpUquM6ifYylJpTwSb5bqpYgnSEA9YxNMKQKS+bHTEhx0bpkX4sTUWazNTfExmGSo3DwHSGqIdq2ZuK/3mdVPcvvYxHSapZROcf9VNBdEymiZAel4xqMTYEqeRmV0KHKJFqk1vehOAun7xKmmdV16m6tyaNc5gjB2U4ghNw4QJqcAN1aACFR3iGV3iznqwX6936mLeuWYuZEvyB9fkDNLiX2w==</latexit><latexit sha1_base64="fZCOMBDuQds5I1ZjvGQR4vKv55U=">AAACBHicbVC7SgNBFL3rM8ZHNqZMMxgEG8OuCNoIARvLBMwDkrDMTmaTIbOzy8ysEJcUNn6EP2CTQhFbP8LOnxEnj0ITD1w4c869zL3HjzlT2nG+rLX1jc2t7cxOdndv/yBn5w8bKkokoXUS8Ui2fKwoZ4LWNdOctmJJcehz2vSH11O/eUelYpG41aOYdkPcFyxgBGsjeXbx3ktddIo6mMcDPEZXyAiLh2eXnLIzA1ol7oKUKoV8rjZ5+q569menF5EkpEITjpVqu06suymWmhFOx9lOomiMyRD3adtQgUOquunsiDE6NkoPBZE0JTSaqb8nUhwqNQp90xliPVDL3lT8z2snOrjspkzEiaaCzD8KEo50hKaJoB6TlGg+MgQTycyuiAywxESb3LImBHf55FXSOCu7TtmtmTTOYY4MFOEITsCFC6jADVShDgQe4Ble4NV6tCbWm/U+b12zFjMF+APr4wdSQ5ow</latexit><latexit sha1_base64="fZCOMBDuQds5I1ZjvGQR4vKv55U=">AAACBHicbVC7SgNBFL3rM8ZHNqZMMxgEG8OuCNoIARvLBMwDkrDMTmaTIbOzy8ysEJcUNn6EP2CTQhFbP8LOnxEnj0ITD1w4c869zL3HjzlT2nG+rLX1jc2t7cxOdndv/yBn5w8bKkokoXUS8Ui2fKwoZ4LWNdOctmJJcehz2vSH11O/eUelYpG41aOYdkPcFyxgBGsjeXbx3ktddIo6mMcDPEZXyAiLh2eXnLIzA1ol7oKUKoV8rjZ5+q569menF5EkpEITjpVqu06suymWmhFOx9lOomiMyRD3adtQgUOquunsiDE6NkoPBZE0JTSaqb8nUhwqNQp90xliPVDL3lT8z2snOrjspkzEiaaCzD8KEo50hKaJoB6TlGg+MgQTycyuiAywxESb3LImBHf55FXSOCu7TtmtmTTOYY4MFOEITsCFC6jADVShDgQe4Ble4NV6tCbWm/U+b12zFjMF+APr4wdSQ5ow</latexit><latexit sha1_base64="XrQ7HeAMUIrr7q+yPPcYEg7znTw=">AAACBHicbVC7SgNBFL0bXzG+Vi3TDAbBxrArgjZCwMYygnlAsix3J5NkyOyDmVkhLils/BUbC0Vs/Qg7/8ZJsoUmHrhw5px7mXtPkAiutON8W4WV1bX1jeJmaWt7Z3fP3j9oqjiVlDVoLGLZDlAxwSPW0FwL1k4kwzAQrBWMrqd+655JxePoTo8T5oU4iHifU9RG8u3yg5+55JR0USRDnJArYoT84dsVp+rMQJaJm5MK5Kj79le3F9M0ZJGmApXquE6ivQyl5lSwSambKpYgHeGAdQyNMGTKy2ZHTMixUXqkH0tTkSYz9fdEhqFS4zAwnSHqoVr0puJ/XifV/Usv41GSahbR+Uf9VBAdk2kipMclo1qMDUEqudmV0CFKpNrkVjIhuIsnL5PmWdV1qu6tU6md53EUoQxHcAIuXEANbqAODaDwCM/wCm/Wk/VivVsf89aClc8cwh9Ynz9Ct5co</latexit>

P (Z > z1�↵) = 1� ↵, P (Z > z↵) = ↵
<latexit sha1_base64="z31An0gFAwMP5K07mPJRA2BiC90=">AAACKXicbVDLSgMxFL3j2/qqj52boAgVbJkRQTdKwY3LCraKnaHeSTM2mHmYZIQ69Hfc+CtuFBR164+Ydir4OhA4Oedcknv8RHClbfvNGhkdG5+YnJouzMzOzS8UF5caKk4lZXUai1ie+aiY4BGra64FO0skw9AX7NS/Ouz7pzdMKh5HJ7qbMC/Ey4gHnKI2UqtYrZXOyQG5bWVO2UWRdLC3SfaJQ8okv24R9zrFNvnK5Wo/k7NWcd2u2AOQv8QZkvXqShBcAECtVXxy2zFNQxZpKlCppmMn2stQak4F6xXcVLEE6RVesqahEYZMedlg0x7ZMEqbBLE0J9JkoH6fyDBUqhv6Jhmi7qjfXl/8z2umOtjzMh4lqWYRzR8KUkF0TPq1kTaXjGrRNQSp5OavhHZQItWm3IIpwfm98l/S2K44dsU5Nm3sQI4pWIU1KIEDu1CFI6hBHSjcwQM8w4t1bz1ar9Z7Hh2xhjPL8APWxyfMIaQm</latexit><latexit sha1_base64="fP2Pb105/BzlnRAebIqd9A9oRtc=">AAACKXicbVDLSgMxFM3UV62v+ti5CRahgi0zIuhGKbhxWcE+sFPKnTTThmYeJhmhDv0dN/6KGwVF3fojpjMVtPVA4OScc0nucULOpDLNDyMzN7+wuJRdzq2srq1v5De36jKIBKE1EvBANB2QlDOf1hRTnDZDQcFzOG04g4ux37ijQrLAv1bDkLY96PnMZQSUljr5SrV4g8/xfSe2SjbwsA+jA3yGLVzC6fUQ27cRdPFPLlXHmZR18gWzbCbAs8SakEJlx01Q7eRf7G5AIo/6inCQsmWZoWrHIBQjnI5ydiRpCGQAPdrS1AePynacbDrC+1rpYjcQ+vgKJ+rviRg8KYeeo5MeqL6c9sbif14rUu5pO2Z+GCnqk/QhN+JYBXhcG+4yQYniQ02ACKb/ikkfBBCly83pEqzplWdJ/ahsmWXrSrdxjFJk0S7aQ0VkoRNUQZeoimqIoAf0hF7Rm/FoPBvvxmcazRiTmW30B8bXN20bpV4=</latexit><latexit sha1_base64="fP2Pb105/BzlnRAebIqd9A9oRtc=">AAACKXicbVDLSgMxFM3UV62v+ti5CRahgi0zIuhGKbhxWcE+sFPKnTTThmYeJhmhDv0dN/6KGwVF3fojpjMVtPVA4OScc0nucULOpDLNDyMzN7+wuJRdzq2srq1v5De36jKIBKE1EvBANB2QlDOf1hRTnDZDQcFzOG04g4ux37ijQrLAv1bDkLY96PnMZQSUljr5SrV4g8/xfSe2SjbwsA+jA3yGLVzC6fUQ27cRdPFPLlXHmZR18gWzbCbAs8SakEJlx01Q7eRf7G5AIo/6inCQsmWZoWrHIBQjnI5ydiRpCGQAPdrS1AePynacbDrC+1rpYjcQ+vgKJ+rviRg8KYeeo5MeqL6c9sbif14rUu5pO2Z+GCnqk/QhN+JYBXhcG+4yQYniQ02ACKb/ikkfBBCly83pEqzplWdJ/ahsmWXrSrdxjFJk0S7aQ0VkoRNUQZeoimqIoAf0hF7Rm/FoPBvvxmcazRiTmW30B8bXN20bpV4=</latexit><latexit sha1_base64="3teY5R+DvD2GZwWxK5rmVssdwvg=">AAACKXicbVDLSgMxFM34rPU16tJNsAgVbJkRQTdKwY3LCvaBnaHcSdM2NPMwyQh16O+48VfcKCjq1h8x06mgrQcCJ+ecS3KPF3EmlWV9GHPzC4tLy7mV/Ora+samubVdl2EsCK2RkIei6YGknAW0ppjitBkJCr7HacMbXKR+444KycLgWg0j6vrQC1iXEVBaapuVavEGn+P7dmKXHOBRH0YH+AzbuISz6yF2bmPo4J9cpqaZjLXNglW2xsCzxJ6QApqg2jZfnE5IYp8GinCQsmVbkXITEIoRTkd5J5Y0AjKAHm1pGoBPpZuMNx3hfa10cDcU+gQKj9XfEwn4Ug59Tyd9UH057aXif14rVt1TN2FBFCsakOyhbsyxCnFaG+4wQYniQ02ACKb/ikkfBBCly83rEuzplWdJ/ahsW2X7yipUjid15NAu2kNFZKMTVEGXqIpqiKAH9IRe0ZvxaDwb78ZnFp0zJjM76A+Mr2/FlaKm</latexit>

P
�
�z↵

2
< Z < z↵

2

�
= 1� ↵

<latexit sha1_base64="B2t0zVqcfUgSb6gr/SQt0xMw/9s="></latexit><latexit sha1_base64="dlZsCXa+RJT/SVdax/0kVSnPqHs="></latexit><latexit sha1_base64="dlZsCXa+RJT/SVdax/0kVSnPqHs="></latexit><latexit sha1_base64="fFv/qMLHzkyFxMSp24PrVPJJybs="></latexit>



Slide 20

Derivations Continued
• Therefore, for large k, we can write that 

• Rearranging the above equation,

• What does this mean?
– With approximate probability 1 − #, the population mean (i.e., $) will lie 

within the region

• But wait, we’re still saying probability, where does confidence come into play?
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Interpretation
• Recall our previous finding, 

• Let "̅ and # be observed values of the sample mean $% and sample standard 
deviation &
– Then we call the interval "̅ ± ()

*

+
,

• an (approximate) 100 1 − 0 % confidence interval estimate of %
– Note that for 0 = 0.05

• We get that ()
*
= 1.96

– seems familiar?
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Confusion Alert!

https://xkcd.com/1146/
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Correct Interpretation
• What we have derived is that for the sample mean !" and the sample variance #$

of our k output random variables {&', &$, … , &*}

– Or, the true mean " will fall in the interval !" ± -.
/

0
* with approximate 

probability 1 − 3
– Recall that !" is also a random variable!

• However, after observing 5̅ and 6, then the true mean "
– either falls in 5̅ ± -.

/

0
* or it does not!

• so talking about the probability here is irrelevant!
– however, we are 100 1 − 3 % confident that !" will fall into that interval
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Correct Interpretation cont.
• However, after observing "̅ and #, then the true mean $

– either falls in "̅ ± &'
(

)
* or it does not!

• so talking about the probability here is irrelevant!
– however, we are 100 1 − . % confident that 0$ will fall into that interval

• Or, alternatively, in prose
– “I am k runs of the simulation and create a 95% confidence interval for $. 

This particular interval (i.e., "̅ ± &'
(

)
*) may or may not contain $. However, 

if I were to create many confidence intervals like this one many time over, 
then approximately 95% of them will contain the true mean $”
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Stopping Condition
• Now we have two parameters we can control

– The confidence level 100(1 − %)
– The length of the confidence interval '

• Choose % and ' and a lower bound k) = 30
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What did we do in this course?

• At the start of the semester, you should have

– Basic programming skills (C++, Python, etc.)

– Basic understanding of probability theory (ECE313 or equivalent)

• At the end of the semester, you should be able to

– Understand different system modeling approaches

• Combinatorial methods, state-space methods, etc.

– Understand different model analysis methods

• Analytic/numeric methods, simulation
– Understand the basics of discrete event simulation

– Design simulation experiments and analyze their results

– Gain hands-on experience with different modeling and analysis tools
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