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Learning Objectives
• Or what is this course about?

• At the start of the semester, you should have

– Basic programming skills (C++, Python, etc.)

– Basic understanding of probability theory (ECE313 or equivalent)

• At the end of the semester, you should be able to

– Understand different system modeling approaches

• Combinatorial methods, state-space methods, etc.

– Understand different model analysis methods
• Analytic/numeric methods, simulation

– Understand the basics of discrete event simulation

– Design simulation experiments and analyze their results

– Gain hands-on experience with different modeling and analysis tools

ECE/CS 541: Computer System Analysis. Fall 2018.
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Announcements
• Midterm on Tuesday November 6, 2018

– In class
– Closed book, one A4 sheet
– Everything include up until lecture on Tuesday October 30

• Submit Homework 3 on Compass by Sunday November 3 at 11:59 pm

ECE/CS 541: Computer System Analysis. Fall 2018.
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Outline for Today
• Little’s Law
• M/M/1 Queue Analysis

– Some computation results
• M/M/1/B Queue Analysis
• M/M/m Queue Analysis
• /* M/M/m/B Queue Analysis */
• /* M/G/1 queues and comparison */

ECE/CS 541: Computer System Analysis. Fall 2018.
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Notation
• We will be using Kendall’s notation for parallel server queues

ECE/CS 541: Computer System Analysis. Fall 2018.

Interarrival time 
distribution

Server time 
distribution

A/B/m/B/K/SD
<latexit sha1_base64="yUPID7u/kCM9aEIgLOzlo7ut6pg=">AAACI3icbVC7SgNBFL3jM66vREubwRCwSnZttIwvUGwimgckS5idnSRDZh/MzAohBMSPsNXGr7ETGwv/xdkkhUk8cOFw7utwvFhwpW37Gy0tr6yurWc2rM2t7Z3dbG6vpqJEUlalkYhkwyOKCR6yquZasEYsGQk8wepe/yLt1x+ZVDwKH/QgZm5AuiHvcEq0kVpnpfNSYOq2dH/Zzubtoj0GXiTOlOTLhf7zEwBU2jmEWn5Ek4CFmgqiVNOxY+0OidScCjayWoliMaF90mVNQ0MSMOUOx6ZHuGAUH3ciaSrUeKz+3RiSQKlB4JnJgOiemu+l4n+9ZqI7p+6Qh3GiWUgnjzqJwDrCaQLY55JRLQaGECq58Yppj0hCtcnJmnmTHjd7kVDmzA0mvm8s6x5XeDphmdCc+YgWSe246Bh+Z9K7ggkycACHcAQOnEAZrqECVaAQwwu8wht6Rx/oE31NRpfQdGcfZoB+fgFso6LD</latexit><latexit sha1_base64="DwAUFUUFjMH8D0y1uQjdoZPGfzk=">AAACI3icbVA5SwNBGJ2JV1yvREubwRCwSnZttIwXKDYRzQHJEmZnZ5Mhswczs0JYguCPsDUW/hoLQWws/C/OJilM4oMPHu+7Hs+JOJPKNL9hZml5ZXUtu25sbG5t7+Tyu3UZxoLQGgl5KJoOlpSzgNYUU5w2I0Gx73DacPrnab/xQIVkYXCvBhG1fdwNmMcIVlpqn5bPyr6um/LdRSdXMEvmGGiRWFNSqBT7T4+vo49qJw9h2w1J7NNAEY6lbFlmpOwEC8UIp0OjHUsaYdLHXdrSNMA+lXYyNj1ERa24yAuFrkChsfp3I8G+lAPf0ZM+Vj0530vF/3qtWHkndsKCKFY0IJNHXsyRClGaAHKZoETxgSaYCKa9ItLDAhOlczJm3qTH9V7IpT5zjbDrasuqxySaThg6NGs+okVSPypZmt/q9C7BBFmwDw7AIbDAMaiAK1AFNUBABJ7BCxjBN/gOP+HXZDQDpzt7YAbw5xePeqTS</latexit><latexit sha1_base64="DwAUFUUFjMH8D0y1uQjdoZPGfzk=">AAACI3icbVA5SwNBGJ2JV1yvREubwRCwSnZttIwXKDYRzQHJEmZnZ5Mhswczs0JYguCPsDUW/hoLQWws/C/OJilM4oMPHu+7Hs+JOJPKNL9hZml5ZXUtu25sbG5t7+Tyu3UZxoLQGgl5KJoOlpSzgNYUU5w2I0Gx73DacPrnab/xQIVkYXCvBhG1fdwNmMcIVlpqn5bPyr6um/LdRSdXMEvmGGiRWFNSqBT7T4+vo49qJw9h2w1J7NNAEY6lbFlmpOwEC8UIp0OjHUsaYdLHXdrSNMA+lXYyNj1ERa24yAuFrkChsfp3I8G+lAPf0ZM+Vj0530vF/3qtWHkndsKCKFY0IJNHXsyRClGaAHKZoETxgSaYCKa9ItLDAhOlczJm3qTH9V7IpT5zjbDrasuqxySaThg6NGs+okVSPypZmt/q9C7BBFmwDw7AIbDAMaiAK1AFNUBABJ7BCxjBN/gOP+HXZDQDpzt7YAbw5xePeqTS</latexit><latexit sha1_base64="DWsOE2Voyg8RDo4t+IrfbTk/mXI=">AAACI3icbVC7TsMwFLXLq4RXCyOLRYXE1CYsMJaXBGIpgj6kNqocx2mtOnFkO0hV1N9ghYWvYUMsDPwLTpuBthzpSkfnvo6OF3OmtG1/w8LK6tr6RnHT2tre2d0rlfdbSiSS0CYRXMiOhxXlLKJNzTSnnVhSHHqctr3RVdZvP1OpmIie9DimbogHEQsYwdpIvYvaZS00dV97vO6XKnbVngItEycnFZCj0S9D2PMFSUIaacKxUl3HjrWbYqkZ4XRi9RJFY0xGeEC7hkY4pMpNp6Yn6NgoPgqENBVpNFX/bqQ4VGocemYyxHqoFnuZ+F+vm+jg3E1ZFCeaRmT2KEg40gJlCSCfSUo0HxuCiWTGKyJDLDHRJidr7k123OwJrsyZO4R931jWQ6ZQPmGZ0JzFiJZJ67TqGP5gV+o3eXxFcAiOwAlwwBmog1vQAE1AQAxewCt4g+/wA37Cr9loAeY7B2AO8OcXoB+g8Q==</latexit>

Number of 
servers

System capacity

Population size

Queue Discipline
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Examples
• M/M/1

– Exponential interarrivals
– Exponential service times
– 1 server
– Infinite population
– Infinite buffer size
– First in first out

• M/G/c/B
– Exponential interarrivals
– General service times
– c server
– Finite buffer of size B

ECE/CS 541: Computer System Analysis. Fall 2018.

Implicit or “defaults” in case 
not specified
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More Notation
• "#, %#: steady-state probability of having ' customers in the system
• %# ( : probability of there being ' customers in the system at time (
• ): arrival rate
• *: service rate of one server
• +: server utilization

• ,#: service time of '-(ℎ arriving customer
• /#: total time spent in the system by '-(ℎ arriving customer
• /#0: total time spent in the queue by customer '

• 1: long-run time-average number of customers in the system
• 10: long-run time-average number of customers in the queue
• /: long-run average time spent in the system per customer
• /0: long-run average time spent in the queue per customer

ECE/CS 541: Computer System Analysis. Fall 2018.



Slide 8

Little’s Law
• Not a little result: part of the queueing fold literature for the past century
• Formal proof due to J.D.C. Little in 1961

ECE/CS 541: Computer System Analysis. Fall 2018.

L = �W
<latexit sha1_base64="n4M46/jhepQwAtFeUgwrW7g5OVA=">AAACJHicbVC7SgNBFL0TX3F9JVraDAbBKuzamEYM2ChYRDEPSJYwOztJhsw+nJkVwpLvsNXGb7DyC+zEwsZvcTZJYRIPXDice+6D48WCK23b3yi3srq2vpHftLa2d3b3CsX9hooSSVmdRiKSLY8oJnjI6pprwVqxZCTwBGt6w8us33xkUvEovNejmLkB6Ye8xynRRnJv8DnuCGP3CW52CyW7bE+Al4kzI6WL97c7MKh1iwh1/IgmAQs1FUSptmPH2k2J1JwKNrY6iWIxoUPSZ21DQxIw5aaTr8f42Cg+7kXSVKjxRP07kZJAqVHgGWdA9EAt9jLxv1470b2Km/IwTjQL6fRQLxFYRziLAPtcMqrFyBBCJTe/YjogklBtgrLmzmTLzVwklFlzjYnvm5f1gCs8c1gmNGcxomXSOC07ht/apWoFpsjDIRzBCThwBlW4ghrUgcIDPMEzvKBX9IE+0dfUmkOzmQOYA/r5BZgeo/M=</latexit><latexit sha1_base64="E3bbFvzuw4AmlneAwvuhGut2wUU="></latexit><latexit sha1_base64="E3bbFvzuw4AmlneAwvuhGut2wUU="></latexit><latexit sha1_base64="9+pOTUo+aq07qbr8TI4uCtpx6TE=">AAACJHicbVDLSgMxFE3qq46vVpdugkVwVWbc2I1QcKPgooJ9QDuUTCbThmaSMckIZeh3uNWNX+NOXLjxW8y0s7CtBy4czj33wQkSzrRx3W9Y2tjc2t4p7zp7+weHR5XqcUfLVBHaJpJL1QuwppwJ2jbMcNpLFMVxwGk3mNzk/e4zVZpJ8WimCfVjPBIsYgQbK/n36BoNuLWHGHWHlZpbd+dA68QrSA0UaA2rEA5CSdKYCkM41rrvuYnxM6wMI5zOnEGqaYLJBI9o31KBY6r9bP71DJ1bJUSRVLaEQXP170SGY62ncWCdMTZjvdrLxf96/dREDT9jIkkNFWRxKEo5MhLlEaCQKUoMn1qCiWL2V0TGWGFibFDO0pl8uZ2TXNs1dwiHoX3ZjJlGhcOxoXmrEa2TzmXds/zBrTUbRXxlcArOwAXwwBVoglvQAm1AwBN4Aa/gDb7DD/gJvxbWEixmTsAS4M8veEGh7A==</latexit>

Average number of 
customers in the system

Average time spent in the 
system per customer

Arrival rate
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Little’s Law
• (Average number in system) = (arrival rate) x (average time in system)
•

• Notice that we did not make any assumptions about the system
– No assumptions about arrival process
– No assumptions about number of servers
– No assumptions about queue discipline

• Little’s law applies to any “black box” queue assuming:
– The system is work conserving
– The system is stable, i.e., can reach a steady state

• Arriving customer will eventually leave
• Exit rate is equal to the arrival rate

ECE/CS 541: Computer System Analysis. Fall 2018.

L = �W
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Heuristic Proof
• Let !(#) be the number of customers in the system up to time t 
• Let % be a long period of time 
• Let &(%) be the area under the curve !(#) over the time period %
• Let '(%) be the number of arrivals in the time period %

ECE/CS 541: Computer System Analysis. Fall 2018.
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Heuristic Proof

ECE/CS 541: Computer System Analysis. Fall 2018.

T

First arrival in T

First departure(s) in T

A(T)
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Heuristic Proof
• Average value of !(#) over % is its integral over % divided by %, i.e.,

• At each time instant t, each customer of !(#) is accumulating wait time, so we 
can obtain the average cumulative waiting time as &(%), so

• Also the arrival are countable over T, so we can estimate their rate as

• By a slight manipulation, we can get that 

• In steady state as we send T to infinity, assuming quantities converge, we get

ECE/CS 541: Computer System Analysis. Fall 2018.

L(T ) =
A(T )

T
<latexit sha1_base64="EaBKZowqsdljLSllt5AHZA1vF7U="></latexit><latexit sha1_base64="ZaBmd4Bu0WcF+mfJ7uU+v9GywDw="></latexit><latexit sha1_base64="ZaBmd4Bu0WcF+mfJ7uU+v9GywDw="></latexit><latexit sha1_base64="3ZijfEHJr5pJk7GtC92TcsqNwFw=">AAACLnicbVDLSgMxFE3qq9ZXq7hyEyxC3ZQZEXQjVNwouKjQF7RDyWQybWhmMiQZoQzzMW5149cILsStn2GmnYVtPRA4Ofeeey/HjThT2rI+YWFtfWNzq7hd2tnd2z8oVw47SsSS0DYRXMieixXlLKRtzTSnvUhSHLicdt3JXVbvPlOpmAhbehpRJ8CjkPmMYG2kYfn4sdY6Rzdo4EtMklvzSZNWOixXrbo1A1oldk6qIEdzWIFw4AkSBzTUhGOl+rYVaSfBUjPCaVoaxIpGmEzwiPYNDXFAlZPM7k/RmVE85AtpXqjRTP3rSHCg1DRwTWeA9Vgt1zLxv1o/1v61k7AwijUNyXyRH3OkBcrCQB6TlGg+NQQTycytiIyxSUKbyEoLa7Lhxie4MmMeEPY8c7IeM4XyjpIJzV6OaJV0Luq24U9WtXGZx1cEJ+AU1IANrkAD3IMmaAMCEvACXsEbfIcf8At+z1sLMPccgQXAn1+laqT8</latexit>

W (T ) =
A(T )

N(T )
<latexit sha1_base64="JeX/uF/2IkiDGfHvGUi9vUlNHzo="></latexit><latexit sha1_base64="5Q0e3ixLVfVWi5FZKClEmNAZnE8="></latexit><latexit sha1_base64="5Q0e3ixLVfVWi5FZKClEmNAZnE8="></latexit><latexit sha1_base64="TJ5t8NsotvjFLI7Dz86jcRODvrE=">AAACMXicbVDLSgMxFE181vHV6kZwEyxC3ZQZEXQjVNzoRir0Be1QMplMG5rJDElGKEP9Gre68Wu6E7f+hJl2Frb1QsLJuec+cryYM6VtewrX1jc2t7YLO9bu3v7BYbF01FJRIgltkohHsuNhRTkTtKmZ5rQTS4pDj9O2N7rP8u0XKhWLREOPY+qGeCBYwAjWhuoXT9qVxgW6Rb1AYpLemcckfcrufrFsV+1ZoFXg5KAM8qj3SxD2/IgkIRWacKxU17Fj7aZYakY4nVi9RNEYkxEe0K6BAodUuensCxN0bhgfBZE0R2g0Y/9WpDhUahx6RhliPVTLuYz8L9dNdHDjpkzEiaaCzAcFCUc6QpkfyGeSEs3HBmAimdkVkSE2ZmjjmrUwJmtu6iKuTJtHhH3frKyHTKFcYRnTnGWLVkHrsuoY/GyXa1e5fQVwCs5ABTjgGtTAA6iDJiDgFbyBd/ABP+EUfsHvuXQN5jXHYCHgzy9LjqXE</latexit>

�(T ) =
N(T )

T
<latexit sha1_base64="eQjS0eByWGUFh5XkCXUETzD/V4s="></latexit><latexit sha1_base64="E0omuseD1AZdCtm1VDQIwelCkVY="></latexit><latexit sha1_base64="E0omuseD1AZdCtm1VDQIwelCkVY="></latexit><latexit sha1_base64="dHsvDDmdaxI5DirZ+W/mu3SP6PA="></latexit>

L(T ) = �(T )W (T )
<latexit sha1_base64="R3FYYXk2aDGMKvxO+8HBsmx1B4Q="></latexit><latexit sha1_base64="rS9c8RynF8aj0Qi/2Co6HhURs1g=">AAACL3icbVDLSgMxFE181vHVqrhxEyxC3ZQZEXQjFNwouKjQF7RDyWQybWgmMyQZoYz9Gbe68WvEjbj1L8xMu7CtBxJO7r3n3pvjxZwpbdufcGV1bX1js7Blbe/s7u0XSwctFSWS0CaJeCQ7HlaUM0GbmmlOO7GkOPQ4bXuj2yzffqJSsUg09DimbogHggWMYG1C/eLxQ6Vxjm5QjxuNj7NH21z9Ytmu2jnQMnFmpFw7CnLU+yUIe35EkpAKTThWquvYsXZTLDUjnE6sXqJojMkID2jXUIFDqtw0/8AEnZmIj4JImiM0yqN/FSkOlRqHnqkMsR6qxVwW/C/XTXRw7aZMxImmgkwHBQlHOkKZG8hnkhLNx4ZgIpnZFZEhlpho45k1NyZrbnQRV6bNPcK+b1bWQ6bQrMIypjmLFi2T1kXVMfzRuHcJpiiAE3AKKsABV6AG7kAdNAEBz+AFvII3+A4/4Bf8npauwJnmEMwB/vwC4cinGg==</latexit><latexit sha1_base64="rS9c8RynF8aj0Qi/2Co6HhURs1g=">AAACL3icbVDLSgMxFE181vHVqrhxEyxC3ZQZEXQjFNwouKjQF7RDyWQybWgmMyQZoYz9Gbe68WvEjbj1L8xMu7CtBxJO7r3n3pvjxZwpbdufcGV1bX1js7Blbe/s7u0XSwctFSWS0CaJeCQ7HlaUM0GbmmlOO7GkOPQ4bXuj2yzffqJSsUg09DimbogHggWMYG1C/eLxQ6Vxjm5QjxuNj7NH21z9Ytmu2jnQMnFmpFw7CnLU+yUIe35EkpAKTThWquvYsXZTLDUjnE6sXqJojMkID2jXUIFDqtw0/8AEnZmIj4JImiM0yqN/FSkOlRqHnqkMsR6qxVwW/C/XTXRw7aZMxImmgkwHBQlHOkKZG8hnkhLNx4ZgIpnZFZEhlpho45k1NyZrbnQRV6bNPcK+b1bWQ6bQrMIypjmLFi2T1kXVMfzRuHcJpiiAE3AKKsABV6AG7kAdNAEBz+AFvII3+A4/4Bf8npauwJnmEMwB/vwC4cinGg==</latexit><latexit sha1_base64="URJJpVZCO3nRbiXL15/AgeR/+Fo=">AAACL3icbVDLSgMxFE3qq46vVsGNm2AR6qbMiKAboeBGwUWFvqAdSiaTaUMzkyHJCGXsz7jVjV8jbsStf2GmnYVtvZBwcu49994cL+ZMadv+hIW19Y3NreK2tbO7t39QKh+2lUgkoS0iuJBdDyvKWURbmmlOu7GkOPQ47Xjj2yzfeaJSMRE19SSmboiHEQsYwdpQg9LxQ7V5jm5QnxuNj7NHx1yDUsWu2bNAq8DJQQXk0RiUIez7giQhjTThWKmeY8faTbHUjHA6tfqJojEmYzykPQMjHFLlprMPTNGZYXwUCGlOpNGM/atIcajUJPRMZYj1SC3nMvK/XC/RwbWbsihONI3IfFCQcKQFytxAPpOUaD4xABPJzK6IjLDERBvPrIUxWXOjE1yZNvcI+75ZWY+YQnmFZUxzli1aBe2LmmPwo12pX+b2FcEJOAVV4IArUAd3oAFagIBn8AJewRt8hx/wC37PSwsw1xyBhYA/v7fCpGI=</latexit>
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Addendum
• Little’s law applies also to the other quantities

• For the average number of customers in the queue

• For the average number of customers in service

• Also note that

• Question: What is in an M/M/1 queue? What about      ?

ECE/CS 541: Computer System Analysis. Fall 2018.
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M/M/1 Analysis
• Recall what M/M/1 means

– Exponential interarrivals
– Exponential service 
– 1 server
– Infinite buffer space

• We previously represented this queue as a CTMC and analyzed its steady state 
behavior

• Question: But wait, how do we interpret       ?

ECE/CS 541: Computer System Analysis. Fall 2018.
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M/M/1 Analysis
• Let’s compute some quantities of interest

• What is L?

ECE/CS 541: Computer System Analysis. Fall 2018.
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M/M/1 Analysis
• Now, let’s find W

• Expand this further and we get

• Question: Why is W > 0 ?

• Question: Let be the random variable representing the time spent in the 
system in steady state.
– What is the distribution of       ?

ECE/CS 541: Computer System Analysis. Fall 2018.



Slide 17

M/M/1 Analysis
• What is the distribution of       ? 

ECE/CS 541: Computer System Analysis. Fall 2018.

Oh Law of Total Probability, I summon thee, Master!
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M/M/1 Analysis
• What is the distribution of       ?
• Let be the random variable representing the number of customers in the 

system (in steady state)
• Question: What is                     ?
• If             , then waiting time is only service time, i.e., exponential (!)
• If                        then waiting time is a sum of (n+1) independent exponentials, 

each with rate !, => Erlang(n+1, !)

ECE/CS 541: Computer System Analysis. Fall 2018.
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M/M/1 Analysis
• What is the distribution of       ?
• If             , then waiting time is only service time, i.e., exponential (!)
• If                        then waiting time is a sum of (n+1) independent exponentials, 

each with rate !, => Erlang(n+1, !)
• So we can write:

• Simplifying above expression (as done in class), we get

• What is ? Sanity check using Little’s law

ECE/CS 541: Computer System Analysis. Fall 2018.
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Impact of !
• Consider a system in which we fix " = 1
• Observe the mean number of customers in the system as % approaches 1!

ECE/CS 541: Computer System Analysis. Fall 2018.
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M/M/1/B Queue
• Note that in this class, we will consider B to be the system capacity

– i.e, B-1 customers in the queue and 1 customer in service
• Now the resulting CTMC has a finite state space

• Use the balance flow equations to compute the steady state occupancy of the
CTMC

ECE/CS 541: Computer System Analysis. Fall 2018.
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M/M/1/B Analysis
• After solving the balance equations, we get

• Where 

• However, note that the server utilization is different!

• Note that this is smaller than !, why?

ECE/CS 541: Computer System Analysis. Fall 2018.
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M/M/1/B Analysis
• We can also compute the additional quantities for this queue

• Using some mathematical magic, we get

• Let’s use Little’s law
– But wait, what is the arrival rate?

• Now use Litte’s law

ECE/CS 541: Computer System Analysis. Fall 2018.
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M/M/m Queues
• Now, consider the case where we have ! servers, operating in parallel

– All have service rate of "
• We still have a single queue of infinite capacity
• Customer arrivals form a Poisson process with rate #

• First, let’s consider the equivalent CTMC

• Now we can build the balance flow equations and solve for $

ECE/CS 541: Computer System Analysis. Fall 2018.
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M/M/m Queues
• Again, we will use the balance flow equations. 
• First, set

• Solving the balance equations, we get

• It turns out that ! is the overall system utilization, and

ECE/CS 541: Computer System Analysis. Fall 2018.
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M/M/m/B Queues
• Again B in this case is the system capacity

• We have m parallel servers and a single queue with a finite buffer

– Recall that we can fit ! −# customers in the queue and # in the servers

• As usual, let

• By solving the balance flow equations, we can obtain

ECE/CS 541: Computer System Analysis. Fall 2018.
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M/M/m/B Queues
• Then we can use the fact that 

• To obtain,

• For using Little’s law, we also note that we must consider the effective arrival
rate, since arrivals after the queue is full do not enter the system, i.e.

• We similarly obtain the utilization

ECE/CS 541: Computer System Analysis. Fall 2018.


