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FOREWORD

James R. Wait
Tucson, Arizona

As a commissioning co-editor, with Professor Alex Cullen, I am
pleased to see that the IEEE Press and OUP have secured the
rights to republish this excellent monograph by Dr Phil Clem-
mow who had written a long-cherished exposition on the angular
spectrum concept. Because the original version published by
Pergamon Press did not have any references, an annotated
bibliography by Rod Donnelly has been added.
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PART I
THEORY



CHAPTER

PRELIMINARIES

1.1. OBJECTIVE

In the pedagogy of the theory of the electromagnetic field it is
customary to pay considerable attention to the plane wave. This
is due primarily to the relative simplicity of plane wave solutions
of Maxwell’s equations; their use enables some of the important
elementary physical and engineering characteristics of the electro-
magnetic field to be elucidated without appeal to other than quite
straightforward mathematics.

On the other hand, in somewhat more advanced work, such as
diffraction theory, the tradition has mainly been, in the spirit
of Huyghens and Fresnel, to think of the field as generated by a
distribution of localized sources. Also, of course, the standard
retarded potential formulation involving volume integrals over the
actual current distribution in effect simply treats each volume ele-
ment as a dipole.

There is, however, the possibility of continuing to benefit from
the simplicity of plane wave solutions by retaining them as the
bricks from which to construct whatever more elaborate type of
solution arises. This idea has a long history. Its wide exploitation,
though, is comparatively recent, as is also the explicit recognition
of its close association with the technique of Fourier analysis.

The object of this short book is to explain how general electro-
magnetic fields can be represented by the superposition of plane
waves travelling in divers directions, and to illustrate the way in
which this plane wave spectrum representation can be put to good
use in attacking various characteristic problems belonging to the
classical theories of radiation, diffraction and propagation.

It need hardly be said that in a book of this size the problems
are not treated exhaustively. To have included alternative theoreti-
cal methods, or details of the physical background, or details of

3



4 THEORY

the analytical, numerical or physical nature of the solutions, would
have tended to swamp the avowed didactic content.

It must also be conceded that various topics that could legiti-
mately be embraced by the title of the book are omitted altogether.
Most conspicuous by their absence are problems in which the plane
wave spectrum of the field is essentially discrete. Such fields arise
typically in cavities and waveguides, and these topics are so fully
covered in other books that their inclusion seemed superfluous.
Also omitted are problems involving fields in some sense “random™
in space or time; their treatment would require the introduction
of statistical concepts, which themselves are quite unconnected
with the main stream of the mathematical development here pre-
sented.

On the positive side of the balance sheet the book offers a largely
unified theory of a range of problems, solutions to all of which
are obtained in forms at least patently capable of yielding numeri-
cal results by straightforward means. The reader is assumed to be
competent at integration in the complex plane, but otherwise the
discussion is virtually self-contained; the burden of the analysis is
carried by the exponential function, and the sprinkling of Bessel
functions does not signify the need for any great familiarity with
their properties. In this way the aim is to furnish the student of
electromagnetic theory with a useful technical tool and a compara-
tively compact account of some interesting aspects of his discipline.

1.2. MAXWELL’S EQUATIONS

The electromagnetic fields are for the most part assumed to be
time-harmonic. The complex representations of the field vectors,
with the time factor exp(iwf) understood, are used in the standard
way. They satisfy the Maxwell equations

curlE = —iwB, (1.1)

curl H = iwD + J. (1.2)

In (1.2), J is the volume current density, and it is associated with
the volume charge density p through the charge conservation rela-

tion .
divJ + iwp = 0. (1.3)

The divergence of (1.1) gives
divB = 0; (1.9
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and the divergence of (1.2), together with (1.3), gives
divD = p. (1.5)

Any media involved are treated macroscopically, being described
by linear constitutive relations between the field vectors, which
then denote the “average” fields that would be recorded by con-
ventional laboratory measurements.

If the fields can be regarded as generated by a current in what is
otherwise a vacuum, then

D = &E, B =pH, (1.6)

where ¢, and u, are the vacuum permittivity and permeability.
In this case eqns. (1.1) and (1.2) read

curlE = —iwy H, 1.7

curl H = iwegE + J. (1.8)
At points where there is no current density

curlE = —iwu.H, (1.9

curl H = iweE, (1.10)
which imply

divH = divE = 0. (1.11)

By eliminating one of E, H from (1.9), (1.10), and using (1.11),
it follows that each cartesian component of E and H satisfies the
time-harmonic, homogeneous wave equation

Vg + kip =0, (L12)
k(z) = wZSOﬂo. (1.13)

It is sometimes convenient to appeal to the converse of this last
statement, namely that any divergence free vector each of whose
cartesian components satisfy (1.12) can legitimately be identified
with either E or H to specify a vacuum electromagnetic field. It
is also worth noting that from any solution of (1.9) and (1.10)
another can be deduced at once by the transformation

E-H, H- —E, & +py,. (1.19)
Difficulties associated with the vector character of eqns. (1.7)

and (1.8) are significantly eased in the idealized case in which the
field is two-dimensional, being independent of one cartesian

where



6 THEORY

coordinate, z say. For the equations then separate into two
independent groups, namely

OE, . OE, .
_a},— = —iwpoH,, ox iwpoH,,
a_;le - ag,, — iweoE, + J,, (1.15)
and
Eg’—‘ = iweoE, + J,, —% = iweoE, + J,,
aali’ - %%‘— = —iwuoH,; (1.16)

and any two-dimensional field can therefore be regarded as the
superposition of an E-polarized field, in which E,, H,, H,, and J,
are the only non-zero field components, and an H-polarized field
in which H,, E,, E,, J, and J, are the only non-zero field compo-
nents. The identification of E, with any solution of the two-
dimensional, time-harmonic, homogeneous wave equation

o’p 0%

o TG

+ kip =0, (1.17)
completely specifies an E-polarized field in a current free region;
the other non-zero field components, H, and H,, follow at once
from a knowledge of E, through the first two equations of (1.15).
The identification of H, with any solution of (1.17) likewise speci-
fies an H-polarized field in a current free region.

When isotropic media are considered it is assumed for the sake
of simplicity, what is commonly the case in practice, that the per-
meability differs negligibly from the vacuum permeability u,. The
constitutive relations are thus taken to be

D =¢E, B=puH, J=0E, (1.18)

where ¢ and o are the permittivity and conductivity respectively,
and J in (1.18) of course signifies the conduction current. The
substitution of (1.18) into (1.1) and (1.2) gives, at points where
there is no impressed current source,

curlE = —iwuoH, (1.19)
curl H = iw(e — io/w) E; (1.20)
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so that the use of the complex representation has the advantage
that the effect of conductivity can be readily allowed for by work-
ing in terms of the single parameter

¢ — iojw, (1.21)

which is sometimes called the complex permittivity. The appear-
ance of w in (1.21) indicates explicitly what may often be the major
dependence of the complex permittivity on frequency, but it must
not be forgotten that ¢ and o are themselves certainly frequency
dependent, albeit possibly in effect constant over an appreciable
range of frequencies.

Anisotropic media are not treated extensively in this book, but
some consideration is given to media that can be characterized, for
time-harmonic fields, by the linear constitutive relations

D= on.E, B= ‘uoH, (1.22)

where o is a tensor. The tensor form of the relation between
D and E means that the two vectors are in general no longer
parallel. The relation takes account of all current due to the average
motion of the charged particles constituting the medium, in the same
sort of way as (1.21), and ¢ can befrequency dependent and complex.
For a lossless medium 5" is Hermitian; that is, its i, j element x,
is identical with the complex conjugate x»; of the j, i element.
This result follows from a statement of energy balance, consequent
on Maxwell’s equations, which deserves brief mention.

The interpretation as power flux density of the Poynting vector
E A H, where E and H momentarily stand for the actual electric
and magnetic fields, is well known. For time-harmonic fields it is
commonly only the time-averaged power flux density that is of
interest, and this is conveniently obtained in terms of the complex
representation of the field from the form Re 4E A H*. With
(1.22), eqns. (1.1) and (1.2) read

curlE = —iwu H, (1.23)
curl H = iweq XE. (1.29)
Thus the mathematical identity
div(E A H¥) = H*.curlE — E. curl H*
gives
div(E A H*) = —iwuoH . H* + iwey (X*E*) .E. (1.25)



8 THEORY

Now in a lossless medium the time-averaged power flux has zero
divergence at any point where there is no impressed current source;
that is, the real part of (1.25) is zero. The necessary and sufficient
condition that this be so is evidently that (¢"*E*). E be real; or,
introducing suffix notation and the summation convention, and
equating the expression to its complex conjugate, that

*3EYE, = %), EJE:‘ .

If on one side of this relation the dummy suffixes i and j are inter-
changed, it appears that the condition is indeed »; = x].

1.3. FOURIER INTEGRAL ANALYSIS

There are many ways of expressing the integral representations
associated with the names of Fourier and Laplace; these differ in
degree of generality, in outlook, in interpretation and in notation.
The purpose of this section is merely to record the particular for-
mulation adopted in this book, introducing only those few simple
examples that are required subsequently.

The basic concept is the representation of any function f(£) of a
real variable £ in the form

f&) = [ Fa)e*ran. (1.26)

The path of integration is initially presumed to run along the real
axis, although distortions permitted by the rules of contour inte-
gration may legitimately be introduced later. The spectrum func-
tion F(n) must therefore at least be defined for effectively all real
values of 7, and the essence of the Fourier theorem is that for such
values

l 00
F) = 5~ f f&) e dE. 1.27)
The case of paramount importance in the present context is
1
Fin) = =———. 1.28
W = Sir—na) @28

Suppose, first, that 7, has a non-zero imaginary part. Then the
path of integration in (1.26) can be closed by an infinite semicircle,
above the real axis when & > 0 and below when & < 0, without
altering the value of the integral. The behaviour as || - o of the
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exponential factor in the integrand ensures that there is no contri-
bution from the semicircular part of the path, a standard result
which it is not difficult to establish rigorously. Once the path has
been closed the value of the integral can be written down from
Cauchy’s residue theorem; then (1.26) gives

0 for&<O,
= 1.29
1@ {e"’" for £>0, (1.29)
when the imaginary part of #, is positive; and
—e™ for £ <0,
= 1.30
1 [0 for £ >0, (1.30)

when the imaginary of 7, is negative. It requires but a trivial
direct integration to confirm that the substitution of (1.29) or
(1.30) into the inverse formula (1.27) does indeed correctly recover
(1.28).

These results need only be expressed in a slightly different way
to cater for the case when 7, is real. It is then necessary to indent the
path of integration in (1.26) so that it avoids the pole at %,. If the
path is chosen to pass above 7,, then f(£) is given by (1.30); if
below, by (1.29). Several immediate deductions from this case are
now listed.

By putting 7, = 0 it is established that the unit step function

0 for £<0,
= 1.31
US) {l for £> 0, (131
has spectrum
1
Fo) = ——, (1.32
) pr=m )
with the 7 path of integration passing below the origin.
A trivial generalization of (1.31), (1.32) is that
0 for & <é&,,
= 1.33
ﬂs) Il for &> Eo’ ( )
has spectrum function
Fn) = S (1.34)
,7 273’.77 ’ ¢

with the # path of integration passing below the origin.

By subtracting the unit step function (1.33) for which &, = a
from that which for &, = —a it is established that the rectangular
2 =y
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pulse 0 for £ < —a
f¢®) =31 for —a<é<a (1.35)
0 for §>a
has spectrum function inan)
_ sin(ay
F(n) - (1.36)
Here, of course, F(n) has no singularity at = 0, and the 5 path
of integration runs undisturbed along the real axis.
Finally it is remarked that free use will be made of the concept
of the delta function. This is written (&), and is as usual attributed
with the formal definition

88 =0 for £#0, [6§df=1. 1.37)

On replacing f(¢) in (1.27) by é(§) it appears that the spectrum
function of §(¢) is simply 1/(2x), so that it has the formal representa-
tion

8E) = 5 f e . (1.38)

A convenient way of thinking of the delta function in the present
context is as the limit as a — 0 of 1/(2a) times the rectangular pulse
(1.35), since, loosely stated, this gives a rectangular pulse of unit
area and zero width. The limit as @ = 0 of 1/(2a) times (1.36) of
course recovers the spectrum 1/(2%).

The correctness of the relations (1.26) and (1.27) has been readily
established for the rectangular pulse (1.35) and the associated
spectrum (1.36) It is instructive to appreciate that this result can
be made the basis of a heuristic demonstration of the validity of the
relations for an effectively arbitrary function f{£), in the following
way. As just noted, (1.36) implies that §(£) has spectrum 1/(2%). But

(&) can be expressed as a superposition of delta functions; formally
[~ <]

f®O= [f&)sE ~ &) ae'. (1.39)

— oo
Hence the spectrum F(n) of f(£) is the corresponding superposition
of the functions exp(—i&'n)/2x), these being the spectra of 8(& — &');
that is,

Fo) = 5 [ f&) e ae



CHAPTER 1I
PLANE WAVE REPRESENTATION

2.1. PLANE WAVES

2.1.1. Homogeneous Plane Waves in Yacuum

For a vacuum time-harmonic electromagnetic field of angular
frequency o that has space dependence only on the single rect-
angular cartesian coordinate x, Maxwell’s equations for the com-
plex representation of the field vectors in a region free of current
are

oE, . H . .
Hx =0, —5)-:— = lw[.toH,., -Ex— = l(DEOEz, (2.1)
0H, . OE .
E, =0, o ale —iweyE,, E"— = —iopoH,. (2.2)

These equations are, of course, the particular form assumed by
(1.15) and (1.16) when J and the y derivatives are zero. Here, both
E and H are transverse to Ox, and any field can be conceived as
the superposition of two separate fields, in one of which E; and
H,, in the other of which H, and E,, are the only non-zero field
components. Furthermore, the latter field, governed by eqns.
(2.2), in effect differs from the former, governed by eqns. (2.1),
only in orientation with respect to the coordinate axes. The sole
basic type of field can therefore be regarded as represented by
that in which E,; and H,, say, are the only non-zero components.
Both E; and H, of course satisfy the one-dimensional wave equa-
tion
d%g

o + k3p =0, 2.3)
where
ko = ® Veopto, 2.4

and the radical, here and elsewhere, is taken to be positive.
2* 11
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Since two independent solutions of (2.3) are
e~thx  elkex 2.5)
differing only in the sign of x, it is seen that the basic type of field

is in effect
E = (0,0, 1) e~k (2.6)

H = Y, (0, —1,0) e-t*, 2.7

Yo = Veolpo (2.8)

is the vacuum admittance, and for convenience the amplitude of
the electric field has been normalized to unity.

Equations (2.6), (2.7) represent a linearly polarized, homogeneous
plane wave travelling in the positive x-direction with speed

¢ = wflko = 1/Veopo = 2:998 x 10® m sec-1.
The wavelength is

where

2nlky = 2nc/w,
and the associated time-averaged power flux is
Re 3E A H* = (1Y,, 0, 0). 2.9)

The term homogeneous is used in this context to signify that the
equi-phase planes are also equi-amplitude planes; the condition
that the field be independent of y and z does not, indeed, permit
otherwise, even were some spatial variation of amplitude introduced
by replacing the vacuum by a lossy medium. If, however, this
condition is relaxed it is easy to establish the existence of solutions
of Maxwell’s equations that are still legitimately called plane
waves in that the equi-phase surfaces are parallel planes, as are the
equi-amplitude surfaces, but for which the two sets of planes face
in different directions. Such plane waves are designated as in-
homogeneous; they play an important part in the theory developed
in this book, and are now investigated in some detail.

2.1.2. Inhomogeneous Plane Waves in Vacuum

The most general conditions are sought under which a vacuum,
time-harmonic electromagnetic field in a current free region can
have a space variation represented by

e-tka.r (2.10)
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where ko is given by (2.4), r = (x, y, z) and n is some constant
vector. As explained in § 1.2, a necessary condition is that (2.10)
satisfy the time-harmonic wave equation

Vip + kip =0, (2.11)
and this will be the case if and only if
n? = 1. (2.12)

Moreover, since obtaining a solution of Maxwell’s equations is
synonymous with finding a divergence free vector whose compo-
nents satisfy (2.11), the field can be written in the form

E = Ae-'ho-r, (2.13)
H = Yon A Ae thenr, (2.149)

where A is some constant vector subject only to the relation
n.A=0. (2.15)

When n is real its cartesian components are in effect, by virtue
of (2.12), simply direction cosines; and (2.13), (2.14) then represent
nothing other than a homogeneous plane wave, as encountered
in the previous section, travelling in the direction n, with E, H and
n mutually orthogonal.

There is, however, no requirement that the components of n be
restricted to real values; for full generality they must be supposed
complex. Write, accordingly,

n=n, + in,, (2.16)

where n, and n, are real vectors, being respectively the real and
imaginary parts of n. The condition (2.12) then yields the two
simultaneous conditions
nP—-n’=1, .17
n.n =0. (2.18)

Relation (2.18) states that m, and n; are orthogonal, and with
this knowledge the character of the plane wave (2.13), (2.14) is
perhaps most readily exposed by taking two cartesian axes, Ox,
Oy say, along m,, n; respectively. Then full account is taken of
(2.17) and (2.18) by writing

n, = (cosh 8,0, 0), n, = (0, —sinh B, 0), (2.19)

where f is an arbitrary real parameter, positive, negative or zero.
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With A = (4,, 4,, A;) the remaining condition (2.15) now reads
A,coshf — id,sinh g = 0, (2.20)
which implies that
A = (iasinh 8, acosh g, b), (2.21)

where a and b are arbitrary complex parameters.
Substitution from (2.19) and (2.21) into (2.13), (2.14) shows that
the field is formed by linear combination of the two plane waves

E,H= {(0’ 0, l), Yo(—l sinh ﬂ, —cosh ﬂ, 0)}
X e~kewsinhf o-lkgxcoshf (2.22)

and
H,E = {(0, 0, 1), Z, (isinh §, cosh 4, 0)}
X @-kwsinhf ,-ikyxcoshp (2.23)

The former results from putting a = 0, b = 1; the latter from
putting b = 0, a = Z,, where Z, = 1/Y, = Yuo/¢o is the vacuum
impedance.

The plane waves (2.22) and (2.23) are inhomogeneous, with the
equi-phase planes, x = constant, at right angles to the equi-ampli-
tude planes, y = constant. The speed of phase propagation is
c/cosh B, less than the vacuum speed of light. There is a field com-
ponent along the direction of phase propagation, Ox, and corre-
spondingly a component of the real Poynting vector transverse to
it. The time-averaged power flux, however, is directed strictly
along Ox; for (2.22), for example,

Re 3E A H* = (Y, cosh § e~2kwsinbB (), (2.24)

That the general plane wave, with phase propagation along Ox
and amplitude variation along Oy, is expressible as a superposition
of two independent plane waves, for which E and H respectively
are everywhere parallel to Oz, is symptomatic of the fact, demon-
strated in § 1.2, that any vacuum electromagnetic field that is
independent of z can be expressed as a superposition of a field
for which E is everywhere along Oz and a field for which H is
everywhere along Oz. Evidently (2.22) and (2.23) are the respective
E-polarized and H-polarized fields obtained by taking exponential
plane wave solutions of the current free (J = 0) forms of (1.15)
and (1.16).
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2.1.3. Plane Waves in an Isotropic Medium

As explained in § 1.2, it is supposed that the medium is specified
by a certain permittivity £ and conductivity o, which are basically
functions of the angular frequency w, though they may sometimes
be regarded as substantially independent of w; the permeability of
the medium, on the other hand, is presumed not to differ signifi-
cantly from the vacuum permeability u,.

When the medium is homogeneous, that is, when ¢ and o are
independent of position, the complex representation of any vacuum,
time-harmonic electromagnetic field yields a field in the medium
simply on replacing ¢, by the complex permittivity

& — iojw. (2.25)

The most general type of plane wave in the medium is therefore
represented by a superposition of the expressions derived from
(2.22) and (2.23) by this substitution. Apart from the additional
constant phase differences between the components of E and H
consequent on the replacement of the ¢, appearing in Y, and Z,,
the effect of the substitution is to modify the attenuation and phase
propagation characteristics of the waves as defined by the exponen-

tial factors. Instead of ko, = w}eou, in these exponential factors
there now appears kou., where u. is the complex refractive index,

namely >
_1/ ¢ io
He & WEy

(2.26)

‘On the presumption that o, but not necessarily &, is positive, (2.30)
can be written

”c = l‘ — ix’ (2.27)

where x4 and g are positive, but otherwise can, at least in principle,
assume any values; for to conform to the convention regarding
ko, stated after (2.4), that branch of the square root in (2.26) must
be taken that is positive when o is zero. The space dependence of
the general plane wave in the medium is therefore specified by

e k(xx coshB+uysinhp) ,-iky(uxcoshf-xy llnhﬂ). (2.28)

With the recollection that 8 is an arbitrary real parameter, it is
seen at once that the direction of phase propagation (u cosh f,
—x sinh B, 0) makes with the direction of maximum attenuation
(% cosh B, u sinh B, 0) an angle y that can take any value between
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0 and 3x. The expression for cos ¢ can be written
-1/2

cosy = [1 + [(i;‘- + -”f) cosh B sinh p]z} ? 229

If § = 0, then ¥ = 0 and (2.28) reverts to the familiar form
e kax g-tkux (2.30)

which describes a homogeneous wave, analogous to that considered
in §2.1.1, travelling with speed of phase propagation c/u in a
conducting medium; in this case it is, of course, to be expected
on physical grounds that for a medium with ¢ > 0O there will be
attenuation in the direction of phase propagation. As f# increases
from zero and ultimately tends to infinity, so y increases from zero
and ultimately tends to 4x.

2.1.4. Plane Waves in an Anisotropic Medium

If, at a fixed frequency, the linear dependence of the complex
representation of D on that of E has perforce to be described by
a tensor relation, say

D = ¢ XE,

where " is the so-called dielectric tensor, then the properties
of the plane wave solutions of Maxwell’s equations are more diverse
and a comprehensive investigation would be quite elaborate. For
the most part this book is concerned only with vacuum fields, or
fields in isotropic media, so the discussion in this section is con-
fined to making and illustrating certain points without filling in all
the details.

The permeability of the medium will be supposed not to differ
from u,, so the complex representations of the time-harmonic field
vectors satisfy eqns. (1.23), (1.24). If the space variation is specified
by (2.10) these equations are

nAE=2ZH, (2.31)
nAH=-Y,XE, (2.32)

and the substitution for H from (2.31) into (2.32) gives
nAmMAE)= —XE, (2.33)

that is
nn.E)+ (X —n?)E =0. (2.34)
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Equation (2.34) specifies three linear homogeneous equations for
the three components of E, and thereby determines the condition
on n under which there is a non-zero solution with space variation
(2.10). The condition is, of course, the vanishing of the determi-
nant formed by the coefficients of the components E in the three
equations. To examine this explicitly, write

n=(,mn), (2.35)

where no confusion will arise from the use of the same letter for
the z-component of the vector as for the vector itself, and intro-
duce the tensor

—m? — n? Im In
N = ml -2 — m? mn . (2.36)

nl nm -2 — m?

Equation (2.34) now appears as

AW +A)E=0, (2.37)
and the condition is
det(# + X) =0. (2.38)
To take the simplest possible case as an example, suppose that
1 00
XA = (0 1 0) , (2.39)
0 0 =%
where x is positive; then
1—m?—-n? Im In
det(WV + ) = ml 1—-n2-12 mn . (2.40)
nl nm % — 12 — m?

The evaluation of the determinant (2.40) is facilitated by per-
forming, sucessively, the following preliminary operations: subtract
I[n times the third row from the first row; subtract m/n times the
third row from the secound row; add J/n times the first column
and m/n times the second column to the third column. The
result is

1-12—-m?—-n? 0 (1 — %)
det(WV +X) = 0 1-12—-m?>—-n%> m(1l — %)

l m %
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which is now easily seen to give

det(WV +A)=(1 =12 =m?> — n?)(x — 12 — m?* — xn?).
(2.41)

The condition (2.38) is therefore equivalent to two alternative
conditions; either

P+m+n=1, (2.42)
or

12 + m? + xn? = x. (2.43)

Condition (2.42), n?> = 1, is identical with (2.12), obtained for
a vacuum plane wave. With regard to phase propagation and am-
plitude variation, therefore, the analysis of § 2.1.2 applies.
It should, however, be remembered that in the present case the
wave is also characterized by a rather particular polarization, as
specified by the ratios of the components of E determined by
(2.37) when (2.42) holds. In fact, it is easily deduced that, assuming
% to be neither zero nor unity, (2.37) and (2.42) imply

IE, + mE, =0, E,=0. (2.44)

Since the expression of H in terms of E, namely (2.31), does not
involve z, it follows that the entire structure of the plane wave is
precisely that described in § 2.1.2, but that such plane waves can
be propagated in the anisotropic medium if and only if there is no
component of E in the direction, Oz, about which the anisotropy
is symmetric.

Turn, now, to condition (2.43). If all the compenents of n are
real the space variation (2.10) can be written

e-thui.x (2.45)
where
u =V + m?+n?, (2.46)

and n = n/u is a real unit vector; this represents a homogeneous
plane wave of uniform amplitude with equi-phase planes travelling
in the direction i with speed c/u. The refractive index u has a
dependence on the direction of phase propagation determined by
(2.43); and if 0 is the angle that n makes with the axis of symmetry,
Oz, then nju = cos 0, and the dependence is exhibited in the form

Y
sin2 0 + xcos20 ’

p? = (2.47)
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To consider the general plane wave, however, n must be allowed
to be complex. With n = n, + in,, as in § 2.1.2, and using suffices
r and i likewise to denote the real and imaginary parts of the com-
ponents (/, m, n), (2.43) yields the simultaneous relations

Ly + mam; + nnn; =0, (2.48)
Pam+xn?— 2+ m+und) =x. (2.49)

The relation (2.48) states that the direction in which the ampli-
tude decays most rapidly, —m, = (—/, — m;, — n;), must be
perpendicular to the direction (/,, m,, »n,). In general, therefore,
it is not perpendicular to the direction of phase propagation n, =
(., m,, n,), but makes with this latter direction an angle which may
be greater or less than 4x, the extent of the possible excursion
being dependent on the value of ». Moreover, this statement
concerns only the ratios of the components of the various vectors
and consequently needs no modification in the light of the additio-
nal relation (2.49), which may be regarded as simply placing a
restriction on the amplitudes that can be associated with the ratios.

The reason why the direction in which the amplitude decays
most rapidly is not perpendicular to the direction of phase propaga-
tion is because the latter no longer represents the direction of
energy flow, an important general feature of propagation in an
anisotropic medium. In a lossless medium the direction of ampli-
tude decay would, in fact, be expected to be orthogonal to the
time-averaged power flux Re4E A H*. To conclude this section
it is shown that for any medium specified by a Hermitian dielectric
tensor this is indeed the case.

It is required to prove that

n,.(EAH*, =0, (2.50)
where the suffix r signifies the real part. Now
n.(EAH*) =(AE). H*,
and from (2.31) this is Z,H . H*, which is real. Furthermore
n.(E* A\H) = —(n A H).E*,

and from (2.32) this is Yo(X¢'E) . E*, which again is real by virtue
of X" being Hermitian. Hence

In.(EAH*+E*AH)=n.(EAH*,

is real, and the statement that its imaginary part is zero is precisely
(2.50).
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2.1.5. An Example

The concept of an unbounded plane wave is, of course, an ideali-
zation. Nevertheless, in theoretical work an unbounded homo-
geneous plane wave in a lossless medium is a convenient fiction
which can be physically acceptable; scattering problems, for exam-
ple, are often treated on the assumption that the field incident on
the obstacle is such a plane wave. Unbounded inhomogeneous
plane waves, on the other hand, represent a grosser violation of
physical reality, since their exponential decay in one direction is
matched by exponential growth in the opposite direction; it is
unacceptable to allow the latter to develop without limit. It is
therefore to be expected that an inhomogeneous plane wave can
contribute to a field only throughout at most some half-space;
and whereas in the representation of general fields as the super-
position of plane waves, this feature is common to both homo-
geneous and inhomogeneous plane waves, it is also indicative of
the situation which must be envisaged if a simple example involv-
ing a single inhomogeneous plane wayve is sought.

To consider such an example, let the half-space y > 0 be vacuum
and the half-space y < 0 be filled with a homogeneous lossless
dielectric of permittivity ¢ > ¢, and permeability x,. In the die-
electric let there be incident on the interface y = 0 the homogeneous
plane wave

E, H' = {(0,0, 1), Y(sinx, — cosx,0)} e-tkrees®-) (2,5])

Equations (2.51) display the cartesian components of the field
vectors; the xy-plane is the plane of incidence, the wave is polar-
ized with the electric field parallel to the interface, and « is the (real)
angle which the direction of propagation makes with the inter-
face. The polar coordinates r, 6 are given in terms of x, y by the
relations

x=rcosf, y=rsin0,

and
Y = Veluo, k = wVeuo.

To satisfy the boundary conditions at y = 0 and the conditions
at y = + oo there must also be, in the dielectric, a reflected wave

E", H = 0{(0,0, 1), Y(—sinx, —cosa, Q)} e-tkreos@+a = (2 52)
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and, in the vacuum, a transmitted wave
E', Hf = 7{(0,0,1), Y,(siny, —cosy, 0)} e-res@n,  (2.53)

Where kcosa = ko cosy. 2.59)

The reflection coefficient g is determined directly by the continuity
of impedance E,/H, at y = 0, which gives
1+p _ 1 .
Ysina(l —g) Yosiny ’

that is
_psina — siny
" usina + siny’

p = Veleo.

And the transmission coefficient = follows at once from the con-
tinuity of E,, which gives

(2.55)
where

2usinx

Equation (2.54) can be written
COS Y = 1 COS &. 2.57)

If u cos ¢ < 1, then y is real and the vacuum field is a homogeneous
plane wave exhibiting refraction according to Snell’s law. If,
however, u cos & > 1, which obtains if « is less than the critical
value cos~! (1/u), then y is pure imaginary and the vacuum field
is an inhomogeneous plane wave; for this case the identification
of 4 cos & with cosh g, where f is real, gives

y = —ip, (2°5.8)

and shows that (2.53) differs from (2.22) only by the constant ampli-
tude-phase factor

_ 2u sin &

" msina — isinh 8

What has been described is, of course, nothing other than the

theory of total internal reflection. Although there is a field in the
vacuum, away from the interface it decays exponentially, and on
average no power is transmitted across the interface. The wave in
the vacuum is commonly called evanescent; it also illustrates the
characteristics of so-called surface waves.

(2.59)
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2.2. ANGULAR SPECTRUM OF PLANE WAVES

2.2.1. Plane Surface Currents

Since a field generated by a bounded current distribution is, in
any direction, outgoing at infinity, it is to be expected that a single
analytic representation as a superposition of plane waves will
not, in general, be valid over more than a half-space; for a plane
wave which travels outward in one direction travels inwards along
the opposite direction, and one which decays in one direction
grows in the opposite direction. It is convenient, therefore, to set
up the theory of the representation by associating it with a surface
density distribution of current flowing in a plane.

It is well known that, in crossing any surface current density j,
the tangential components of E remain continuous, as does the
tangential component of H parallel to j, but that the tangential
component of H perpendicular to j jumps by the amount j. These
statements, supplemented by proper allocation of sign to the
discontinuity in H, may be expressed succinctly in the form

nAE]=0, (2.60)
[nAH]=j, (2.61)

where n is the unit vector normal to the surface, and a quantity
in square brackets denotes the increment which the quantity
acquires in crossing the surface in the direction of m.

The result (2.60) follows from the integral form of (1.7), namely

$E.ds = —iwp, [H.dS, (2.62)
! S

by taking the closed loop /, which is the rim of the surface S, to
be a small narrow rectangle whose longer sides lie tangential to,
and on either side of, the current carrying surface. Likewise (2.61)
follows from the integral form of (1.8),

$H .ds = iweo [E.dS + [J.dS. (2.63)
{ S S

The behaviour of the normal component of H in crossing the
surface current is determined by (2.60) and (1.7); it is continuous.
The behaviour of the normal component of E is determined by
(2.61) and (1.8); it jumps by the amount o/e,, where o is the surface
charge density associated with j through the charge conservation
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relation. These results are commonly derived directly from (1.4)
and (1.5) respectively, and are sometimes listed with (2.60) and
(2.61) as through they were of equivalent status. For a proper
appreciation of the basis of what is to follow it is important to
recognize that (2.60) and (2.61) alone are fundamental conditions
whose satisfaction must be ensured, in the sense that an electro-
magnetic field that is outgoing at infinity and satisfies those con-
ditions is the unique field generated by the surface current, and
cannot but exhibit the behaviour of the normal components of
E and H just described.

It may also be remarked, in parenthesis, that the deduction
of (2.60) and (2.61) from (2.62) and (2.63), respectively, depends
on the assumption that H and E remain sufficiently well behaved in
the vicinity of the current carrying surface for their fluxes across
S to be neglected. Since a finite surface density of current itself
represents an infinite volume density, this behaviour can hardly
be taken for granted; it can, however, readily be established, for
example, by treating the surface current as a volume density
throughout a layer whose width is ultimately allowed to tend to
Zero.

Turning now to the specific case of surface currents flowing in
a plane it only remains to draw attention to the nature of the
symmetry of the field about the plane. If the plane is z = 0, then
E,, E, and H, have the same respective values at any point (x, y, z)
as at the image point (x, y, —z); whereas H,, H, and E, have re-
spective values at (x, y, z) which are the negative of those at (x, »,
—z). The jumps in H, and H, across z = 0 are therefore, in magni-
tude, twice the values that H, and H, respectively take just on one
side of z = 0; and (2.61) states

jx(x, y) = —2Hy(x’ s 0+)’ (2°64)
J(x,¥) =  2H/(x,y,0+). (2.65)
That (2.60) is satisfied is implicit in the symmetry of E, and E,.

2.2.2. Angular Spectrum in Vacuum: Two-dimensional Case

It has been seen in §2.1.2 that the most general type of time-
1armonic plane wave in vacuum is essentially a two-dimensional
ield; (2.22) and (2.23) depend on x and y, but not on z. For this
'eason the main features of the representation of a vacuum field
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as a superposition of plane waves are incorporated in the analysis
of a two-dimensional field. Since this case is relatively simple to
expound, and is also adequate for a number of applications, it
seems best to use it to introduce the theory, leaving the three-di-
mensional case to be set out subsequently as a straightforward
generalization.

It is supposed, then, that the field is associated with a surface
density of current flowing in the xz-plane, and that there is no
dependence on z. Resolution into an E-polarized field and an H-
polarized field is therefore possible, and each of these fields can
be treated separately.

For the E-polarized field the current density in y = 0 has only
a z-component, j; say. Ultimately j, is to be regarded as a vir-
tually arbitrary function of x, but consider first the very simple
case when it has some value, j,, that is independent of x. Since in
that case the field can only depend on y it must take the form of
the homogeneous plane waves described in § 2.1.1, with spatial
dependence exp(—ikoy) or exp(ikoy). Outgoing behaviour at
infinity clearly demands that only the former can obtain in y > 0,
and only the latter in y < 0. Taking account of the symmetry
about y = 0 the field must therefore be

E = —3Zyjo(0, 0, 1) e", (2.66)
H= -T-ffo(l’ 0,0) evthw, (2.67)

where the upper/lower sign applies for y 2 0, and the constant
multiplying the exponential in (2.67) is fixed by the relation be-
tween the jump in H and the current density, which now reads
(cf. (2.64), (2.65))

J: = —2H,(x,0+). (2.68)

The argument used in this very simple example is also immedi-
ately applicable when j, has a harmonic variation with x. For
evidently it is then only necessary to replace the plane waves
(2.66), (2.67), which travel normal to y = 0, by plane waves
travelling at the appropriate angle « to y = 0; that is

E = —1Z,jo(0, 0, 1) g~thercos@ra, (2.69)
H = }jo(Fsin &, cos «, 0) e~ tkercos@ra) (2.70)

where the upper/lower sign applies for y 2 0, and x = rcos 6,
y = rsin 0. The sole component of the associated current density
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is, from (2.68),
Jz = Jo Sin o e~ tkexcosa (2.71)

Now (2.71) represents a variation of current density with x
that is harmonic, with wavelength 2x=/(k, cos «). If, therefore, the
wavelength of the current distribution exceeds the wavelength 2z/k,
of a homogeneous vacuum plane wave of angular frequency w,
then « is real and the field (2.69), (2.70) generated by the current
distribution consists of a pair of homogeneous plane waves tra-
velling away from the plane y = 0 into the respective half-spaces
y >0, y < 0. On average, energy is carried away from the plane
y = 0, the time-averaged power flux across unit area of any plane
y = constant being

3Z)jo|?* sin .

If, on the other hand, the wavelength of the current distribution
is less than 27n/k,, then « is pure imaginary and the field consists
of a pair of inhomogeneous plane waves. Specifically, if x = —if,
(2.69), (2.70) are

E, H= _%ZOJO{(O’ 0, 1)’ Yo(¢lsmh ﬂ’ — cosh .B’ 0)} g¥kwsinhf

X e—ik.xcoshﬁ,

which for y > 0 is precisely (2.22) multiplied by the constant
amplitude-phase factor —3Z,j,. The field is propagated in the
x-direction with speed c/cosh f8 identical with that of the current
density, and decays away from the plane y = 0 with decay
coefficient kq sinh § which is larger the shorter the wavelength
27/(ko cosh B) of the current density. The time-averaged power flux
is solely in the x-direction (see (2.24)), and on average, therefore,
no energy is carried away from the plane y = 0.

The final step is now taken in supposing that j, is essentially
arbitrary. The only requirement is that it be expressible as a super-
position of harmonic terms, that is, as a Fourier integral. Each
harmonic term contributes to the field a pair of homogeneous or
inhomogeneous plane waves; and since each plane wave is conven-
iently characterized, in the way just indicated, by a real or purely
imaginary angle «, the complete field representation, obtained by
superposition, may properly be called an angular spectrum of plane
waves.

To put these ideas into mathematical form it is only necessary
to note further that the expression of arbitrary j, as a Fourier
3 EF
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integral implies that cos « must run the full range from o to — co,
so that « itself must cover the range defined by (@) — if, as § goes
through real values from o to 0, (b) real values from O to =, (c)
n + if, as B goes through real values from O to co. The sign of the
imaginary part of « in (a) and (c) does not affect the value of cos «,
but is determined uniquely by the requirement that the inhomo-
geneous waves decay away from the plane y = 0; for example,
it is seen in (2.22) that this condition is only satisfied if 8 is positive.
The appropriate superposition of plane waves (2.69) and (2.70) can
therefore be written in the form

E = [(0,0, 1) P(cos &) =" cos @) gy 2.72)
c

H =Y, [ (£ sina, — cosa, 0) P(cosx) e~ s @™ gy (2.73)
C

with the upper/lower sign for y 2 0, where the path of integration
C in the complex « plane is that depicted in Fig. 2.1. The part of
C lying along the real axis corresponds to homogeneous plane
waves fanning out over the respective half-spaces, whereas the
arms running parallel to the imaginary axis correspond to inho-
mogeneous plane waves decaying away from y = 0.

In (2.72), (2.73) P(cos ) is the spectrum function which specifies
in terms of amplitude and phase the “weight” attached to each
plane wave of the spectrum. It is determined directly by the Fourier

A

FiG. 2.1,
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analysis of the current density, for the application of (2.73) to
(2.68) gives
Ji(x) = =2, [ sin o P(cos &) e~*wxeos* dx, (2.74)
c

which with the change of integration variable from « to

A = cos«x
is

Ji(x) = —2Y, [ P(R) e ™ dj. (2.75)

The formal expression for P(2) in terms of the current density is
simply the inverse of (2.75), namely

PO) = — £20. [ x) et . 2.76)

To complete the representation of a two-dimensional field it
remains to write down the form analogous to (2.72), (2.73) for an
H-polarized field. This is taken as

H= 1 [(0,0, 1) Q(cos &) e~t*wees@) gy 2.77)
[}

E = Z, [ (—sin &, £ cos x, 0) Q(cos x) e~ reos @™ gy, (2,78)
c

where the upper/lower sign applies for y 2 0. The current density
in the plane y = 0 now has only an x component, given by

s Jx = 2H,(x,0+); 2.79)
Je=2 cj Q(cos &) e~ tkexeoss gy (2.80)
or, again taking A = cos «,
Je=2 WQL_A)I;e-‘*“‘ di. (2.81)
The formal inverse is - -
-}% - f—; f 706) et dx. 2.82)
—o0

3=
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The particular form in which (2.77), (2.78) are written brings
out the mathematical parallelism between E-polarized fields and
H-polarized fields that stems from the invariance of Maxwell’s
vacuum equations, in a current free region, under the tranforma-
tion E - H, H— —E, g, +*> . A result of choosing this form is
that it is the relation between the spectrum function Q(4) and the
value of E, at y = 0 that avoids the intrusion of the function

VY1 — A2 witnessed in (2.81), (2.82). Explicitly, from (2.78),

Ex,0) = —=Z, [ Q@) e da, (2.83)
and so o
ol = — ﬁ’%& f E.(x, 0) e dx, (2.84)

The relation (2.84) gives the spectrum function as, in essence,
the Fourier transform of the value in the “aperture plane” y = 0
of the x-component of the field; and (2.76) can, of course, by virtue
of (2.68), be regarded in the same way. This suggests that, although
the discussion has hitherto been developed specifically in terms of
a current density as the source of the field, a slightly more flexible
way of thinkingis available, which may on occasion be used with
advantage, by relating the plane wave resolution of a field in a
half-space to the “aperture distribution” of certain tangential
field components.

Another equivalent description is afforded by the introduction
of the fictitious concept of a surface magnetic current density j,,
say, for which the relations analogous to (2.60), (2.61) are [n A H]
=0, [n A E] = —j,.. For example, the field (2.77), 2.78)iny > 0
can be regarded as produced by j,.(x) in y = 0; and then in (2.84)
E(x, 0) is replaced by 1j,.(x) to yield the result analogous to
(2.76).

Finally, a point is made concerning the options « and A as inte-
gration variables. In addition to its more ready interpretation, the
former has this advantage: that whereas the points A = +1 are,
in general, branch points in the complex A-plane, as evidenced, for
example, in (2.81), the corresponding points in the complex
«-plane are regular. The a-plane is exploited extensively in much of
the subsequent work on two-dimensional problems. On the other
hand, the direct application of known Fourier transform results
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in order to relate spectrum function and aperture distribution
demands use of the A-plane, and it is therefore necessary to know
how the basic path of integration from — o to oo avoids the
branch points at 4 = 1. This is, in fact, made clear by consider-
ing the map of the complete A-plane on the strip of the x-plane
between Re & = 0 and Re &« = z; the map is depicted in Fig. 2.2,

Complex cc-plane

7

\&

Complex
A-plane

F1G. 2.2

and exhibits the way in which the A-path of integration must run
in order to keep }J1 — A% = sin « negative pure imaginary when
|A| > 1. A warning should perhaps be added, to the effect that in
the subsequent exploration of the complex x-plane beyond the
confines 0 < Re & < n the continued use of the notation P(cos «)
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must not be taken to imply that the function is necessarily either
even in « or of period 2.

2.2.3. Simple Examples: Line-sources

Some simple examples are now considered. Suppose, first, that
the source of the field is an actual line current 7 cos(w?) flowing
along the z-axis. The complex representation, leaving the time
factor exp(iwt) understood, is simply 7; and this is expressed as
a surface current density (j,,/,) flowing in the plane y = 0 by
taking

Jx=0, j.=1dx). (2.85)

The delta function in (2.85) ensures that the current is zero every-
where but on the z-axis, and that the total current is /.

The field is, of course, E-polarized. The spectrum function is
given by (2.76), and using (2.85) the integration is immediate,
with the result
koZol

4n
The plane waves of the spectrum therefore all have equal ampli-
tudes, and are in phase at r = 0; specifically, from (2.72),

_ koZoI
4r

P = — (2.86)

E, = f e-thareos @ra) (2.87)

C

In conjunction with this result it is interesting to consider solu-
tions of the two-dimensional time-harmonic wave equation (1.17)
that depend only on distance r from the z-axis. In this case the
equation is simply

d’¢ 1 dp
darr T r dr
that is, Bessel’s equation of order zero and argument kor. The

solution of (2.88) that represents an outgoing wave at infinity is
the Hankel function of the second kind, H® (kor); for

+ + k2 = 0; (2.88)

2 etk
H(()Z)(kor) ~ '7—; e*‘” 7_—_— (2.89)

kor
as r = o0, If the identification
E, = EoHP(kor) (2.90)
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is made, it may be asked what is the source of the E-polarized
field so defined. The source must be located at r = 0, that is along
the z-axis, since everywhere else the homogeneous equation (2.88)
is satisfied by E,; furthermore, it must be a current flowing along
the z-axis, since the field is E-polarized. It only remains to find
the amount of current. This can be done by evaluating the integral
(cf. (2.63))

§H.ds, (2.91)

where the loop /is a circle in the plane z = 0, with centre the origin
and vanishingly small radius &. Evidently

H.ds = eHy df;
and since
Hg = - —l—):i 'aﬂ = "'iYoEoHt()z)’(kor), (2.92)
ko 3)'
(2.91) is
—2ni YoEoEHé”'(koS) N (2.93)

and it is required to find the limit of this expression as ¢ = 0. Now
the Hankel function behaves like the logarithm of its argument
as its argument tends to zero, and the derivative of the Hankel
function therefore behaves like the inverse of its argument.
Specifically

2i
wkoe

HP'(koe) ~ — as ¢-0, (2.94)

and the substitution of (2.94) into (2.93) gives the total current

—4Y,Eo/k,. (2.95)
It may be remarked that (2.92) can also be written
Hy = iYo EoHP(kor). (2.96)

It has, then, been established that a current (2.95) flowing
along the z-axis generates the E-polarized field defined by (2.90).
Correspondingly, a current I gives

Ez = - *koZoIH(()z)(kor) . (2.97)
This must be identical with (2.87), and hence

HP(kor) = % f g~ thv s O gy (2.98)
(o}



32 THEORY

In fact (2.98) is one of the standard integral representations of the
Hankel function.

As a second example, closely connected with the first, take the
problem of a slot in a conducting surface, idealized in the following
way: suppose that a perfectly conducting sheet covers the entire
plane y = 0 except for a slot of infinitesimal width cut along the
z-axis, and let an actual voltage ¥ cos(wf) be maintained across
the slot. Then the resulting field is H-polarized, and can be deter-
mined by noting that the distribution of E, in the plane y = 0 is
given by the complex representation

E.(x,0) = Vi(x). (2.99)
For the substitution of (2.99) into (2.84) gives
_ koYoV
oM = - =52, (2.100)
which in turn goes into (2.77) with the result
= F — k°Y° e-tkwreos 03 gy — Tk YoVHP(kor). (2.101)
Cc

In (2.101) the upper/lower sign applies, as usual, for y 2 0, and
the discontinuity in H, in crossing y = 0 specifies the current
density j, that flows by virtue of the voltage maintained across the
slot. Apart from constant factors, the solutions (2.87) and (2.101)
are, of course, related by the transformation E - H, H —» —E,
&9 ** Ko

The latter example illustrates that it may not always be most
convenient to work directly in terms of the current distribution.
If there is sought a current line-source that gives rise to an H-pola-
rized field, it is necessary to postulate a current density

= pd(x), Jj, =0; (2.102)

this is a line dipole of strength p (amp metre) per unit length (metre)
of the z-axis. Then (2.82) gives

() = k°”l’ =72, (2.103)

that is

O(cos o (2.104)
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whence, from (2.77),
H, =+ % sin oc e-tkercos (070 (2_105)
[ o]

The integral in (2.105) is +i times the derivative with respect to
koy of the integral in (2.98). Thus

Hz = %ikop sin ang)l(kor) = _}ikop sin OH{”(kor) . (2. 106)

2.2.4. Angular Spectrum in Vacuum: Three-dimensional Case

The principles involved should now be sufficiently clear for
the plane wave spectrum representation of the vacuum field of a
general time-harmonic distribution of surface current density
flowing in a plane to be stated with no more than a few explanatory
comments on the particular way it is written. The plane containing
the current distribution is now taken to be z = 0, and the chosen
form of the representation is

H - ff[iP 10, e e ]
- 12— m?
x elko[lx+my¥}’mz} dldm, (2.107)
=z fw ImP + (1 — )0
° [[ Vi=-12 —m? °’
_a- m’)P + le
yi—-12 -

, F ( P — IQ)] elk.[lx+mvsymz] dl dm,

(2.108)
with upper/lower sign for z 2 0.

The following points are noted. First, that the directions of
propagation of the plane waves of the spectrum are expressed in
terms of (possibly complex)directioncosines — I, —m, -+ /1 —12 —
rather than in terms of two (possibly complex) angles; this
is because such angles of necessity enter in a somewhat unsymme-
trical way, so that the paths of integration need rather careful
examination; any gain from ease of physical interpretation or
removal of branch points seems outweighed by this complication,
at least in so far as the initial statement of the general theory is
concerned.
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The second point is that, for a general representation, there can
be chosen just two independent spectrum functions associated
with two of the six components of E and H, the spectrum functions
of the remaining four components being then determined from
Maxwell’s equations; this is merely equivalent to the fact that any
plane wave travelling in a given direction can be expressed uniquely
as a superposition of two given independent plane waves travelling
in that direction. Here the two independent spectrum functions
P(l, m), O(I, m) have been associated directly with H, and H,,
the tangential components of H; that is, in effect, with the com-
ponents of current density j,, j,. This choice accords with the point
of view adopted in the introduction to the theory, and is the most
convenient for present purposes. The spectrum function for H,
follows at once from div H = 0, and those for the components of
E are then obtained from curl H = iweyE.

The explicit relations between P and Q and the current density
come from (2.64) and (2.65); they are

J(x, ) = =2 f f O(l, m) e™\=m» g dm (2.109)
3%, ) = 2 [[ P, m) e™'*m dl dm. (2.110)

These double Fourier transforms can be thought of as repeated
single Fourier transforms. The inverses are

o0
2
P, m) = _8’_‘;7 f f (%, ) e~ g gy (2.111)
— o0

ol m) = —

]

2
7:2 f f Ju(x, ) e~ Rtxsm) dx dy - (2.112)

- 00

The plane waves corresponding to those parts of the paths of
integration for / and m on which /2 + m? > 1 are, of course,
inhomogeneous, and correct behaviour at infinity demands that
V1 — 12 — m? is then negative pure imaginary.

Finally it may be remarked that if the current plane z = 0 is
situated not in a vacuum but in an isotropic medium as specified
in § 2.1.3, then the required modification of (2.107) and (2.108) is
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formally quite trivial. It is only necessary to replace each radical
Y1 =12 —m? by Y — I> — m?; to replace the factors 1 — /2
and 1 — m? multiplying Q and P in the spectra of E, and E, by
pz — 1* and w2 — m?, respectively; and to replace Z, in the ex-
pression for E by Z,/u?. The representation of H in the plane z = 0
is unaltered, and equations (2.111), (2.112) for the spectrum func-
tions in terms of the current density continue to hold.

2.2.5. Simple Example: Dipole Source

A simple example of the three-dimensional spectrum is afforded
by the fundamental point-source of the electromagnetic field,
namely the electric dipole. In general this would be defined by the
volume current density

J =pdé(x — x0) 8(y — o) 8(z — z,), (2.113)

where the dipole is located at (xo, yo, 2o), is directed along p, and
has “strength’ p (amp metre). In the present context it is treated
as a surface current density (j,, j,) in the plane z = 0; and if|, for
convenience, it is located at the origin and directed along the

x-axis, then
Jx = pé(x)6(»), j, =0. (2.114)

Substitution from (2.114) into (2.111) and (2.112) gives the
corresponding spectrum functions

2
P=0, Q= —;’,’,‘;’- (2.115)

The field vectors follow from (2.107) and (2.108). In particular

oo
2
H'——-—ﬁ':- o, _"_"1,—=fn==
87 Y1 —-12 —m?

x eltkelix+my=fT-T-mz] J dm. 2.1 16)

To relate the double integral in (2.116) to the conventional
expression for the dipole field it is perhaps simplest to note that
(2.116) can be written

Hx = 0, Hy = ikoYo aM aM

az ’ Hz= “lkoYo ay ’

2.117)
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where

M= — ) 24 h 1 etkaltx+my = T-T=miz] dldm.
8n? Vi =12 —m?

(2.118)

Now (2.117) is H=ikoY,curl M, with M = (M,0,0). M is
therefore the electric Hertz vector, and the standard result is

ipZo e'"‘"
A kor

The identification of (2.118) and (2.119) gives

M= — (2.119)

-lk.r

= ffm

elkoltx+my=yT-T=mdz] 3y 4pr

(2.120)

The formula (2.120) is important, whether regarded as the
representation of a spherical wave by a superposition of plane
waves, or as the evaluation of a double integral. It is equivalent
to another standard result which, since it is required later, is
conveniently established here.

Make the change of integration variables

I =7cosy, m=tsiny,
and at the same time write

x=g90cosy, y=op@siny.
Then the right-hand side of (2.120) is, for z > 0,

tkaercos (y-2) ve~ el
wreor -0 g dr.
f f b= V1 — 22

nnle

Now the y integral is 2nJo(kop7) (cf. (2.98)), so (2.120) states that

oo

Ttk 17 ) Gl
f.’o(kog‘lf) 'Vl e dr = m, (2.121)

]

which is the result in question.
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2.2.6. Angular Spectrum in an Anisotropic Medium

In this section brief consideration is given to the new features
that arise when the current density in z = 0 is radiating into a
homogeneous anisotropic medium specified by a dielectric tensor
as in § 2.1.4. In the present description, for the sake of simplicity,
it is assumed that the anisotropy is such that the nature of the
symmetry of the field about z = 0 is the same as that for the vacuum
field, described in § 2.2.1.

It is convenient to retain as close contact as possible with (2.107)
by introducing plane waves specified by

H = ( +0, IP + mQ) halizsmy¥ ). (2.122)

this is the most general form compatible with the particular con-
dition div H = 0, which condition, from (1.23), still stands. Now,
however, the expression fornin terms of / and m is given by (2.38).
This is a fourth degree equation for n, and with the present assump-
tions about symmetry is in fact a quadratic for n2 (see, for example,
(2.41)) yielding two independent forms, n, and n,, say, for inser-
tion into (2.122). For each form of n the ratios of the three com-
ponents of E are given in terms of /and m by (2.37). Likewise for H.
Thus for n = n, the ratio P/Q is specified as a certain function of /
and m, and again for n = n, as some other function of / and m.

It appears, then, that the representation analogous to (2.107),
(2.108) can be written

H=H, +H,, (2.123)

where

H = [[ (£ & 0 TG emtsmrn dtam, = 1,2
(2.124)

the surface current density is

Ui Jy) = 2 f [ (=01 ~ Q2. Py + P,)etstx+m gl dm,
(2.125)
with the inverse relations

(Pl + Pz, Q; + Qz) = 82 f (_]’, _J )e-‘k.(lxmw) dx dy
(2.126)
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and P,, P,, Q,, Q, are determined from (2.126) and the prescribed
ratios P,/Q,, P>/Q;.

One important point to remember is that, to satisfy the radiation
condition, for each homogeneous plane wave of the spectrum that
solution for n, must be chosen which ensures that the time-averaged
power flux Re 4E A H* is directed away from the plane z = 0.
For an anisotropic medium this does not necessarily mean that
the corresponding direction of phase propagation is away from
the plane z = 0; it is possible for it to be towards the plane, in
which case n, in (2.124) is negative. The nature of the relationship
between the directions of phase propagation and power fiux are
liable to be quite complicated, but would have to be understood in
any particular problem under investigation.

In conclusion it may be remarked that if the medium,. or its
orientation with respect to the current distribution, are not such
that the fields above and below z = 0 are related in the way implied
by (2.124), then the dependence of n on / and m is specified by four
(in general, independent) functions n}, n; (i = 1, 2), say, two of
which are associated with the field in z > 0, the other two with
that in z < 0. Correspondingly, there are eight spectrum functions
P;, O;, P;, Q;. The four ratios P;/Q;, P;/Q; are prescribed, and
the remaining four equations for the determination of the spec-
trum functions comprise the two that identify j,, j, with the dis-
continuities in H,, H, across z = 0, and the two that state that E,
and E, are continuous across z = 0.



CHAPTER III
SUPPLEMENTARY THEORY

3.1. RADIATED POWER

3.1.1. The Two-dimensional Case

In the present chapter the account of the basic theory given
in Chapter 2 is supplemented by certain important developments
of a general character. The main concern is to investigate the nature
and limits of validity of the approximation leading to the radiation
field. First, however, expressions for the time-averaged radiated
power are obtained by appealing directly to the plane wave re-
presentation.

Consider the two-dimensional E-polarized field (2.72), (2.73). The
time-averaged power flux across any plane y-constant (>0, say)
is, per unit length in the z-direction,

e o]
Re} [ E.H}dx; 3.1
— 00
and the substitution into (3.1) of the spectrum representation gives

[~ <]
Re 1Y, [ [ [sin*a’ P(cos &) P*(cos o) e kex(cosa-coss’)

—00 C C
X e~ tkw(sina-sinsa’y gy ./ dx’ (32)

where it is recalled that, along the contour C, cos « is real and there-
fore equal to its conjugate complex, but that sin « can be either
real or pure imaginary. If the x integration is carried out, using
(1.38), (3.2) becomes

nYo
(4]

Re

% f f d(cos &« — cos ') sin* &' P(cos &) P*(cos «')
Cc C

x e~ lkov(sina-sinsa’) Jy dn! (33)
39
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The delta function in the integrand means that contributions are
made to the double integral only when « and &' are equal. Moreover
if the common value of « and &’ is real, then sin* &’ = sin «, and
the exponential factor in the integrand is unity; whereas if the
common value is complex with real part zero or 7, then sin* &’ =
—sin & is pure imaginary, and the entire integrand (apart from the
delta function) with &« = «' is therefore also pure imaginary. Thus
(3.3) is simply
ﬂYo
ko

f |P(cos o)) dox. (3.4)

o

The result may be interpreted by saying that the time-averaged
power radiated in any direction « is (#Yg/ko) | P(cos «)|? per unit
angular spread, per unit length in the z-direction. That the ex-
pression (3.4) is indepedent of y could have been anticipated, be-
cause every unbounded plane y = constant subtendsatx =y =0
the full angular spread n. The expression (3.4) gives the power
radiated into the half-space y > 0, and is therefore half the total
power radiated. With y = 0, the initial expression (3.1) is the same
as the form .
Re} [ E.jdx

— 00

for the total power radiated.

An entirely similar calculation applies to the H-polarized
field (2.77), (2.78). In this case the power radiated into each half-
space, per unit length in the z-direction, is

nZo f |Q(cos o)|? da. G.5)

ko

It is instructive to apply (3.4) and (3.5) to the simple examples
of §2.2.3. For the case in which current I flows along the z-axis,
the substitution of (2.86) into twice (3.4) gives radiated power

3Zoko1?, (3.6)

per unit length in the z-direction. This can be checked against the
more conventional method in which the radiation field is used.
From (2.97) and (2.89),

1 2 i d
E, ~ — 'z- -7;- Zokol etin T ’ (3.7)

ol
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and this, of course, is also the value in the radiation field of —Z,H,,.
The corresponding expression for the outward radial power flux
density is

Zokol?
Re — }E.H} ~ _106:37‘ (3.8)

The total radiated power follows from integration over unit
length of the surface of a circular cylinder, axis the z-axis, radius r;
and since this merely corresponds to multiplication of (3.8) by
27r, (3.6) is at once recovered.

Again, for the voltage slot (2.99), the substitution (2.100) into
twice (3.5) gives radiated power

3YokoV?; (3.9)

whereas for the line dipole (2.102) the spectrum function is (2.104),.
and the radiated power is

1
'I?Zokopz. (3.10)

3.1.2. The Three-dimensional Case

The power radiated by an arbitrary current density flowing in the
plane z = 0 is now considered. The time-averaged power flux
across any plane z = constant (>0, say) is

Ret [[(E.H} — E,HY)dxdy. (3.11)

If the representations (2.107), (2.108) are fed into (3.11), the x-
and y-integrations can be carried out and give delta functions; the
result, which is analogous to (3.3), can be written

Re 2“,:32° f[? 81 — I 8(m — m')

o Im(PQ* + OP*) + (1 — m?) PP* + (1 — 1) QQ*
V1 =12 — m?
x e~ kel T-=mY- Y T=T=™) g iy QI dm’ (3.12)

where it is understood that P and Q each have arguments (/, m),
and that P* and Q* each have arguments (/’, m’).

4 EF
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The delta functions in (3.12) mean that contributions are made
to the quadruple integral only when both / =1 and m = m'.
Moreover, if the common value of / and /', and the common value
of m and m’, are such that /> + m? < 1, then Y1 — 12 — m? is
real and the exponential factor in the integrand of (3.12) is unity;
whereas, if /2 + m? > 1, then y1 — /2 — m? is pure imaginary
and the entire integrand (apart from the delta functions) with
I =1I'y m = m' is pure imaginary. The time-averaged power cross-
ing z = constant is therefore

mzzo f f Im(PQ* + QP*) + (1 — m®) PP* + (1 — I?) QQ*
V1 - 12 — m?

x dl dm. (3.13)

Bymd<1

Since the integration in (3.13) is over the region /> + m? < 1 the
interpretation of / and m as direction cosines is straightforward.
With

|= —sinxcosff, m= —sin«sinf, (3.19)

(3.13) is transformed to

2n° Z° f f [sin? « sin B cos B(PQ* + QP*)

P=0 x=0
+ (1 — sin? xsin? ) PP* + (1 — sin? &« cos? §) QO*] sin &« dx df.
3.15)

In (3.14) x and f are, of course, the polar angles, referred to the
z-axis, that specify the direction of propagation of the plane waves
of the spectrum. Since sin « dx df is an element of solid angle the
implication of (3.15) is that the power radiated, per unit solid
angle in any direction «, 8, is 2n2Z,/ks times the part of the inte-
grand in square brackets.

These findings can be illustrated by the electric dipole, for which
the spectrum functions are given in (2.115). Taking twice (3.15),
the radiated power appears as

2® 4%
2 02
Zoksp [ [ @ = sin & cos2 fysin s dx df;
o 0
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and with the double integral easily found to be 4x/3, this is
Zok% 2
127 b,

(3.16)

the familiar result.

3.2. THE RADIATION FIELD
3.2.1. Heuristic Approach: Stationary Phase

The current source of any actual time-harmonic field can be
presumed to be contained in some region which is finite in all its
dimensions. At sufficiently great distances from such a source it
is possible to isolate a dominant part of the field, namely that part
whose amplitude falls off as the inverse of the distance; this domi-
nant contribution is known as the radiation field (or far field) of
the source. It is now proposed to substantiate this statement (and
its two-dimensional counterpart), to derive expressions for the
radiation field from the plane wave representation, and to examine
rather carefully the conditions under which the expressions do
indeed give an adequate approximation to the complete field.

In this subsection a preliminary, heuristic argument is presented,
based on what is commonly called the method of stationary phase.
Consider, first, the representation (2.72) of the two-dimensional
E-polarized field. For y > 0,

E, = [ P(cos &) e~threos®-2) g G.17)
c

Now at points where kor > 1, the amplitudes of the inhomo-
geneous waves of the spectrum are very small, and such waves
may be neglected. Moreover, the contributions of the homogeneous
waves largely annul each other by destructive interference, since
with kor > 1 the phase of the waves in general varies rapidly
with «, in the sense that a phase change of = is achieved by only
a small change in «. Exceptionally, however, those waves for which
o is close to 0 interfere constructively, since the variation of phase
with « vanishes at « = 6. Thus it can be argued that only that part
of the path of integration C in the vicinity of & = 0 contributes
significantly to (3.17), and consequently an approximation to
(3.17)is

P(cos 6) f e—tkercos (0-a) | (3.18)

C

4‘
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As found in (2.98), the integral in (3.18) is mH (kor), which in
turn is naturally replaced by the form (2.89) valid for kor > 1.
Finally, then, the expression for E; in the radiation field is

e—ik.r

E, ~ V2r et'"P(cos ) T (3.19)

ol

representing an outgoing cylindrical wave with a ““polar diagram”
specified by P(cos 6).
As a check it may be observed that (3.19) leads to

7Y, 2
Tr |P(cos )|
for the power flux density, which gives the power radiated into the
half-space y > 0 as

Re — %EzHo =

n
ﬂYo

2
%o f |P(cos 6)|> db,

0o

in agreement with (3.4).

The same heuristic argument can be applied to the three-dimen-
sional representation (2.107). It is easy to verify the expected
result, that at the point (x, y, z) with spherical polar coordinates
(r, 6, p) the phase of the homogeneous waves is stationary with
respect to variations in both / and m when

/= ——:f—= —sinfcosgp, m = —T—_: —sin 0 sin .
(3.20)

The approximation to (2.107) analogous to (3.18) may therefore
be written, for z > 0,

H = [Pcos0, Qcos0, —sin O(P cos ¢ + Q sin ¢)]

> elkellx+my~) T-T"-mz]
xff dldm. 3.21)
—

V1 =12 —m?

In this expression P and Q are evaluated at (3.20); moreover, in
view of (2.120), it is obviously convenient to preserve the factor

1/Y1 =72 —m? in the integrand, and it may be noted that

Y1 =12 = mZ evaluated at (3.20) is simply cos 6. Finally, then,
using (2.120) and transforming to the spherical polar components
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of H, the expressions for these in the radiation field are seen to be
(H,, Hy, H,) ~ 27i[0, Pcos g + Q sin g, — cosO (P sing — Q cos )]
e—-lk.r

X
kor i

3.22)

It is easy to check that the corresponding time-averaged power

flux density
3Zo(HoHE + H,HY) (3.23)

yields (3.15) when integrated over the appropriate hemisphere.

For plane aperture distributions that are spatially bounded, in
the sense that they can be completely enclosed by some circle of
finite radius, the associated spectrum functions, being integrals
such as (2.111) over finite ranges, are free of singularities. The rate
of change of each spectrum function therefore remains finite over
the entire spectrum, and the method of stationary phase leading
to (3.18) and (3.21) can undoubtedly be validated by taking kor so
large that the dominance of the explicit exponential functions in
controlling the behaviour of the integrands of (2.72) and (2.107),
in the way noted in the remarks following (3.17), is complete. This
confirms the well-known result, stated at the beginning of this
subsection, that for a given spatially bounded source there is some
finite distance beyond which the expressions for the radiation field
are good approximations to the complete field.

In practice, however, it may well be that the points at which it
is desired to evaluate the field are not sufficiently distant to be
in the radiation field, even though kor > 1. In the context of the
plane wave spectrum representation this is broadly interpreted in
the following way: the more extensive is the aperture distribution
the more “peaked” does the spectrum function become in some
part of the spectrum, with the result that, for a given value of r,
the behaviour of the spectrum function may be comparably im-
portant to that of the exponential in determining the outcome of
the plane wave superposition expressed by the integral represen-
tation.

Furthermore, it is sometimes theoretically convenient to con-
sider an infinitely extended aperture distribution, in which case the
spectrum function can have a singularity, with the result that, in
certain directions, the concept of the radiation field is inapplicable
no matter how distant the point of observation.
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Even when the concept of the radiation field is not valid it may
be possible to obtain an approximation to the plane wave represen-
tation of the field based solely on the condition kor > 1. With
this in view the method of steepest descents is next introduced,
being a procedure in some respects akin to that of stationary phase,
but leading more readily to a rigorous analysis.

3.2.2. Rigorous Approach: Steepest Descents

The method of stationary phase accepts the integral (3.17) as
it stands, and appeals to the concept of phase interference to justify
the assertion that when kor > 1 only that part of C in the vicinity
of « = 0 contributes significantly to the integral. In contrast, the
method of steepest descents proceeds by first distorting the original
path of integration C into a new path everywhere along which
ikor[1 — cos (0 — «)] is real. Before examining the effect of this it
is worth pausing to consider what distortions of C are legitimate,
leaving it understood that proper allowance is made for the pre-
sence of any singularities that P(cos «) may have.

If the real and imaginary parts of « are displayed explicitly thus

o = &, + ix;, (3.24)

then
—ikor cos(x — 0) = —ikor cos (x, — 6) cosh ox; — kor sin (x, — 6)
x sinh «;. (3.25)

It is therefore necessary for the convergence of the integral that
sin (0 — «,) sinh «, be negative when &; — + ©0; and consequently
the extremes of any path of integration obtained by distorting C
must lie in the shaded sectors of Fig. 3.1, which are specified by

0 <x, <0 +n when o«;, >0,
—-n+0<wa <0 when «;, <O.

To come now to the specific possibility that a path can be found
such that everywhere on it ikyr[l — cos (0 — «)] is real, it need
only be noted that the requirement, evident from (3.25), is simply

cos (o, — 6)cosh o, = 1. (3.26)
By comparing the graphs of cos x and sech x it is readily seen that

the path specified by (3.26) passes through &« = 0 at an angle =
to the axes, and has &, = 0 + 3x and &, = 6 — 37 as asymptotes;
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Fia. 3.2.

it is shown diagrammatically in Fig. 3.2, and is henceforth designat-
ed as S(6). Moreover, (3.26) is equivalent to

sin (x, — 0) = tanh «,, (3.27)
and when (3.26) and (3.27) are obeyed (3.25) states
—ikor cos (¢ — 0) = —ikor — kor sinh &, tanh &;, (3.28)

Hence on S(0) the real part of (3.28) has its maximum value, zero,
ato = 6, where «;, = 0, and decreases monotonically to — oo away
from &« = 0 on either side. It is therefore possible, after distorting
the path to S(0), to change the variable of integration from « to 7,
where

—ikor cos(x — 0) = —ikor — kore?, (3.29)
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and 7 runs through real values from — oo to co. Evidently (3.29)

is equivalent to _
7 = V2 e ¥~ sin [4(x — 0)], (3.30)

dr = —V%e‘*‘" V1= 372 da, (.31)

and the explicit transformation of the integral is

so that

(<]
P(cos ) e=Mereos - gy — V2 et g-thr P(cos ) PCOS %) _ st gy
Vl — }ir?
i (3.32)

where on the right-hand side P(cos «) is understood to be inter-
preted as the corresponding function of z.

In the discussion of the previous section « = 0 was important
as the point of stationary phase; in the present discussion it is
important as a saddle-point. That is to say, the real part of —ikqr
x cos(0 — «), and hence the modulus of the exponential of this
quantity, is stationary at & = 0, without being either a true maxi-
mum or a true minimum. S(0) is called the path of steepest de-
scents, implying that path along which the real part of —ik,r
x cos(f — «) decreases most rapidly as &« proceeds away from the
saddle-point; the quantity increases most rapidly along a path ortho-
gonal to S(6) at « = 6, and remains constant (zero) along the real
axis. The merit of the steepest descents path is basically that, when
kor > 1, only that part of the path in the vicinity of the saddle-
point contributes significantly to the integral. In this respect its
importance is akin to that of the stationary phase path. It has,
however, an added advantage in securing the transformation
(3.32), since this form leads directly to the complete asymptotic
expansion in descending powers of kor, as is now shown.

An asymptotic expansion of any function f{(z) of a complex
variable z is defined as follows: if

@) = mg"o -‘z‘—,",;- + R,(2), (3.33)

where, for all n, z"R,(z) — 0 as |z| - oo for arg z within a given
interval, then a a
ao+—;‘-+7§-+ (3.34)
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is called an asymptotic expansion of f(z) for the given range of
arg z.

There is no implication that (3.34) is convergent, and indeed
asymptotic expansions are often divergent for all values of the
argument. The point is that for sufficiently large values of ]zl the
terms of the series decrease at least initially, and that if the series
is truncated before the smallest term the error is of the order of
magnitude of the first discarded term.

The result to be proved can now be stated thus: if F(z) is any
function for which

[ F) e de (3.35)
/

converges for sufficiently large positive values of the parameter x,

then the asymptotic expansion of (3.35) in descending powers of }/x
is given by replacing F(r) by its Taylor series in ascending powers
of v and integrating term by term. Explicitly, if

F) = Saz for |1 <o, (3.36)
s=0

7o being the radius of convergence of the Taylor series, then,
since

- 1 /s-1
L - -3(s+1)
fte & 2( - )!x , (3.37)
[V]
it is claimed that
1 s—1 ' a
- -2 3.38
ZVx :-Zo'( 2 )' xS ( )

is the asymptotic expansion of (3.35).

The proof is as follows. It is presumed that the integral (3.35)
converges for sufficiently large positive values of », and that thereisa
number 4 such that exp (—dr?) F(z) is bounded for all positive
values of 7. Then, for v > 0,

n-1
Fv) — 3 ax*| < K1" e,

=0
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where K is some fixed positive number. Hence
00

f [F(‘r) - E'Ia;c'] e*"dr

=0
(]
00
<K [weworg
(]

- %K(n ;— l)! (¢ — d)~1o+D,

so that (3.38) is indeed an asymptotic expansion of (3.35) in accord-
ance with the definition (3.33).

In the application of this result to (3.32) it need only be noted
that since the range of integration in (3.32) runs from —oo to o
the integrals of the odd terms in the development of P(cos «)
X (1 — 3ir?)~* as a power series in 7 vanish; the powers of kor in
the final asymptotic expansion are therefore —3%, —3, —3,...
The first term evidently gives the approximation

~tkor
f P(cos ) e~tkreos(0-0) gy ~, V27 et P(cos 6) d

s Vior’

confirming (3.19), and incidentally proving the asymptotic form
of the Hankel function (2.89) which was originally quoted as a
standard result. Indeed, a good illustration of the method of
steepest descents is afforded by the Hankel representation (2.98).
Since the integrand has no singularities the path C can be replaced
by S(6) without more ado, and the representation can then be
transformed as in (3.32) with P(cos &) replaced by 1/=; the full
asymptotic expansion is therefore obtained by developing (1 —3ir?)~%
as a power series in 7 and carrying out the term by term integration.

It has, then, been rigorously established that (3.39) is the first
term of the asymptotic expansion of (3.32) in inverse powers of
Ykor. It is mow necessary, as previously explained, to inquire
more closely into the question of how large kor must be in order
that (3.39) be an adequate approximation to (3.32). The answer
is to be found in the nature of the development of P(cos «) as a
power series in 7, as may be appreciated by looking again at the
asymptotic expansion (3.38) of (3.35). Although eventually the
factor [4(s — 1)]! may well become dominant, it can be said that the
condition for initial successive terms to decrease markedly is
Y= > a,/a,,,, and this is the required criterion.

(3.39)
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The point is well illustrated by the common situation in which
the radius of convergence 7, of the power series (3.36) is finite;
then broadly speaking the dependence of the coefficients a, on s
goes like 7, and the condition is » > 1/v2. For example, in the
asymptotic expansion of the Hankel function just mentioned the
power series in 7 is that of (1 — 4ir2)-%, which has radius of con-

vergence J2; the condition is therefore kor > 3. It is clear that
for any case in which 7, is finite the asymptotic expansion cannot
be convergent.

It turns out that in a number of problems the spectrum function
P(cos x) contains.a simple pole, and that this particular singularity
plays a major role in determining the nature of the field. The next
section is devoted to an examination of this important special
case.

3.3. ANGULAR SPECTRUM WITH SIMPLE POLE

3.3.1. The Complex Fresnel Integral

It will be seen shortly that the plane wave representation in
which the spectrum function has a simple pole can be expressed
in terms of a function which it is here convenient to write in the
particular form

F(a) = &' ]o e dr. (3.40)

Some of the properties of this function are now briefly enunciated.

In (3.40) the argument a is conceived as taking arbitrary complex
values, and the factor exp (ia?) has been included in the definition
of the function in order to secure boundedness as |a| - co when
arg a lies in the range —= to 4=, which covers the cases of physical
interest considered subsequently.

It is also convenient to have an explicit notation for the related
function

Fo(a) = e f e dr. (3.41)
o
Since

o (o]
fe-u' dr = 2fe“"'dt = Yre-in (3.42)
-—00 0
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it is evident that
F(a) + Fo(@) = tVmetnee, (3.43)
F(a) + F(—a) = Yre¥tnel, (3.44)
When a is real, Fo(a) is expressible in terms of the Fresnel inte-

grals, first introduced in the early optical theory of diffraction.
When arg a = —}a, (3.40) becomes

0
Flo| e-t) = -t o=
lat

expressible in terms of the error integral. And when arg a = %,
(341)is

lal
Fo(la] et') = etimete" [ ¥ dr, (3.45)
o
from which (3.43) gives
lal -
F(la| e¥) = —eti= e"""[ [etdv + i }/n] . (3.46)
o

Another form of the complex Fresnel integral is provided by

I=b f i (3.47)

where x is a real positive parameter which could be absorbed in b,
but whose retention serves a useful purpose, particularly in the
proof now to be given of the relation between (3.47) and (3.40).

Since
. <)

_;;(Ie-tb'x) = —bfe""*“’”"dr

e—lxb

= —anT

—ib%x’

it follows that

dw', (3.48)

"I

I= Vy;be“""[e

*

the upper limit being determined by the fact that / -+ 0 as x — o0;
and if momentarily b is taken to be real and positive the transfor-
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mation x’' = 72/b? shows that (3.48) leads to

00
I=2Yne™ [ e dv = 2Yn F(bVx). (3.49)
Y=
Thus far (3.49) has been proved for b real and positive. Since

(3.47) is an odd function of b, the corresponding result for b real
and negative is

I= =2Ya F(-b¥x). (3.50)

Furthermore, regarded as a function of b, (3.47) is obviously
regular everywhere in the complex b plane except where arg b is
either 37 or —3n. By analytic continuation, therefore,

e -
bf-;z-r,-,,—zdf = + 2Vn F(+bV5x), 3.51)

where » is real and positive, and where the upper sign holds for
—3n < arg b < 3, the lower for }n < arg b < 5n/4.

Series representations of F(a) or Fy(a) are available. A conver-
gent expansion in ascending powers of acan be obtained by repeated
integration by parts, starting from

a a
fe’"'dr = [re'™]2 + 2if‘r2 e dr.
o (4]

This process gives
® (2ia®)"
F@=6 2155 onv D)

An alternative approach is simply to use the exponential series
under the integral sign in (3.41), and then to integrate term by term.
This gives

(3.52)

Fo(@) = e a g (—ia?)"

A7+ 3.53)

The asymptotic expansion of F(a) in descending powers of a can
also be obtained by repeated integration by parts. In this case the
starting point is

pog (144 1 pat izt
e _ —e-r m—_fe—t
fe dr [ 2&], 5) =

a a
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and the process gives

F(a) =—2L[1 + 3 L3 f_';,.ff,’;’,." l)] +R,, (3.59

ia m=1

where

[~ <]
1.3.5..Qn+1) . [ e
R, =12 21,()”1 ) g [ 059

When aq is real and positive
1.3.5...Qn+1) [ dr
IR"I é 2n+(1 12n+2

_L35..@2i-1) 1

n+1 2n+1
2 a

so that from (3.54)

1 1 1.3
F(a) ~ > [1 + (=2 + 2 + ] (3.56)

is indeed an asymptotic expansion. When a is real and negative
the corresponding result comes from (3.44), namely

- 1 1 1.3
~ -3in ,ia® . vee
Fla) ~ Ymetinel + o [1 t G T e t ]

(3.57)

It is not difficult to generalize the analysis just given to show
directly that (3.56) in fact holds for —4n < arga < 3=, and (3.57)
for = < arga < 5x/4. It is also instructive to note that an alter-
native derivation is available by the application of the method of
steepest descents to the left-hand side of (3.51), in precisely the
manner discussed in §3.2.2. It is only necessary to develop
(v? + ib?)~1 as an ascending power series in 7, and then to integrate
term by term; the influence of the finite radius of convergence of
the power series in 7 is apparent, and the resulting asymptotic
expansion is divergent, as is indeed evident on inspection. It only
remains to note that the change from the form (3.56) to the form
(3.57) takes place on the Stokes lines, here arga = }n and arga
= —3x, where the difference between the two forms assumes its
smallest value for a given value of |a|.

The early terms in (3.52) or (3.53) give useful approximations
when |a| < 1, those in (3.56) and (3.57) when |a| > 1. Even
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when the accuracy required is not great there remains an appreci-
able gap to be bridged. Some ingenious analyticapproximations have
been proposed in the past for special applications, but more re-
cently the need has been adequately met by the tabulation for
complex values of the argument of several functions effectively
equivalent to F(a).

3.3.2. Reduction to Fresnel Integral

Consider the particular plane wave representation

f sec("‘—?ii‘i‘l) ¢~ the 030-0) gy (3.58)
S6)

in which the only singularities of the spectrum function in the
complex x-plane are simple polesatx = &y + 2n — D)z, n =1, 2,
3, ..., and the path of integration is presumed already distorted
from C to S(6), with proper allowance understood for any pole
captured in the process.

By changing the variable of integration from « to & — 0 (3.58)
appears, as

f sec(“—:%o—ig-) ¢~ thrcoss o« (3.59)
S(0)

or, by now reversing the sign of «, as
f sec(i‘-‘-i%lﬁ) g-thrcoss gy (3.60)

S(0)

The addition of (3.59) and (3.60), and division by two, then puts
(3.58) in the form

Xo — 0 CoS (%a) — p-ikgrcosa
2005( 5 ) cosa T cos(u —0) ¢ dx. (3.61)

S(0)

Now, following (3.30), make the change of variable

T = V2 e sin (Jav). (3.62)
Then (3.61) becomes
(- -]
-kort
—2e-Hn p-tks £
2e-4n g-its f T i, (3.63)
—00
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where

b= ]/.;.cos(‘9 —:2%). (3.64)

But (3.63) can be expressed in terms of the complex Fresnel integral
through (3.51). Finally, therefore,

f sec (‘x —2 “0) e-tkwrcos(6-a) gy

S(0)
= F4 ]/;t_e'im e—lk.rF[:l: V2kor cos( 6 —2060 )] > (3.65)

with the upper sign for 6§ — «, between S(—x) and S(), and the
lower sign otherwise, remembering, of course, that the expression
has period 4x in 0 — «,.

The result (3.65) is exact, and is important as a ‘“canonical”
formula that describes precisely what happens when, for a given
value of kor much greater than unity, the asymptotic approxima-
tion (3.39) nevertheless fails because of the close approach of one
of the poles to the saddle-point. The approximation (3.39) corre-
sponds to using the first term of (3.56) in (3.65), and the condition

for its validity is
I}/2korcos(0 '"2“°)

The way in which the canonical formula can be used to give uni-
form asymptotic approximations to more general plane wave
representations that are characterized by spectra containing simple
poles is now described.

> 1. (3.66)

3.3.3. Steepest Descents with Saddle-point Near a Pole
Consider once again

[ P(cos a) et cos 0= gy, (3.67)
S©6)

and suppose now that P(cos &) has a simple pole at o — = that
may approach arbitrarily close to the saddle-point 6. Suppose also
that no other singularities need special consideration; in particular,
that there are none near «, — . Then for kor > 1 a uniform
asymptotic approximation, that is, an approximation which



SUPPLEMENTARY THEORY 57

remains valid for all values of 6 — «,, can be obtained by writing

P(cos x) = Py(cos o) + p sec(o‘ ; “°) , (3.68)

where p is independent of «, and is so chosen that the function P,
has no pole at x, — 7. In fact

p= lim cos(lx - ao) P(cos &), (3.69)
K->y —T 2
and the resolution (3.68) simply splits off the pole in a way suggested
by the canonical result (3.65). By hypothesis, P, contains no sin-
gularities requiring special treatment, and the uniform asymptotic
approximation to (3.67) is therefore
e—tk.r

2m e¥” P 0
V-;e I(COS )7;;:7

T 4Ymp e’*me-""F[i Vi;;cos( 6 _—w )] (3.70)

with upper or lower sign as in (3.65).

A slightly simpler version of this result can be obtained by a
very similar if less immediately convincing argument. Instead of
being split off as in (3.68) the pole is factored out by writing

x — &g

P(cos &) = sec( 5 )P,(cos ®). 3.71)

It is then argued that since P,(cos «) has no singularities in the
vicinity of the saddle-point it may be removed from under the
integral sign with & equated to 0. This step can indeed be justified
quite straightforwardly by going over to the 7 integral as in (3.32),
and developing as a Taylor series in ascending powers of T what
remains of the relevant part of the integrand after the pole has been
factored out. The resulting approximation to (3.67) is
F4 Yr -4 P,(cos 0)e-*F [ + V2kor cos (2—_2—“3)] . (372
For kor > 1, expressions (3.70) and (3.72) are in close agree-
ment, in that when the modulus of the argument of the Fresnel
integrals is not large the first term in (3.70) is negligible compared
with the second, and 6 — &, =~ 7, implying P,(cos 6) = p, so that
the second term is approximately equal to (3.72); whereas when
6 =P
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the modulus of the argument of the Fresnel integrals is large, the
approximations to (3.70) and (3.72) resulting from the replace-
ment of the Fresnel integrals by the first term of their asymptotic
expansion (3.56) are seen to be identical, because

P,(cos &) = p + cos (“ -;%) Py(cos ).

3.4. RELATION TO OTHER REPRESENTATIONS

It is instructive to relate the plane wave representation of the
electromagnetic field to each of two other representations whic.
are frequently used. '

Consider, first, the expression in (2.72) for the component E, of
the two-dimensional E-polarized field generated by the current
density (2.75) flowing in the surface y = 0. If in (2.72) the formula
(2.76) is substituted for the function P, then the « integration can
be effected in terms of a Hankel function, using (2.98), and the
result is

E, = —}koZ, [ ju(&) HR(koR) dE, (3.73)

where
R? = (x — §)% + y2. (3.79)

Evidently (3.73) is precisely what would have been obtained by
the direct application of (2.97) to every current filament j,(§) d¢,
followed by integration over all values of & Together with the
corresponding expression for an H-polarized field it is the two-
dimensional analogue of what is probably the commonest way of
writing down the vacuum field. This latter can be recovered in an
entirely similar manner by substituting for P and Q from (2.111),
(2.112) into (2.107). After the substitution the integration with
respect to / and m can be effected by virtue of (2.120). For example,
it is found that

H = - Tln‘ _f?j,(e, » %(e_;m)de d, (375

where
R=(x-8>+ 0 -n?*+ 22 (3.76)
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This and similar expressions for H, and H; can together be written

H———ff:(s,n)Agrad(

which is recognized as the standard representation of the magnetic
vector as an integral over the current distribution, in the case when
that distribution is a surface density of current flowing in the plane
z = 0; it puts in evidence the fact that each element df &y is in
effect a dipole of strength jd& dn.

The other technique to be related to the plane wave representa-
tion is that based on taking the triple Fourier transform of Max-
well’s equations with respect to rectangular cartesian coordinates
X, , z. In vacuum, for example, Maxwell’s equations are (1.7), (1.8),
with transforms

)d«E &, (17

kKAE, = —koZ,H,, (3.78)
kAH, = ko Y,E, — iJ,, (3.79)

where here
k = ko(l, m, n), (3.80)

H,(I,m,n) = f f f H(x, y, z) e~tketixtmyin2) gy dy dz, (3.81)
—00

with E,, J, similarly defined, and as before ko, = wVeouo, Zo
= 1/Y, = Ypo/eo. The algebraic equations (3.78), (3.79) are readily
solved for H, by taking the vector product of (3.79) with k and
using the fact that k. H, = 0; this gives
_; XA kaJd,

ki —k*°
The substitution of (3.82) into the inverse of (3.81) yields the
representation

H=- 8 3 fff 1 G m) ade  nsaxsmysns gl dm din.
7T

- 12 - m2 - np

H, = (3.82)

(3.83)

The case in which the current distribution is a surface density
(Jx jy) flowing in the plane z = 0 is treated by writing
J = (U J» 0) 8(2). (3.84)
5*
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Then J,; = 0 and -
(Viexs Jop) = f f es i) €~ sm+m» g gy
—00

8n?
= —E(—Q, P),

reintroducing the notation of (2.111), (2.112); and (3.83) becomes

H= — %fff ("1”}:’ ; .”_Q;nlfjn’;’g) etk xtmysnz) g1 dm dn |
e (3.85)

The plane wave representation can be recovered from this expres-
sion by effecting the n-integration. When /2 + m? > 1 the poles at
n = +y1 — I — m? in the complex n-plane lie on the imaginary
axis on either side of the path of integration, and when /2 + m? < 1
the path of integration must be indented so that it passes under the

pole at — J1 — I> — m? on the negative real axis, and above the

pole at Y1 — IZ — m? on the positive real axis. Then according
as z > 0 or z < 0 the path is closed by an infinite semi-circle above
or below the real axis. Plainly, (2.107) is obtained.

3.5. GAIN AND SUPERGAIN

The exposition of general theory related to the plane wave
spectrum representation is now complete. So far its function has
been illustrated only with the very simplest examples, and the
present section, which concludes the first part of the book, offers a
brief discussion of a direct but rather more substantial application.
Detailed applications to problems of some breadth and depth con-
stitute the second part of the book.

In the language of aerial (antenna) theory an important feature
of the radiation field associated with the plane distribution of
surface current density, or with the aperture plane of a tangential
field distribution, is the so-called polar diagram that describes the
relative magnitude of the time-averaged power flux in any direc-
tion. More specifically, the concept of aerial gain is introduced:
for radiation into a half-space this is defined as

GO, ) = 2x power radiated per unit solid angle in direction 6, ¢
A total power radiated

b

(3.86)
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with the two-dimensional counterpart
__ power radiated per unit angle in direction 6
GO) == total power radiated - (387)

Thus with the representation (2.72), (2.73) it is evident from (3.4)
that

G(6) = —= [Plcos ) (3.88)

f | P(cos &)|* d

The corresponding expression for (3.86) can be written down from
(3.15).

Highly directional radiation patterns are often required, and
it may be asked how large the gain in any particular direction can
be made.

The direct method of increasing the gain is simply to increase
the effective excitation area of the current or aperture distribution.
Take as an example the two-dimensional E-polarized field generat-
ed by the surface current density, in the plane y = 0,

i=10,0,jx)], (3.89)
where
. Jo for |x| <a,
J) = {0 for |x| > a, (3.90)

Jo being a constant. Then, from (2.76) (cf. (1.35), (1.36)),

PR = - ———kf;? Jo f et oy = — Zz"f = Uf“’“ ; (3.91)

and, from (3.88),
GGm) = / f [sm(koa cos zx)] dx. (3.92)

koa cos x

Consider in turn the two extremes koa < 1, koa > 1. In the
former the integrand in (3.92) is approximately unity, and

G(in) ~ 1. (3.93)
To treat the latter, put koa cos « = 7 in the integral in (3.92) to

cast it into the form
koa

1 sin? v
dr. 3.94
koa [ 72V1 — 73/(koa)? 399

~Kkqa
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The first order approximation for kqa > 1 is then seen to be

(-]
1 sin’t L1
— f = (3.95)
—00
giving
G(3n) ~ koa. (3.96)

Thus, for a uniform current strip, the gain in the direction normal
to the plane of the strip is approximately proportional to the strip
width, provided the width exceeds a wavelength.

With the recognition that there must inevitably be some restric-
tion on the effective excitation area of a current or aperture distri-
bution, it may further be asked to what extent the gain can be
increased by arranging a suitable distribution within a given area.
There is, indeed, no limit to the theoretical gain that can be achiev-
ed by ideal choice of distribution, but this result is of limited
significance where practical distributions are concerned. In fact,
for excitation areas whose linear dimensions are large compared
with a wavelength it is difficult to improve appreciably on the
normal gain, G,, given by a uniform distribution. Such improvement
is, however, readily achieved for small excitation areas. Gain that
exceeds G, is called supergain.

To amplify these statements, consider again the current density
(3.89), but now take

N
{ 2 et for |x] < a,
=17

3.97
0 for |x| > a, 3.97)
where all j, are constants, and j_, = j,. Then
- _ Zo Sin(koax) . 292 N (")'fin ]
PO = — 52 S iy — 2K S = |
(3.98)
It is observed that
PO) = — 200 g 4 (3.99)

2rn

is independent of j, j,, ... jn, SO the gain in the direction 6 = 3= is
maximized by choosing these parameters to make the total radiat-
ed power a minimum.

Suppose, for simplicity, that

J1="os Ja=Jjs=-=jn=0.
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Then (3.88) gives
sin(koa cos ) (l + 2k2a? cos? )

koa cos & n? — k2a? cos?« n

2

doc.

1 1
GGn) = of
(3.100)

It is easy to show that the value of 7 that minimizes (3.100) must be
real, and that at this value of 5

f sin?(koa cos x) d ?
n? — k3a? cos? *

-G _

n ?

f sin?(koa cos x) Fcos? & sin?(koa cos &)
cos? & (7? — k2a® cos? x)?
o

[}
(3.101)
where G, is the normal gain (3.92).

If kga < 1 approximations to the integrals in (3.101) are easily
found by expanding the integrands as power series in kqa. The first
order approximation is

1- GO/ G~ %9
so that
G ~ 3G,. (3.102)

If koa > 1, put kea cos & = T to get

i
cos? & sin?(koa cos «)
(7% — kZa? cos? x)?

ke
1 w2sin2 v dv
= , 3.103
(koa)® _[ @2 — 122 V1 — v2/(koa)? ( )
—kea
with the first order approximation

1 ~ 72sin? v
(koad)* J (n* —7?)?

—00

the integral in (3.104) being evaluated by contour integration. The
same technique applied to

t 3
f sin?(koa cos «)
n? — k2a®cos? &«

dr

- 2(,: > (3.104)

(3.105)
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gives zero as the first order approximation. A more efficacious
method is to write (3.105) as

R 1 - l___e-ZIk.acosa d 3 06
e?fnz “kaPcosta (3.106)

Without altering the value of (3.106) the path of integration can be
taken as the path L shown by the full line in Fig. 3.3. Furthermore

f do
n? — kia®cos®

‘ /
S'(-z)\\ 7 L Aso A

\m

Fi1G. 3.3.

can be evaluated by closing the path round the poles, and is there-
fore pure imaginary. On the other hand, the factor exp(—2ikqa
X cos «) in the remaining integral enables L in turn to be replaced by
the paths S*(—=x) and S(0), shown dashed in Fig. 3.3; moreover,
the integral over S*(—=) is the complex conjugate of that over
S(0). Hence (3.106) can be written

1 e—ztk.acosa d 3 107
Re_?[n’—k’oazcoszoc %s (3.107)

S0)
and in this form the method of steepest descents is applicable
when koa > 1. The saddle-point is at « = 0, well away from the
poles, which are close to « = +4x; the asymptotic approximation
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stated in (3.39) is therefore valid, and (3.107) is approximately
}/}_n e-2ika
Re din . 3.108
Ba? =72 ° Yokea (3.108)
Thus the first order approximation to (3.105) is

1 cos(2kqa — 37)
> V= (k:a)m . (3.109)

The first integral in the denominator on the right-hand side of
(3.101) has already been shown to have the approximation nkga.
The final result is therefore
_Go 1 cos’(2hon = i)

G n (koa)® ’

so that the fractional increase of G over G, is very small.

1 (3.110)
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APPLICATION



CHAPTERIV
DIFFRACTION BY A PLANE SCREEN

41. BLACK SCREEN

4.1.1. Formulation of the Problem

The phenomenon of diffraction was originally manifest in
optics, long before the development of electromagnetic theory
offered the chance of treating it as a boundary value problem. The
typical arrangement was a source illuminating an aperture in an
opaque screen; and for theoretical purposes the screen was con-
sidered to be infinitely thin and perfectly “black”, the latter term
implying complete absorption, without reflection, of any incident
light. The concept of an infinitely thin screen that is perfectly
absorbing has (in contrast to that which is perfectly reflecting) no
clear cut formulation in electromagnetic theory. It does, never-
theless, lead to a useful approximate treatment; and this is com-
paratively simple mathematically just by virtue of having to proceed
from postulated boundary values rather than from prescribed
boundary conditions.

The essence of the theory of diffraction by an aperture in a
thin black screen is the working hypothesis that in the aperture the
field is the undisturbed field of the source (that is to say, the field
that would exist there were the screen absent), whereas just behind
the screen (on the other side from the source) the field is zero.
This statement is not precise; the way in which it is made so in the
standard electromagnetic formulation is now expounded for the
special case of a plane screen, the exposition being developed in
terms of the plane wave spectrum concept.

It is supposed, for the sake of definiteness, that the source of
the time-harmonic field is located in the half-space z > 0, and
that the screen occupies the whole of the plane z = 0 apart from
a certain region (or regions) designated the aperture. In general it is
not necessary to think of the area of the aperture as finite, nor
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that of the screen as infinite; and if in some specific statement it
is convenient so to particularize, it should be borne in mind that
there is a simple relation between the respective fields in the two
cases obtained from each other by the interchange of the areas
occupied by screen and aperture. This relation, commonly known
as Babinet’s principle, is enunciated a little further on.

The field throughout z < 0 (except close to the screen) is to be
calculated by recognizing that it is determined by the field distri-
bution in z = 0, and making an assumption about the latter of
the kind just mentioned. However, it is clear from the representa-
tion of the field as an angular spectrum of plane waves, exemplified
by (2.107) and (2.108) with the lower sign, that in general the speci-
fication in z = 0 of just two of the six components of E, H deter-
mines uniquely the spectrum functions P and Q, and hence the
entire field in z < 0. This implies, of course, that the behaviour
in z = 0 of the remaining four components of E and H is a conse-
quence of the prescription of that of the two selected components,
and cannot itself be arbitrarily chosen. Moreover, the question as
to which two field components should be selected for the purpose
of formulating the theory is a material one; for the assumption
to be made about their behaviour in z = 0 is bound to be inexact,
and different pairs will give different results. It might perhaps be
thought that deviations between the results would just be of the
order of the error inherent in the method, but even this is only
partly true. These points are clarified in the ensuing discussion,
which leads to a precise enunciation of the theory.

Any use of the components normal to the screen can be ruled
out as the basis of a generally applicable theory. For if the chosen
pair included E, or H,, or both, the legitimate adoption, for the
undisturbed source field, of the particular normally incident,
linearly polarized plane wave for which the selected pair was identi-
cally zero would then lead, via the proposed theory, to the absurd
conclusion that the field was zero throughout the entire region
z < 0. Attention must therefore be confined to the tangential
components of E and H; and since the orientation of the x- and
y-directions should have no significance in a general theory, this
means the admission as possibilities of the pairs H,, H, and E,, E,.

If the pair H,, H, is selected, the assumption is that the field
in z £ 0 is matched to values of tangential H in z = O that are
specified in the aperture and are zero on the screen; in other words,
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the field is that produced by a surface electric current density whose
distribution is confined to the aperture. If, on the other hand, the
pair E,, E, is selected, the field associated with the assumed bound-
ary values can be conceived as produced by a specified magnetic
surface current density whose distribution is confined to the
aperture. Each .of these procedures gives, then, a readily assimil-
able physical picture; the field in z < 0 is generated by a *“second-
ary” source distribution in the aperture.

At best, it might be expected that, in appropriate circumstances,
the respective fields derived from the two procedures would be
nearly the same. They are certainly not identical. For example, the
assumption that H, and H, are zero on the shaded surface of the
screen by no means implies that E, and E, are zero there. The final
point to make is that the standard form of the theory lays down
that the field be taken as half the sum of the two fields just describ-
ed. The reason for this apparently somewhat arbitrary stipulation
is now explained.

Evidently the exact field in z < 0 could be generated by the
appropriate (unique) distribution in z = 0 of either (a) surface
electric current density j, or (b) surface magnetic current density
ims or (c) the superposition of electric current density pj and mag-
netic current density (1 —p)j, for any constant amplitude-
phase factor p. Now surface current densities in z = 0 throw back
into the half-space z > O the “images® of the fields they project
into z < 0; but because j produces a discontinuity in tangential
H, whereas j, produces one in tangential E, the respective fields
due to j and j, in z > 0 are of opposite sign. The choice p = 4
therefore specifies the unique distribution of electric and magnetic
surface current densities in z = 0 that reproduces the given field
in z < 0, and zero field throughout z > 0. It is the absence of
“back’ radiation as a desideratum for the concept of secondary
sources that has led to the particular theoretical formulation of
the diffraction problem stated above. Again, though, it is to be
observed that, since in this formulation the assumed distributions
of electric and magnetic surface currents individually correspond
to different fields in z < 0, their combined field will not be exactly
zero in z > 0. The residual field in z > O that appears in this way
probably represents nothing beyond the error in the method, and
has no relation to whatever small disturbance actually exists in
front of the screen.
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To sum up: the approximate theory of the diffraction of an
incident field E{, H' by a plane black screen assumes that the
aperture carries both an electric surface current density n A H!
and a magnetic surface current density —n A E!, where n is the
unit vector normal to the screen pointing into the half-space,
behind the screen, in which the field is calculated.

Before proceeding to an explicit problem, two immediate corolla-
ries may be noted. The first is that, for a given diffracting plane
and incident field, the field behind a screen with two separate
apertures, 4,, A,, is simply the superposition of the field behind
a screen with single aperture 4, on that behind a screen with single
aperture 4,. The second corollary is Babinet’s principle, mentioned
earlier. The diffracting plane and incident field are again supposed
given, and two screens are considered that are complementary
in the sense that they fit together like a two-piece jigsaw puzzle
just to cover the entire diffracting plane. Then the principle is
simply that, behind the diffracting plane, the fields pertaining to a
screen and to the complementary screen, respectively, together
make up the incident field that would exist there in the absence of
any screen.

4.1.2. The Half-plane

One of the most important illustrations of diffraction theory
is offered by the problem in which the screen is a semi-infinite
plane with a straight edge.

Consider the two-dimensional case of the E-polarized plane

wave
E! = (0’ 0, 1) e'kecos (0-aq) (4.1)

incident on a thin black screen occupying the half-plane y = 0,
x > 0. Here x = rcos 6, y = rsin0, as in § 2.2.2. It is convenient
to let 6 run between 0 and 2%, the limiting values specifying the
illuminated and shadowed faces of the screen; and to take
0< Xo < TT.

Now adopt, fory < 0 ( < 6 < 2x), the plane wave spectrum
representation (2.72), (2.73); specifically

E, = [ P(cos x) etk cos @+ g, 4.2)
C

H.= —7Y, [sina P(cos &) e~'¥cos @+ g 4.3)
C
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Following the prescription of §4.1.1, the task is to find the spec-
trum function P(cos «) first whenaty = 0

0 for x>0,
E,= 4.4
|e"‘"‘°°""° for x <0, (4.4)
and secondly when aty = 0
0 f 0,
H. = ‘ or x> @.5)
— Y, sin g e**cs%»  for x < 0.

The spectrum function for the problem is half the sum of the two
functions thus determined.
Evidently (4.4) states
(o

P(2)

V1 — A2

where it is convenient to write A, = cos «,. But the right-hand side
of (4.6) is just one of the simple Fourier transform results noted
in § 1.3. It follows that
PR 1 1
V1—22 2% A+4°

0 for x >0,

4.
el for x < 0, (4.6)

e-lk.x/l dl — {

4.7

where the path of integration is shown in Fig. 2.2 (A-plane), with
the addition of an indentation below the pole at A = —24,. Thus

1 sinx
2ni cosx + COS &g

P(cos &) = (4.8)
Similarly (4.5) leads to

1 sin o,
= . 4,
P(cos &) 27i cos & + COS &g (4.9)

The field in y < 0 is therefore given by (4.2), with

1 sinax + sinog |

4mi cosox + cosaxg’ (4.10)

P(cos &) =
that is, by
— _}_ % + &o —iker cos (0 +2)
E = ftan( 5 )e do, @4.11)
C

where the path of integration is indented above the pole at
& = 7m — &4, as in Fig. 4.1.
6 EF
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The final step is to evaluate (4.11). This need be done only for
the case kor > 1, since the theory is not otherwise likely to be a
good approximation to any actual physical problem. The asympto-
tic methods of §§ 3.2, 3.3 can therefore be applied.

Complex oc-plane

Fic. 4.1.

First, it is noted that the infinite extent of the aperture distribu-
tion has resulted in a spectrum function with poles. Now the rele-
vant saddle-point is at « = 2z — 6 (remembering thatn < 0 <2n),
and so allowance must be made for the saddle-point lying arbitrar-
ily close to the pole & = 7 — . The two coalesce when 6 = 7 + «,,
and in distorting the original path of integration C to the steep-
est descents path S(2z — 6) the pole is captured or not according
as to whether 0 is less or greater then @ + «,. The implication of
this last remark is readily understood: points for which0 > 7 + &,
arein the shadow of the screen, where the field is for the most part
comparatively small, and points for which 6 < & + «, are in the
illuminated region, where the field is mostly not very different
from the incident field; and the dominant part of the transition
is provided by the contribution of the pole.

Explicitly,
E = Ef + E, 4.12)
where
= {elk.rcos(ﬂ-a.) for <0 <z + a, (4.13)
0 for m + 6y <6 < 27,
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is the “geometrical optics” field, and

=L [ tan(——"‘ L) et gy (4.14)
4ni 2
S@n-0)
is the “diffracted” field. Now (4.14) is of the form (3.67), (3.71),
with 2z — 0 replacing 0, 2n — &, replacing «,, and

_ 1 . [+ (22
Py(cos o) = — o sm( . ) (4.15)
Hence, from (3.72),

Yin — —
El=F € sin(e 2“°)e“""F[j; V2korcos(0 2“

with the upper/lower sign for 0 S n + «,.

Since F(0) = 3} exp (—}in) it is immediately confirmed that the
discontinuity in (4.16) at 0 = = + «, balances that in (4.13). In
the vicinity of 6 = = + «, (4.16) is comparable with the incident
field, and when superposed on it gives rise to the well-known
“fringes™ in the illuminated region. In the shadow region (4.16)
is the only term contributing to the field, which thus falls off mono-
tonically, for a fixed value of r, or of y, as 0 increases from & + .

The asymptotic expansion (3.56) of the Fresnel integral can be
used when, as stated in (3.66),

}/2korcos(0 ;"‘°) >1. 4.17)

From the first term of the expansion the approximation to (4.16) is
_yn _ ~ikyr
E¢ (0 °‘°) e (4.18)

T &

which is, of course, the result that is obtained on replacing the
entire factor tan[4(«x + «,)] in the integrand in (4.14) by its value
at the saddle-point & = 2% — 0 (cf. (3.39)). Equation (4.18) is the
‘“edge-wave” approximation, and from (4.17) is valid outside
some parabola

°)] , (4.16)

rcos (0 — «,) + r = constant, (4.19)

whose focus is at the diffracting edge and whose axis is along the
shadow line of geometrical optics.

Finally it may be noted that since 0 enters the solution only
in the combination 6 — «,, diffraction on this theory is purely an
edge effect.

a*
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4.1.3. The Slit

A brief discussion of the two-dimensional problem of diffraction
by a parallel sided slit in a black screen now follows. The object
here is to illustrate the part played by the finite width of the aper-
ture.

It is supposed, then, that black screens occupy the half-planes
y=0,x>aandy = 0, x < —a. The incident field is again taken
to be the plane wave (4.1), with x = rcos 0, y = rsin6; but to
simplify the algebra only the case of normal incidence, &, = 4=, is
treated explicitly.

It is, of course, possible to write down the answer immediately
in terms of two expressions like (4.16), since the field on the far
side of the screen is obviously just the difference between the
respective fields of two half-plane problems. However, the form
of solution which this procedure gives does tend to obscure the
fact that at sufficiently great distances from the slit the field can be
represented in all directions as a (cylindrical) radiation field, there
being no singularities in the plane wave spectrum function. It is
instructive, therefore, to consider the direct approach.

With the help of the Fourier transforms (1.35), (1.36) the stages
of § 4.1.2 that led to (4.10) are now easily seen, with &y = 4=, to
yield the spectrum function (cf. (3.91))

sin (koa cos «)

o5 (4.20)

P(cos &) = %(l + sin &)

Since (4.20) is free of singularities, the representation (4.2) can

certainly be approximated, without restriction on 6, by the asymp-

totic form corresponding to (3.39), provided only that kor is suffi-
ciently large. The outcome is

in 3 -1
E, ~ - (1 — singy S0 (koacos§) e oy
V2x cos 6 kor

On the other hand, the expansion of P(cos «), which is the basis

of the derivation of the asymptotic development, as shown in

§ 3.2.2, now depends on koa; and it appears that the inequality
required to validate (4.21) is

kor > (koa)z. (4.22)

With kqa > 1, (4.22) is a much more severe restriction on the
proximity to the slit of the inner boundary of the radiation region
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than the more obvious conditions kor > 1 and r > a. The ratio
of the square of a characteristic linear dimension of a diffracting
object to the wavelength is known as the Rayleigh distance; and as
is seen here in a special case, the radiation field is only developed,
for objects with dimensions exceeding a wavelength, at distances
greater than the Rayleigh distance.

What if kor > 1, but the inequality (4.22) does not hold? In
that case help must be sought from the Fresnel integral form of the
solution. A certain amount of algebra is involved in distinguishing
the various cases, and here it is merely pointed out that (4.22) is
effectively the condition for points of observation at all values of
x in the region ]x] < a to be sufficiently far from the slit for the
arguments of both Fresnel integrals to be small.

4.2. PERFECTLY CONDUCTING SCREEN

4.2.1. Babinet’s Principle and the Cross-section Theorem

The theory of diffraction by an infinitely thin screen presents
a well-defined boundary value problem if the screen can be assumed
to be perfectly conducting. This case is now considered.

Two exact results of a rather general kind are available; one
is an analogue of Babinet’s principle, the other a relation between
the transmission or scattering cross-section and the value of the
radiation field in the forward direction. These are described in
turn.

When an electromagnetic field E!, H! is incident on an infinitely
thin, perfectly conducting, plane screen, surface electric currents
are induced in the screen, and it is useful to think of the total field
as the incident field together with the “scattered” field that is
generated by the induced currents. Specifically,

E=E'+FE, H=H +H. (4.23)

It is emphasized that the incident field is the field that would be
produced by the specified source, were that source alone in unbound-
ed empty space. If, for example, a source in z > 0 were confront-
ed by a perfectly conducting sheet filling the entire plane z = 0,
then according to the viewpoint expressed by (4.23), the reason why
there is no field in z < O is because in that region the scattered field
is precisely the negative of the incident field; and this, of course,
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by virtue of the symmetry of the scattered field as discussed in
§ 2.2.1, is consistent with the fact that the scattered field in z > 0
represents the image in z = 0 of the given source.

Let the aperture region in a plane screen be designated 4 and
the perfectly conducting region S, so that 4 and S together make up
the entire plane. Then the fundamental boundary condition is

E'+E =0 on S, (4.29)

where the suffix 7 denotes the tangential component. It is also most
useful to state explicitly

H =0 on 4. (4.25)

Admittedly (4.25) is only a particular expression of the type of
symmetry possessed by the scattered field; saying, indeed, just
that the aperture carries no surface current. On the other hand, in
conjunction with (4.24) and the outgoing behaviour of the waves,
it does determine completely the field in the half-space behind the
screen; and in this way the problem is presented as a half-space
boundary value problem.

Consider, next, the complementary screen, in which 4 designates
the conducting region, and S the aperture region. The boundary
conditions are then

E,=0 on 4, (4.26)
H,-H!'=0 on S, 4.27)

where the dash is used to distinguish this field from the previous
one, and the conditions have been written in terms of the total
field E’, H' for a reason which will be apparent in a moment.

Suppose, finally, that the incident fields in the two cases are
connected by the relation

H' = Y,E'. (4.28)

Then a comparison of (4.26) with (4.25), and (4.27) with (4.24),
makes it evident that, in the half-space behind the screen, where
the total as well as the scattered field is outgoing,
H = —Y,E, (4.29)
or equivalently
E+ ZH = E'. (4.30)
The close connection between (4.30) and the statement of Ba-
binet’s principle at the end of §4.1.1 hardly needs pointing out,
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except perhaps to stress that whereas the theory behind the latter
rests on assumptions that can only be approximately correct, the
former is derived from an exact treatment based on Maxwell’s
equations and well defined boundary conditions.

The second general theorem is now considered, that relating to
the cross-section. The transmission cross-section o, of an aperture
of finite area is defined as follows: an incident monochromatic,
homogeneous, plane wave is specified, and o is the ratio of the
time-averaged power transmitted through the aperture to the
time-averaged power carried by the incident wave alone across
unit area normal to its direction of propagation. The scattering
cross-section os of a plane conducting sheet of finite area is simi-
larly defined: with plane wave incidence, os is the ratio of the
time-averaged scattered power to the time-averaged power flux
density in the incident wave. The latter definition is, of course,
applicable to any finite scattering obstacle; the case of an infinitely
thin, perfectly conducting, plane sheet is special in that power is
radiated equally on either side of the sheet, so that o5 can be cal-
culated by considering only the field in the half-space on one side
of the plane of the sheet.

To show most simply the nature of the theorem and its proof,
consider the E-polarized plane wave

E' = (0,0, 1) eftvcos@-a (4.31)

incident on a perfectly conducting screen which lies in the plane
y = 0 and contains a slit (or slits) of finite width, with infinite
edges parallel to the z-axis. Then the time-averaged power trans-
mitted through the slit is

0
Re — } [ E,H}dx, (4.32)
—o0
evaluated at any given y < 0. If y is taken zero, (4.32) can be written
Re}Y,sinag [ E;e'roose gy, (4.33)
aperture

since E, is zero on the conductor and H, = H in the aperture.
But when the field in y < 0 is expressed in terms of the spectrum
function P(cos ), as in (4.2), then

P@A)  _ ko 1hyxA
" f E, et dx, (4.34)
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and (4.33) is seen to be proportional to the real part of P(—cos «,).
In fact, division by the time-averaged power flux density in the
incident wave, 4Y,, gives

or = Re —i—’f— P(—cos ag). (4.35)

Now (4.35) can in turn be expressed in terms of the radiation
field in the forward direction, that is, in the direction of propaga-
tion of the incident wave, 0 = = + «,. For since the aperture is
of finite width, the far field at 0 = = + &, is given by

e—tk,r

Ez = F—pe > (4.36)
r
where
F = "Zn/ko e*"' P(—COS (xo) . (4.37)
Hence
ar = Ime¥*Y2n/k, F. (4.38)

The content of the cross-section theorem is represented by the
connection shown in (4.36) and (4.38) between the cross-section
and the amplitude of the far field in the forward direction.

It is easy to confirm, in the two-dimensional case, that the result
just proved does in fact apply to the incidence of any homogeneous,
linearly polarized plane wave with electric vector E! of unit ampli-
tude and arbitrary direction. Formula (4.38) is of general validity,
it being only necessary to interpret F as the quantity which identi-
fies the right-hand side of (4.36) with the component of E, in the
far field, that is parallel to E’.

The three-dimensional case follows just the same lines. For a
perfectly conducting screen in the plane z = 0, with aperture 4
of finite area, the time-averaged transmitted power is

Re} [ (—E.H}* + E,H*) dxdy. (4.39)
A

Without loss of generality the incident wave can be written

E' = (cosy, —nsiny, m sin y) etkemy+nn, (4.40)
H' = Yo(—siny, —n cos p, m cos p) e'kemr+m )
where x = 0 is chosen as the plane of incidence, 7 is the arbitrary

angle which E' makes with the x-axis, and n = Jy1 — m?. Then



DIFFRACTION BY A PLANE SCREEN 81

(4.39)atz =0is
Re 1Y, [[(Exmcosy — E,siny) e dxdy.  (4.41)
A

The representations (2.107), (2.108) are now used; in particular,
the inverse of (2.108) with z = 0. Evidently (4.41) can be expressed
in terms of P(0, m) and Q(0, m); and after division by 1Y, to get
the transmission cross-section, it appears that

47:

or = Re 2 (nPsiny + Q cosy). (4.42)

But from (3.22) the far field in the forward direction, ¢ = 37/2,
cosl = —n,is

(Eo» Ep) ~ Zo(Hy, —Hp) ~ 27iZo(—nP, Q)

—lk.r
kor ’

so that the far field component of E parallel to E! is

etk
E,~F (4.43)
where
F= 2m (nP siny + Q cosy). 4.44)
Thus (4.42) states that
or = Im(Q2xn/k,) F. (4.45)

It only remains to observe that virtually identical results apply
for the scattering cross-section, o5, when a homogeneous, linearly
polarized plane wave, with electric vector of unit amplitude, falls
on a plane conducting sheet of finite area. It is easy to see from the
exact form of Babinet’s principle, expressed by (4.30), that, in the
two-dimensional case,

as = —Ime*'*2Y2n/k, F, (4.46)
and in the three-dimensional case
os =—Im(4n/k,) F, 4.47)

where F now specifies the complex amplitude in the radiation region
of the component parallel to E! of the electric vector E* of the
scattered field, and the reason for the extra factor 2 has already
been mentioned.
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4.2.2. The Half-plane

The specification of the problem now considered differs from
that of the problem treated in § 4.1.2 only by having a perfectly
conducting rather than a perfectly absorbing screen.

Electric surface currents parallel to the z-axis are induced in the
half-plane y = 0, x > 0 through the action of the incident plane
wave (4.1). The scattered field E*, H* is represented as an angular
spectrum of plane waves precisely as in (2.72), (2.73). It is recalled
that in this representation the continuity of E; across y = 0 is
automatically ensured. The boundary conditions from which the
spectrum function P(cos «) is to be determined are therefore (4.24)
and (4.25). In the present context these are, in reverse order,

o0
[ P@)e™*dj =0, for x <O, (4.48)

P(%)

J1 — A2
—o00

where 1o = cos &y, and the path of integration avoids the branch-
points at A = +1 in the way shown in Fig. 2.2.

It thus appears that instead of a single integral equation for
P(2), which is effectively what characterized the problem of § 4.1.2,
there are two integral equations, holding for different ranges of x.
Such dual integral equations can be solved when the ranges are
x < 0 and x > 0; and here, in fact, in contrast to most cases, the
solution is very simple because of the simplicity of the functions
involved.

Keeping close to the ideas of § 1.3 and § 4.1.2, it is noted that,
if P(2) is of algebraic growth at infinity in the complex 1 plane, then
the paths of integration in (4.48) and (4.49) can be closed by in-
finite semicircles in the upper and lower half-planes respectively.
The solution of the equations therefore requires only that P(2) be

free of singularities in the upper half-plane, and that P(3)/y1 — A?
have a simple pole at A = —1,, which the path of integration
avoids by being indented to pass above it, and be otherwise free
of singularities in the lower half-plane.

To give formal mathematical expression to these statements it is
convenient to introduce the following notation: functions free of

etkdd) = etk for x>0, (4.49)
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singularities and zeros in the half of the complex A-plane above the
path of integration (the upper half-plane), and of algebraic growth
at infinity therein, are called U functions, and are written U(2);
and those free of singularities and zeros in the lower half-plane,
and of algebraic growth at infinity therein, are called L functions,
and are written L(2).
Then a solution of (4.48) is
P2) = UQ), (4.50)
and a solution of (4.49) is
PR 1 LM 1
V1—22  2mi L(—4) A+, °

All that remains, therefore, is to find functions U(4) and L(2) to
satisfy the relation
1 _ L) 1
V1 =22 L(=4o) 2niUD A + 4)

Evidently (4.52) requires the explicit expression of 1/}1 — A2 as
the product of a U function and an L function; and with Fig. 2.2
in mind the two functions are seen to be 1/J1 — 4 and 1/}1 + A
respectively. Now 1/U(2) and 1/(2 + A,) are both U functions, so
that (4.52) implies

(4.51)

(4.52)

LA V1 =1
L(-%) Y1+21°

where the constant factor on the right-hand side is fixed by the
fact that the left-hand side is unity when A = —4,. Thus

Py = o YL A V1 = (4.54)

2mi A+ 2o ’

(4.53)

or equivalently

_ 1 sin (3&,) sin (3«)
Pleos o) = —r =5 + cos &g

= 4:::' [sec (“ ;%) - sec(“ ';“o )] . (4.55)

Reference to (3.65) now reveals the delightful result that the
exact solution can be expressed in terms of Fresnel integrals. The
details are easily worked out. The spectrum (4.55) is substituted
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into (2.72), (2.73) to give the scattered field, and the path C is
distorted into the path of steepest descents, S(0) for y > 0, S2n — 6)
for y < 0, with due allowance made for possible capture of the
poles. With the help of (3.44) it is found that the electric vector of
the total field can be written

e 2 (5%

—F [ —V2kor cos (f_—_l-z_a_?_)“ etk (4.56)

From (4.56) various approximate forms of the field can be deriv-
ed, depending on whether kor is large or small and whether 6 is
or is not close to either of = + «,. Remarks analogous to those
made in the paragraphs of § 4.1.2 following (4.16) are applicable,
save for the fact that 6 does not enter (4.56) solely in the combina-
tion 6 — «,.

The corresponding problem when the incident plane wave is
H-polarized can be solved in a virtually identice{I manner; alter-
natively the solution can be deduced from that just obtained by
appeal to the exact form of Babinet’s principle. The magnetic vec-
tor of the total field turns out to be

b= e[V o (252

+ F[—mcos(e T2 )]} etk 4.57)

which differs from (4.56) only in the sign in front of the second
Fresnel integral.

4.2.3. The Wide Slit

Diffraction by a two-dimensional slit in a perfectly conducting
screen presents a vastly more difficult problem for exact solution
than the half-plane. Recently some progress has been made in
obtaining a solution in closed form, but the analysis is abstruse.
Here the discussion is limited to approximate treatments of the
two complementary cases in which the slit width is respectively
much greater or much less than a wavelength.
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Suppose that the two-dimensional, H-polarized plane wave
specified by
H: = etk.rcos(o-a.) (4.58)

is incident on perfectly conducting half-planes occupying y = 0,
x > 0and y = 0, x < —d; and assume without loss of generality
that 0 < xo < 3x. In the case kod > 1 it is to be expected that, if
& is not too small, the current distribution in each half-plane will
be approximated by that which would exist were the other half-
plane absent. The aim, therefore, is to cast the analysis into a form
in which this zero order approximation appears naturally, and
from which successively better approximations can be obtained
by some sort of iteration.

(xy)

To this end, let r, 6 and s, ¢ be polar coordinates measured from
the respective edges of the half-planes, as illustrated in Fig. 4.2,
and write the field scattered by the right half-plane as

Hi'= + [ Py(cosa)ethweos @ gy, (4.59)
C

and that scattered by the left half-plane as
H3? = £ [ Py(cos ) e™oscos@*a gy, (4.60)
c

where in each case the upper/lower sign applies for y 2 0. Since H;'
must be zero for 6 =, and H? must be zero for ¢ = 0, both

P,(M)/Y1 — 2% and P,(A)/Y1 — A% are taken to be U functions.
The complete scattered field is the superposition of (4.59) and (4.60).
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The boundary condition that the component E, of the toral
field vanish on y = 0, x > 0 gives

o0
[ [Pi(3) e + Py(2) e i) dh = Y1 — e'khs, (4.61)
whete Ay = cos &p; and the same condition on y =0, x < —d
gives
j‘ (P, elks+dd Py(D) e-u.sz] dl = m e-tke(s+dAy
- (4.62)

These simultaneous integral equations for P; and P, can be
cast into a form suitable for solution by successive approximations
when ko,d > 1 by the following device. Write

[ Py e*@nid) = — [ 0,(2) ekt i, (4.63)

where

}/l +1 Py
X0 Mo gy (464
24 = fvlua+me by (6D

and the path of integration in (4.64) passes above the pole at
u = —A. Then (4.61) appears as

[IP®) - QD et dd = VT = Beoh,  (469)

But (4.65) is precisely the equation that describes the correspon-
ing isolated half-plane problem, with P,(1) — Q,(4) replacing
P,(2); for, by design, Q,(4)/¥1 — A% is also a U function. The

solution is (cf. (4.54))
1 V14+2,¥V1+2
P - 2 = — 5~ 7 +° 7 . (4.66)

Thus (4.61) yields
Py = — L i+, V1 +2
! 2ni A4 2

l + Pz(!‘) kedp .
Lk f i etkn gy : (4.67)
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and similarly (4.62) yields

Py = - L VR TR s,

2mi A—2

m—fVl Py(p)

2ni pu+

— 00

Equations (4.67) and (4.68) are in the required form. Apart from
the case of nearly grazing incidence ().o 1), the first terms on the
right-hand side of each equation give the zero order approxima-
tions, that is, the isolated half-plane solutions. Correction terms
are then obtained by substituting these zero order approximations
for P, and P, into the integrands in the second terms, and it only
remains to evaluate the resulting integrals.

Consider the integral in question in (4.68). Leaving a multiplying
factor to be reinstated later, it is

ey,  (4.68)

T+ p etk gy 4.69
J V= #W+D@+%) a (*.69)

where the path of integration is shown in Fig. 4.3. The branch
cut through 4 = —1 can be taken parallel to the positive imaginary
axis, and the path of integration can be wrapped round it. If, then,

u= -1+ ir?,
the new integration variable = runs from —oo to oo, and (4.69) is
(o<}
| v et de
V2—-i2(1 =2 —it®) (1 = A — iT%)
—o (4.70)

Complex p-plane

L\

+1

T -

Fic. 4.3.
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With kod > 1, and provided 1 and A, are not too near unity, the
asymptotic expansion in inverse powers of kod may be written
down by developing the non-exponential part of the integrand as a
power series in 72 and integrating term by term (see § 3.2.2). The
first term gives the approximation

e-ik.d

1
(1 =2) (1 =2 (kod)*?*~
In this way (4.67) and (4.68) yield the approximations

P = — V1 +4,11 +4

27i A+ A

eiin o- ket V1 =2, V1 +4 e txad @12)
4nV2n T+ i) A =D Fed’ '

L VI-2V1+2 gy,

27 A—2
B e e i

4n2n (L= A) (1 = %) (ked)®*’

valid when kod > 1, provided A and A, are not too near unity.
The analysis also requires that 1 + A, be not too near zero, but
this is inherent in the assumption that «, is between 0 and 4.

Now the magnetic vector of the complete scattered field, ob-
tained by summing (4.59) and (4.60), can be written

H: = + [[Py(cos &) + Py(—cos &) e=edooso] g=thweon@7o) gy,
(o)
4.74)

The expression for the transmission cross-section of the slit corre-
sponding to the approximations (4.72), (4.73) can therefore be
written down from the formula

— Vine¥n (4.71)

Pz()') = -

@.73)

or = Re = 22 [Py(~Ao) + Pl ™), (479)
o

which is the form that (4.35) takes in the present context, the lead-
ing minus sign arising solely from the convention adopted for the
plane wave spectrum representations for E- and H-polarization.
The first terms in (4.72) and (4.73) diverge as A tends to —1, and
Ao respectively, but the combination in (4.75) tends to a limit. The
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result is . a ) cos [ked(l ) + 4]
o — €08 o) c0s [kod(1 + cos g 7
orld = sinxg + -ZW::- { (T + cos o)’
(1 + cos xg) cos [ked(1 — cos xg) + }n]} 1
¥ T — cosao? w7 @7

which gives the first correction to the geometrical cross-section
d sin xy. In particular, for normal incidence, &y = 17,
_ 1 cos (kod + i‘ﬂ)
or/d =1+ VE (kod)P?

The failure of (4.76) at near grazing incidence, &, ~ 0, is appar-
ent from the nature of the denominator of the last term. This
case is somewhat more complicated, for the following reason. As
oo decreases towards zero, the current distribution in the right
half-plane remains nearly the same as that which would be present
were the half-plane isolated; indeed, gets closer to it, since the
disturbing field it experiences due to the presence of the left half-
plane becomes more nearly back scatter from a thin screen view-
ed end on. On the other hand, the current distribution in the left
half-plane departs markedly from that which would be present
were that half-plane isolated; for the disturbing field it experiences
due to the presence of the right half-plane is more nearly forward
scatter, which is comparable in magnitude to the incident wave.
Putting it more quantitatively, the previous calculation will begin
to fail when &, becomes so small that the edge of the left half-plane
falls inside the parabola described by (4.19).

What does this mean analytically? The lowest order approxima-
tion suffices to show the change in character of the solution, and
for this the integral term in (4.67) is dropped, leaving the isolated
half-plane result for P,(4). Thisis then fed into the integral in (4.68),
giving, apart from a multiplying factor, the result (4.69), and in
turn (4.70). However, since now it is presumed that 4, is near unity,
the subsequent evaluation cannot follow the simple step that led
from (4.70) to (4.71). For the cross-section calculation, in fact, 4
is equated to 4,, so both are close to unity and z can be set zero only
in the factor (2 — i#r2)~*. When this is done the resulting approxi-
mation is

~Hn - > 72 -kt
V2 entin gmind f E i =] (4.78)

- 00

.77

7 EP
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To handle (4.78), the non-exponential part of the integrand is
written

_ 1 [ 1-2 _ 1 -2 ]
A=Zo lT2+i1—2) 2240l =20

and (3.51) employed. The approximation to P,(2) is thus readily

seen to be

1 V124 V1+4
1kodAy = — 2
e PZ(A') 27 A - j.o
e Y1+, V1 +24 e~ tked(1-29)

7 V2n A—2
x (V1 = AF(Vkod(1 = ) = V1 — 4 F(Viod(1 = 45))}.  (4.79)

The transmission cross-section is obtained from (4.75). The
first term in (4.79) combined with the present approximation for
P,(2), which is just the first term in (4.72), yields the contribution
dsin xy to oy, as before. To evaluate the remainder of (4.79) at
A = Ao requires the limit to be taken. With

&= Vkod(l — o),

this limit is

e ¥ Ykod _ & 3 ) o
wV2m ¢ (2 kod)[F(e) &+ 2ie2F(e)] e,  (4.80)

The correction to the geometrical cross-section d sin &, for o is
therefore the real part of —2n/k, times (4.80).
Ife < 1, (4.80) gives

et Ykod
71:]/77: €

where, for consistency, only the leading explicit power of d is
retained; and the contribution to the transmission cross-section

is therefore _
d 2d 2

To order ¢, the second term in (4.81) cancels the other contribution,
dsin oo. Hence ,when o < 1/Vkd,

i d 2
or =2 Vﬂko + O(g?). (4.82)

[}V;e‘*"' — 2¢ + VYret'me? + O(e?)].
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At grazing incidence ¢ = 0, and the leading term in the trans-
mission cross-section is then proportional to the square root of
the slit width.

4.2.4. The Narrow Slit

When a monochromatic'wave is diffracted through an aperture
whose linear dimensions are very much less than the wavelength
the findings of theories owing some allegiance to geometrical
optics do not constitute even a zero order approximation to the
solution. The problem can be illustrated by considering a slit in a
perfectly conducting plane, as in § 4.2.3, except that now kod < 1.
The isolated half-plane solution is no longer a useful signpost, and
so the dual integral equations as given by the plane wave spectrum
representation are used without preliminary transformation. To
treat the simplest case we revert to the notation of § 4.1.3, taking
the slit to occupy y = 0, |x| < a; and the plane wave to be E-
polarized and normally incident. With the fotal field in y < 0
represented by (2.72), (2.73) with the lower sign, the boundary
conditions at y = 0 give

0o

P4

etk g = 4.83
.'/-IT— A dl =0, for |x| > a, ( )

f P()e " d) =1, for |x|<a. (4.84)
— 00

From the symmetry of the problem P(1) is an even function of 4.
If
P (}') b J. 2m+l(k0al)
— [ R e a——
V1 -2 200
is chosen as a solution of (4.83), which it clearly is by virtue of
the asymptotic behaviour of the Bessel functions as 4 — + o0, and
their freedom from singularities in the complex A-plane, then
substitution into (4.84) shows that the coefficients a,, are required
to satisfy

(4.85)

» V 1 1
2 am Jz,,,,,l (koal) cos (koxA) dA = 5> for |x] <a.
m=0

(4.86)
™
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When koa <€ 1, the major contribution to the integrals in
(4.86) comes from large values of 4, and the integrals are

i [ Jams1(koad) cos(koxA) dA + O(ko0a)
1]

_ icos[(2m + 1) sin~!(x/a)]
- koaVl — x?/a® + Okoa),

the final integration being effected by use of the Bessel function
representation quoted in (7.32).
Thus, to the lowest order approximation, (4.86) gives
koa

G0 =~ a,=0 for m=1,2,3... (4.87)

and correspondingly
P(%) _ koa Ji(koal)
= =<7 (4.88)
To this order the cross-section theorem gives zero for or. But the
time-averaged power transmitted through the slit per unit length
can be evaluated from (3.4); division by 1Y, gives

or = Ink.a? f tan? aJi(koa cos &) dox,
(4]

and with koa < 1 the Bessel function can be replaced by 4kqa cos &
so that
.7'52

or =2 Kiat. (4.89)

4.2.5. Line-source

To conclude this chapter the case is considered of a line-source
parallel to the edge of a perfectly conducting half-plane. The method
of solution is simply to represent the source as a plane wave spec-
trum, and to apply the known solutions for plane wave incidence.

Let the faces of the half-plane be 6 = 0, 6 = 2x, as before, and
let the line-source be specified by H! = (0, 0, HY), with

e- ikoR

VkoR '

(4.90)

H = V% e 3m HP(koR) ~
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where R is distance from the location of the source at ro, 0,
(0 < 0y < ). Then, from (2.98), the incident field is written

eiin .
Hi = E_ e-lk.r.cos [( )] etk.rcos (0-a) d‘x , for y é ro sin 00 ,
C

(4.91)

where two points are worth noting: first, that the leading exponen-
tial in the integrand ensures that all the waves of the spectrum are in
phase at ro, 0,; secondly, that the representation chosen is that
valid throughout the half-space below the source, so that each plane
wave of the spectrum is incident on the half-plane from above, in
conformity with the analysis of § 4.2.2.

It is now evident that the solution can be obtained from that
for an incident plane wave

HP = (0, 0, l) e'kercos (6-2) (492)
on multiplying by the factor
et -
.T_zn e~ tkerecos (6o-a) (4.93)

and integrating with respect to «. Admittedly, in § 4.2.2 no thought
was given to the angle of incidence, there denoted by «,, being
other than real; but the solution (4.57) is an analytic function of
oo without singularities, and is thus equally applicable to complex
values. In fact, it is more convenient to use, rather than the form
(4.57) itself, the corresponding angular spectrum representation.
This can be written as the sum of the geometrical optics field and
the diffracted field (cf. (4.12))

H? = H¥ + HY, (4.94)

o 6+8
i COS—2—COS( > )

M= —ikercosf
H T cosa + cos (0 + B) e dag, 4.95)

S

where

using for H-polarization the angular spectrum function correspond-
ing to (4.55), and with changes of notation consequent on &« now
being the angle of incidence.

If & is complex, with real part between O and 7, the regions in
which the different expressions for H}* hold are determined by where
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the paths S(z — 6) and S(@ — =) in the complex «-plane lie rela-
tive to «. In multiplying (4.94) by (4.93), and integrating over «,
it is therefore convenient to exercise the liberty to take the initial
« path of integration as S(f,). This leads to the solution

H,= H: + H?, (4.96)
where
V-Zz‘- e [HP(koR) + HP(koS)], for 0<0 <z — 0,
s
-i-e'*"' H@(koR), for m—0,<0<m+0,,
0, for w+0,<0 <2,
4.97)

S being distance from the image point r,, 2z — 6,, and

Ha 2 2
Hi= 2

n 72,, cos(x + Op) + cos (B + 6)

SO0 SO

X e-lk.(r.cosa+rcosﬂ) dx dﬂ. (4.98)
The double integral (4.98) can be simplified. First, write
H$ = I(0,) + I(—6,), (4.99)
where
1(0 ) e}ln e-ik.(r.cosa"cosﬁ) d dﬂ (4 100)
o) = o dff. .
4nV2n ffcos(a + B -12- 0, + 0)

S0) S©0)

Then multiply both numerator and denominator of the integrand
in (4.100) by 4cos [#(x — B + 6, + 0)], and discard that part of
the resulting integrand that is an odd function of 8. This gives

[(0 ) _ e&ln 1
o 8:rti2n ff[ cos(f_.'_-_e_o_-*.._a_)—sin_ﬂ.

2 2

S0 S0

+ 1 cos _.g_. e-the(recosatrcosp) g dp.

oc+00+0 . ﬁ
COS(————T—) + sm—2-

(4.101)
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In the second term of the integrand in (4.101) change & to —o;
then

16,) =
(o) ZnV_
S(0) ()
6 + 00‘ B ~ikg(recos a+r cosf)
cos( 5 )c szcosze
. (0o +0 B 2(00 + 0)
cosax + cosfB 2-4sm( 5 )sm2 5 + 2cos 5

X do df. (4.102)

The change of variables to &, 9 through

£ =12en sin%‘- y M= V2 e-#7 sin -g— (4.103)
now gives

e{ln

106,) = - e-tharatn) cos(
e-krdtarn®)
ff£2+n +2sm(0 )En+2 cos’(e°;.o) -

e (4.104)

00+0)
2

and the further change to g, ¢ through
& =VRyroecosp, n=7VR,rosing, (4.105)
where R, = r, + r, yields

tin Py
106,) = —n—eﬁ;e-‘h& cos(0° ; 0) f oK(@) e " dp,  (4.106)
[

with
2“ O— em—
K() = f lezn/-:— cos?p + l/_'l sin? ¢
To r
0
-1
+ 2sin (0_0212) sin @ cos<p] +2i =% }’—r. cos? (0° ;- 0)} dop.
(4.107)
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Evidently K(g) can be evaluated by putting { = exp(ip), so that

o ta
ko) = -4 f AT ¥ 2B+ C° (4.108)

unit
circle

A= _r__V_rl_ 2isin(0°+0),
ro r 2

where

B = RLQ’ + 4i Mcos’(———oo-"a),
Yrro R, 2
c=|/L- 2+2isin(0°+").
ro r 2

It is easily confirmed that two of the poles of the integrand in
(4.108) are inside the unit circle, and that two are outside, with the

result
_ 0+86, “ ., 4o 2[00 + 0
K(g)-2nsec( 3 )/Ve + 2ip® — R cos ( 5 ),
(4.109)

where the square root is in the first quadrant. The substitution of
(4.109) into (4.106) gives

/__
1(00) = :F l/% e{la e—ik.R;

v 0 e—k.R;o'
% do, (4.110)
(2+iR1—S)(2+iR1+S)
0

with upper/lower sign for cos [$(0, + 6)] 2 0.

By adopting the form

0 l/7 4 g-theS " _a (4.111)
I0o) = F |/= etin et : :
G =% |7 VA% + 2koS

LTS)

with the analogous expression for I(—6,), and noting that

. 2 —a
H®(koR) = _?_:_ e-1keR fmdl’ (4.112)
0

— o0
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the total field can be written

H, = V_ etin | o- kR f e
VA2 + 2koR

-U.'
4 o-lks f , (4.113)
VA% + 2k,S 2koS

_ ko’or 00—0
p~2Vro+r+Rcos( 2 )’

_ koror 0o + 6
o) (20,

The form (4.113) is very similar to (4.57), to which it clearly reverts

when, after multiplication by Ykoro exp (ikoro), 7o is made to tend
to infinity. It may also be noted that a Fresnel integral approxima-
tion for the diffracted field is valid provided only that koR, > 1;
for example, in (4.111) the non-exponential part of the integrand
can then be replaced by its value at the lower limit, to give the
approximation

100) = ¥ ]/— PR = 5)). @.115)

Vko(Rl +5)

As a final comment it is worth drawing attention to the fact
that the spectrum function P(cos «) resulting from a plane wave
incident at angle «,, (4.55) for example, is symmetric in &, and «.
This is a manifestation of the reciprocity inherent in Maxwell’s
equations, which in the present context signifies that the solution
for a line-source is unaffected if the location of the source is
interchanged with that of the point of observation (ro <> r, 6, «>0).

where

(4.114)




CHAPTER V

PROPAGATION OVER A UNIFORM
PLANE SURFACE

5.1. RADIO PROPAGATION OVER A HOMOGENEOUS
EARTH

5.1.1. Reflection Coefficients for Plane Wave Incidence

When radio waves transmitted from one point on or near the
surface of the earth are received at another, there are, of course,
many factors affecting the strength of the received signal. One
question of a rather general nature is the extent to which the elec-
trical properties of the ground, represented by its permittivity and
conductivity, control the behaviour of the field. A comparatively
simple idealized problem, whose solution goes some way to an-
swering this question, at least when the distancesinvolved are not so
great that earth curvature has to be taken into account, is that in
which the source is situated in a vacuum above the plane boundary
of a semi-infinite, homogeneous medium.

The main interest of the problem is certainly covered by consider-
ing distances from the source greater than a wavelength or so,
and it might be thought that the answer would be trivially obtained
from a straightforward ““ray” treatment, in which allowance is
made for the earth’s reflection coefficient. That this is by no means
always the case is mainly because, for a certain polarization, the
reflection coefficient is very sensitive to the angle of incidence when
the incidence is near grazing, and, since the distance between
transmitter and receiver is commonly much greater than the sum
of their heights above the earth’s surface, the effective angle of
incidence is likely to be small. It is instructive, therefore, before
proceeding with the full analysis, to recall briefly the properties
of the Fresnel reflection coefficients.

As explained in § 1.2, for a given angular frequency w, the
permittivity ¢’ and conductivity ¢ of the medium appear in the

98



PROPAGATION OVER A UNIFORM PLANE SURFACE 99

analysis only in the combination ¢’ — io/w. It is convenient now
to denote this parameter, the complex permittivity, by the symbol
¢. The permeability of the medium is assumed not to differ from
the vacuum permeability u,,-and the symbol u is reserved for the
complex refractive index (called x, in § 2.1.3), namely

= Veleo . .

It is assumed, as would be the case for any earth constituent, that
¢’ and o are positive. Then ¢ lies somewhere in the fourth quadrant
of the complex plane, and the convention for the radical in (5.1) is
that it is the branch that is positive when ¢ is real; thus x has argu-
ment between 0 and —3}x. The characteristic impedance of the
medium Z = Vuo/e and admittance Y = 1/Z are, in general,
complex; they are related to the corresponding vacuum quantities
through

Z = Zolu, Y = uY,. (5.2)

The propagation coefficient k = w}eu, is likewise complex;

evidently
k =kop. (5.3)

Suppose now that a homogeneous plane wave in the vacuum
falls on the plane face of the semi-infinite medium at angle of in-
cidence « (normal incidence being & = 4x). There are, in general,
reflected and transmitted waves, and the reflection and transmission
coefficients depend on the polarization. For an E-polarized in-
cident wave the calculation is virtually that given in §2.1.5; the
reflection coefficient is

Yosinax — Ysinf

¢ = Y, sina + Ysing’ -4
where
kocosx = kcosf. (5.5)
For an H-polarized wave the reflection coefficient is
_ Zosinx — Zsin f (5.6)

bn =7 Sina + Zsing

In the former case E is perpendicular to the plane of incidence, in
the latter case parallel to it. In the context of propagation over the
earth these cases are sometimes referred to as horizontal and ver-
tical polarization respectively. The formulae as written are quite
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general; but if the particular relations (5.2), (5.3) appropriate to
vacuum permeability are used, they appear as

sinx — usinf

@2 = Sina + usin B’ (5.7
__ msinx —sinf
en = ysina + sin B’ (5:8)
where
cosx = ucosfl. 5.9

When a source is represented as a plane wave spectrum it is
necessary to understand the behaviour of (5.7) and (5.8) as func-
tions of «. Since

e

2
sin f = Vl - °°;2“ , (5.10)
both these functions have branch-points at
cosa = tu. (5.11)

As regards the possession of poles or zeros they are, however,
quite different in character.

Consider, first, (5.7). If it has any poles or zeros they must be at
values of « that satisfy

sin? & = p? sin? B; (5.12)
but since, from (5.10),
u?sin?2 g = u? — cos? «,

the satisfaction of (5.12) is impossible, save for the trivial case
u = 1. Thus gg has no poles. Furthermore, for the earth at radio
frequencies it can be taken that || > 1. In this case, for all real
values of «, sin 8 is close to unity, from (5.10), and g is close to
—1. The reflection coefficient is in no way sensitive to the angle of
incidence.

It is another matter, however, with (5.8). Here possible poles
or zeros occur at values of « that satisfy

u?sin? « = sin? g, (5.13)

which gives
1

singx = + ————0r.
Vu? + 1

(5.14)
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If the convention is adopted that the radical in (5.14) is positive
when u is real, a glance back at (5.10) and (5.8) is sufficient to
establish that o is zero when

sinx = , (5.15)
u: + 1
and has poles at
1

sinx = —W. (5.16)

If u is real, (5.15) shows that there is a real angle of incidence
for which there is no reflected wave. This is the familiar Brewster
angle, and is easily seen to be that angle for which the directions
of reflected wave (were there one) and transmitted wave are
orthogonal. For x4 > 1, the transmitted wave travels almost at
right angles to the interface, and Brewster incidence is near grazing.

When x4 is not real, the counterpart to the Brewster angle is
complex. If it is denoted by &, with 0 < Re a5 < 3, then (5.16).
states that gy has poles at the values of & for which

sinx = —sin &g. (5.17)

Since u has argument between 0 and —3}=, it appears that these
poles lie somewhere in the regions of the complex x-plane shown
shaded in Fig. 5.1; it should be noted, in particular, that these
regions are outside the strip 0 < Re &« < &, and that the tangents
to their curved boundaries at « = 0 and « = 7 make angles }x
with the axes. A consequence of |u| > 1 is that [xs| < 1, and there
is a pole close to & = 0. The effect of this is to make gy vary rapidly

l / | l
| ( | l
X
-X -3x 0 x Ix 2x
| 7 |7 I
| I

Complex oc-plane

FiG. 5.1.
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with « when &« becomes small; indeed, it is apparent from (5.8)
that whereas gy is —1 at « = 0, it swings over to a value close to
+1 as soon as « increases much beyond 1 /|y|. It is just this beha-
viour of the reflection coefficient which gives the problem of a
vertically polarized source above the earth’s surface its special
interest.

5.1.2. Solution for a Localized Source: E-polarization

The problem now treated explicitly is that in which a line-source
is situated above the semi-infinite homogeneous medium. However,
the solution is put into a form that applies also to the case of a
point-source.

Consider the case in which the source is E-polarized, and speci-
fied by

i -}n @ ~ e~ kR 1

E; = Vine¥* HP(koR) -m , (5.18)
where R denotes distance from the location of the source at rq, 04
(0 < 0y < n). Then, just as in §4.2.5, the plane wave spectrum
representation of (5.18) is introduced; namely, the right-hand side
of (4.91). Each plane wave of the spectrum gives rise to a reflected
wave, with reflection coefficient (5.7). Hence, in y > 0, there must
be superposed on (5.18) the reflected field

e-*m

zr — () eik.Scoa (y+a) da’ 5.19)
Vo | O (
C
where S, (0 < y < 4=, say) are polar coordinates of the point of
observation measured from the source’s image point ro, —0,
(see Fig. 5.2).

Source

L

Image point
F1G. 5.2.
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From (5.7), 2 sin &

sina + usinf’

o= —1+ (5.20)

so that the total field in y > 0 can be written

E, = Vine " [HP(koR) — HP(koS)] + Ei., (5.21)
where

_1/2 -sn sin o 1kyS cos (p+a)
Ey, = Vﬂe : cfsin“+ﬂsinﬂ eRSorwin) dy  (5.22)
In (5.21) the field is expressed as the superposition of a field E;,
on that which would exist were the medium a perfect conductor.

The natural step to take next, particularly with the condition
koS > 1 in mind, is to distort the path of integration C in (5.22)
into the path of steepest descents S(z — y). But in doing this
attention must be paid to the branch-points. Recalling that the
argument of u is between 0 and —3}, it is seen that with |u| > 1
the branch-points are located somewhat as indicated in Fig. 5.3.
Apart, then, from the exceptional case when p is close to 47, one
of the branch-points cos « = —u does indeed lie between C and
S( — y). Strictly, therefore, an integral round the corresponding
branch-cut should be included in the solution. However, it can
be argued that this branch-cut contribution is negligible in the com-
mon case when the conductivity of the medium is sufficient to

® | x

| ©
| I
| I
L I |
0 % | 2x |
l I
| |
® x| ® |
Complex o-pidhe
®cos=p
X COS 0 =-|

Fi1G. 5.3.
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give u an appreciable imaginary part; for its order of magnitude
is evidently determined by the factor exp [ikoS cos (y + «)] evaluat-
ed at the branch-point, which factor is, for example, exp (—ikoSu)
when 9 = 0. A closer look at the branch-cut contribution is
postponed until a little later, and for the moment it is neglected
without more ado. The leading term in the asymptotic approxima-
tion to (5.22) when k,S > 1 then appears as

2siny etk
siny + Yu? — cos2p VkoS
It is convenient to express the total field in the form
E, = AE!. (5.29)

4 is the factor by which the vacuum field of the isolated source
must be multiplied in order to obtain the actual field. With allow-
ance, if necessary, for the angular dependence of the radiation
field of the source, the expressions to be given for 4 when kR > 1
are equally applicable to the case of a point-source.

Evidently (5.21) and (5.23) give, for koR > 1,

A =1+ pgy) e MR, (5.25)

This is nothing other than the result of a simple-minded “ray”
theory, and is, indeed, the main formula for E-polarization.

If both source and point of observation are at ground level,
distance d apart, S = R = d and y = 0. Then (5.25) is zero, and
a better approximation is required. This can be obtained by pro-
ceeding to the next inverse power of kd in the asymptotic develop-
ment of (5.22). On the other hand, when y = 0 it happens that
(5.22) can be expressed exactly in terms of a Hankel function. The
latter form proves useful subsequently, and is now derived.

Multiply both numerator and denominator of the integrand in
(5.22) by sin & — u sin f, and discard that part which is odd in «
and therefore integrates to zero over the path S(x). Thus, with the
help of (5.10),

E,,=

(5.23)

2 1
E,=E;,;=— ;e'“"#z 1
S

From the corresponding integral form of HS (kod) it follows that

V2r et

E =~ -,7_—1—(H8”(kod) + HP"'(kod)], (5:27)

sin? & efkedcose gy | (5.26)
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a dash denoting differentiation with respect to the argument; and
then, from Bessel’s equation, that

V2n et HP(kod)
”2 -1 kod )

The first term of the asymptotic development for kod > 1 is there-
fore

E, =

(5.28)

2i ek
E, = - =1 ed) "’ (5.29)
and correspondingly
2i 1
4 = —;t—rm. (5.30)

Under certain conditions the forms (5.30) and (5.25) can be
reconciled by means of the so-called height-gain function. For a
plane wave near glancing incidence it is easy to confirm that the
field in the vicinity of the surface is given in terms of the field at
the surface, for the same value of x, by the formula

E,(») =[1 + iko Yu? — 1y]E,(0), for y > 0. (5.31)

Since (5.31) is independent of the angle of incidence it may be
expected to apply also to the line-source field. This is so. The
detailed derivation is given later for the analogous result for H-
polarization, and here it is merely noted that (5.31) is in effect the
same as the often quoted “impedance” boundary condition

OE, . _
-—a';- = lko,uE,, at y = 0, (532)
valid, approximately, when |u| > 1. The factor

1+ iko V2 — 1y (5.33)

is called the height-gain function. With |u| > 1 it represents a
rapid increase of field strength as the point of observation is raised
from the surface. If kqd is sufficiently large (5.31) remains applic-
able when k, ]/,u2 — 1y > 1, so that in these circumstances the
value of 4 corresponding to (5.30) for an elevated receiver is

-2 y.
4= T;2=:=l-?- ; (5.39)
and this is just the approximation given by (5.25) when S = R and
siny = y/d < 1.

8 EF
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By reciprocity, the height-gain factor (5.33), with y, replacing y,
applies equally to the elevation of the transmitter. With y, as
well as y sufficiently large, (5.34) is modified to

4 = 2ikoyoyld, (5.35)

which is the “ray” theory result with reflection coefficient —1.

In conclusion, it is noted that, when y, = y = 0, a complete
exact solution, on the lines of (5.28), can be obtained. This is of
particular value in showing explicitly the branch-cut contribution.
To get the solution it is only necessary to follow the derivation of
(5.26) from (5.22), but with C retained as the path of integration.
The price paid for keeping the branch-cut contribution is that the
odd part of the integrand no longer integrates to zero, and so

2 1
_ = o-%in
E, Vﬂ e 1

x [[sin? & — sin & Yu? — cos? o] e dx, (5.36)
C

Now the substitution cos &« = u cos B gives

f sin & Yu? — cos? x ekl g = p? f sin2 g etkedrcosb 4B (5.37)

where the paths of integration can be chosen to ensure conver-
gence, and need not be particularized. But the integral on the
right-hand side of (5.37) is just that in (5.26), with kodu.replacing
kod. An exact expression for the total field, corresponding to the
approximation (5.28), is therefore

) —_ Q)7
E = Vamesn 28 ("(‘;’2) T o) (s39)
When kod > 1 the leading term gives
1= ~tked(p-1)
A= -2 (#}/’_‘—_ el) R (5.39)

The difference between (5.39) and (5.30) is precisely the branch-cut
contribution. As anticipated, it does, indeed, contain the factor
exp(—ikoud), and is therefore likely to be negligible in practice.
However, in the ideal case in which u is real (and greater than unity),
the branch-cut contribution is dominant by virtue of the factor Ve
For an H-polarized line-source, considered next, no simple exact
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solution is available, but the present information is sufficient to
demonstrate that the analogous branch-cut contribution is negli-
gible provided only-that |u| > 1.

5.1.3. Solution for a Localized Source: H-polarization

The problem now considered is the same as that of §5.1.2,
except that the line-source is H-polarized, being specified by

H ~1keR
H! = Vize " HP(koR) ~ e . 5.40
Vin Pl ~ s (5.40)
The associated reflected field iny > 0 is

e-}ln
H} = — ) etkeScos v gy 5.41
@ en(®) ( )

C
From (5.8),

on = 1 2sin B (5.42)

~ usina + sing’
so that the total field in y > 0 can be written
H, = Vine ¥ [HP(oR) + HP(KoS)] + Hio,  (5.43)

where

/] J usinx + sin g

c

In (5.43) the field is expressed as the superposition of a field H,,
on that which would exist were the medium a perfect conductor.

To evaluate (5.44) for koS > 1 the aim is to distort the path
of integration into the steepest descents path S( —v ). The inte-
grand now has poles at sin x = —sin &5, as well as branch-points
at cosx = tu. The configuration in the complex « plane for
|| > 1 is sketched in Fig. 5.4.

Just as in the treatment of E-polarization, a branch-point at
cosx = —u lies between C and S(x — y) for the values of ¢ of
most interest. Again, however, the contribution of the associated
branch-cut integral is legitimately neglected. The grounds for this
are, indeed, stronger in the present case; for not only is there equal
force in the argument for ignoring the contribution when x4 has an
appreciable imaginary part, but there is also an alternative

8*
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argument that applies even if u is allowed to be real. The latter
relies on the inequality |u| > 1, and can be based on the analysis
given towards the end of § 5.1.2. The case y = 0 no longer yields
an exact solution, such as (5.38), but a parallel treatment shows that
the branch-cut contribution is down by a factor of the order 1/|u|
on the previous result. That is to say, from (5.39), it is of order
- "?|(kod)** when u is real. This is negligible compared with
the main field, now to be obtained, which turns out to be at least
of order u?/(kod)**.

® ~
Complex o-plane
-y °
LN I 3 ’7!
I Branch -points
c S(x-y) | @ coso=p
X €0s 00 =-lt
II Poles
® X e sin a=-sin,
Fi1G. 5.4.

With the branch-points disposed of, what about the poles? The
first thing to notice is that, for the problem in hand, they cannot
lie between C and S(z — y). This is clear from Fig. 5.1; for since
S(w — ) has least slope, unity, where it passes through = — y,
it cannot enter the region to which the poles are confined. On the
other hand, with || > 1, one of the poles is close to 7, and hence
close to the saddle-point when ¢ is small. This must be taken into
account in the integration by steepest descents, and the method of
§ 3.3.3 applied.

The procedure can therefore be detailed as follows. In (5.44),
distort C to S(w — ), ignoring the branch-cut integral, and then
remove from under the integral sign at « = & — y the non-expo-
nential part of the integrand, with the exception of the factor
sec[4#(x — «p)] that contains the relevant pole. The resulting
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approximation for k,S » 1 is (cf. (3.71), (3.72))

Hy, = =2 V2 ios(y) sec (Y572 ) e F [V2koS sin (Y522,

(5.45)

where
1 cos? siny + sinx
e = ]/1 - Y 4 L. (5.46)

. 1 V cos2y
siny +—|/1 —
L u?

An algebraically simpler version of this result can be obtained
by using the fact that ¢ and |x,| are small. Both sin «;, given by

(5.15), and (1/u) Y1 — cos® p[u® can be approximated by (1/w)
X V1 — 1/u?; so that (5.46) reads simply

01(y) = sin ap.
Also sin[3(y + «p)] can be replaced by I(siny + sin «g), and
sec[3(p — «p)] by unity; for even when these approximations are

not in themselves very accurate, they remain adequate when taken
together. Thus

H,, = —27V2isin ag e ™S F[V3koS (siny + sinaxp)]. (5.47)
Summing up, for kR > 1 the total field in y > 0 is given by

H, = AH}, (5.48)

where
4 =1+ [1 — diyy F(y)] e tk(S-R) (5.49)

with

y = V3koS (siny + sinag), (5.50)
Yo = V3koS sin ap. (5.51)

These formulae are equally applicable to the case of a point-source.

S5.1.4. Special Cases

It is convenient to begin by considering the case when both
source and point of observation lie on the surface; y = 0 and

S = R = d. Then (5.49) is
4 = 2[l = 2iyoF(y,)] (5.52)
With ’yo = ]/‘i‘kod Sin Xg.
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In general, y, is complex. It is real when the conductivity is
zero; and, at the other extreme, it has argument effectively 3=
when the complex permittivity is dominated by the conductivity,
as, for example, with sea water at comparatively low frequencies.
In this latter case (3.46) shows that (5.52) can be written in terms
of an integral with real limits, thus

17el
4= 2[1 ~ ol e-lv-i‘(i;/;'z +2f e d).)]. (5.53)

The result is often quoted in this form, with ¢, exp(—}ix) replacing
[, even when arg y, is less than .

Traditionally, |y| is called the “numerical distance”, the point
being that the nature of (5.52) is quite different according to
whether [y is small or large, and that |yo| may be small even though
kod > 1.

When |y,| < 1,

4 =2(1 = e Yry,) + 0G2). (5.54)

The field is therefore not very different from what it would be were
the medium a perfect conductor.

When |yo| > 1, the asymptotic expansion (3.56) can be used for
the Fresnel integral. The first term alone would give the approxi-
mation zero for (5.52). The first two terms give

i 2i

A=t
2 kodSlnzo‘B

(5.55)

Revert now to a consideration of the general formula (5.49).
When |y| < 1, which of course implies |yo| < 1,

A =1+ (1 = 2etinyg) g-lhs-R, (5.56)

again close to the result for a perfect conductor.
When |y| > 1, use of the first term alone of the asymptotic
expansion of the Fresnel integral gives

A=14+0Y "M% -, (5.57)
siny + sinxg

This is evidently what would be obtained from ‘“‘ray” theory, with
the appropriate approximate form of the reflection coefficient. As
v approaches zero, the reflected wave more nearly cancels the
incident, and the second term of the asymptotic expansion must be
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brought in. Then
A=1+ {sfnv - sfna, — 2isin.oc, ; 1 }e_,,‘.(s_m,
sinyp + sinxg  (siny +sinag)® koS

(5.58)

from which (5.55) is recovered when y = 0.

To get some idea of when (5.57) alone is adequate, consider the
case yo = 0, so that S = R. Then with sin ¢ written as y/S, and
assumed small compared to [sin & (for if not, (5.57) is certainly
satisfactory), the extra term in (5.58) is negligible if and only if

koy|sin ocg| > 1. (5.59)
When y, # 0 the corresponding condition
ko(yo + y) ISin aBI > 1 (5.60)

is certainly sufficient, but may demand more than is strictly ne-
cessary, since with y, = y, for example, the condition ensures
that it is the difference between exp[—iko,(S — R)] and unity that
dominates (5.58).

It is also possible, as for E-polarization, to derive the field for
limited elevations of transmitter and receiver from the application
of a height-gain function to (5.55). This is now established directly
from the plane wave spectrum representation of the field.

With y, and y introduced explicitly, the integral representation
of the incident field, taken over the steepest descents path, can be
written

H‘l —_ e—tk.dcoca e—ik.ly.—yluna doc; (561)
S0)

and, discarding the odd part of the integrand, this is
1 e"iin
H; = 75;— f cos[ko(yo — y) sinax] e-tkdcosa gy (5.62)
S(0)

The corresponding form for the reflected field is

e—*la
H! = + —)] cos [k + y)sin

2.'/5; f {lon(®) + or(—)] ke(o + ») «]

S0)

— ifoa(x) — ou(— ®)] sin [ko(yo + ) sina]} e-thedcosady (5.63)
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With the expression (5.8) inserted for gy, (5.62) and (5.63) in com-
bination give the total field

e-in 2sin?

Hz = P(OL) 5 e~ tkudcosa du,
2n sin’oc———(l—- cos "‘)
SO ”2 ”2
(5.64)
where
I'(¢) = cos(koyo sin &) cos(koy sin &)
_ _l_ ( 1 — cos? & ) sin(koy, sin «) sin(koy sin &)
u? sin? «
2
__V cos « sinfko(yo + y)sina] (5.65)
sin o

An asymptotic approximation to (5.64) for kod > 1 is now
obtained by putting « = 0 in the factor /(«) in the integrand. Thus

H, = I'(0) (H,)y,y-0> (5.66)
and the height-gain factor I(0) is
(1 + ikoyo sin &g) (1 + ikoy sin xp), (5.67)

where, as before, sin « takes its approximate value y1 — 1/u?/u.
The approximation (5.66) implies, of course, the “impedance”
boundary condition

OH,

—5;— = ikoH,[u, for |u|>1. (5.68)
A rough criterion for the validity of the derivation of (5.66) is
G2 + y*) < kod. (5.69)

This states that the vertical excursions of source and point of obser-
vation must be so confined that both R and S differ from d by much
less than a wavelength.

By taking d sufficiently large it is evidently possible to satisfy
(5.69) and have at the same time koy|sin «g| > 1. Then, with y, = 0,
application of the height-gain factor to (5.55) gives

_ Y
4 = m, (5.70)
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which is in effect the same as (5.57) with S = Rand siny = y/d <
|sin «s|. On the other hand if also koy[sin «s| > 1, the corre-

sponding formula is
4 = 2iyeyld, (5.71)

which is implicit in (5.57) when the reflection coefficient is taken
as —1.

One further observation is helpful in giving a vivid picture of
the nature of the field. It can hardly be overlooked that the analysis
of § 5.1.3, and the Fresnel integral form of the solution, are strong-
ly reminiscent of the theory of diffraction by a black half-plane
(§ 4.1.2). The present problem can, in fact, be expressed in terms
of diffraction at an edge in the following way. In (4.16) replace
oo by 37 — &g, and 0 by p + 3xn/2, and compare the result with
(5.45). Ignoring factors which are essentially unity when y and o,
are small, it appears that the two are identical apart from a con-
stant factor. The field specified by (5.49) can therefore be described
as the superposition on the field for a perfectly conducting half-
space of the (vacuum) field due to the diffraction of the plane wave

H, = — 227 et sin & e-"sScosW+an) (5.72)

by a black screen extending upwards from the image point of the
line-source. The situation is illustrated in Fig. 5.5.

lnc;?grrg wave Black screen
\ Source
~. Earth's surface
N~
~
Image™~
point Shadow
\ .nge
~
~
~
FI1G. 5.5.

The plane wave (5.72) is incident at the Brewster angle, and the
points of observation on or above the earth’s surface are in the
“shadow” of the screen, so that the plane wave is not seen directly.
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The picture is the more readily envisaged when o5 is real, but the
analysis has shown that no significant change takes place when oy
is complex, provided, as here, arg oy < 7. A new feature in the
behaviour of the solution would arise if it were possible to have
arg &y > 3n; and the way in which this can, in effect, be achieved
is the next subject for discussion.

5.2. SURFACE WAVES

5.2.1. Reactive Surfaces
Consider the H-polarized plane wave specified by

H,‘ = elk.r cos (0-x)

incident from the vacuum half-space y > 0 on the plane y = 0,
below which is a medium whose properties are independent of x
and z. Then in general the reflection coefficient will have poles at
certain, possibly complex, values of «; suppose that they are deter-
mined by sin &« = —sinxg. Now it has been seen that if the properties
of the medium are also independent of y, then, with0 < Reap <
47, the argument of &y can only lie between O and }x. On the other
hand, for stratified media this is by no means necessarily the case,
as the following example shows.
Suppose the region between y = 0 and y = —a is occupied by
a homogeneous medium, and the plane y = —a is perfectly con-
ducting. Then an elementary calculation shows that the reflection
coefficient is
_ Zysina — iZ sin § tan (ka sin f)
0n = 7 Sino + iZ sin B tan (kasin f) ’

(5.73)

where
ko cosx = k cos B, (5.79)

Z and k being respectively the impedance and propagation coeffi-
cient of the medium. Evidently (5.73) reduces correctly to unity
when a = 0, and to (5.6) when @ — oo and k is complex, since in
the latter case tan(ka sin ) - —i.

To simplify the analysis, consider the quite practical case in
which the coating on the perfectly conducting sheet is so thin that
|kla < 1; and let its specific. permeability be unity, so that the
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relations (5.1), (5.2) and (5.3) hold. Then (5.73) is approximately
sin & — ikqa sin?

e = e + tkgasin? f’ G.75)
and (5.74) is
cosa = pcosf. (5.76)
The zeros and poles of gy are therefore given respectively by the
relations sin &« = sin &g, sin x = —sin g, where
Y
sin? ap + ~2—sinay + p — 1 = 0. (5.77)
koa

Of the two solutions of (5.77), one tends to infinity as a — 0, and
is not important, and the other is approximately
Sin Xg = ikoa(l - l/‘uz). (5.78)
Since
p* = (&' = iojw)eo,
where ¢’ and o are the permittivity and conductivity of the medium,
(5.78) gives

tan [arg (sin &g)] =

e'(e’ — &) + 0?|w?
PR ’

(5.79)

Thus the argument of sin &« lies between some positive minimum
value and 47, being equal to 3%z when ¢ = 0.

A further simplifying approximation is afforded by the case
|y| > 1. Then for most purposes, as indicated for example by the
analysis of § 5.1.3, it is legitimate to replace sin 8 by unity in (5.75);
thus

sinx — ikqa

EXEE N >80

Pu =
which, of course, demands the neglect of 1/u? compared with unity
in (5.78). It is an implication of (5.80) that it is permissible to treat
the plane y = 0 as an impedance surface, in the sense that the
field in y > 0 can be obtained simply by applying the boundary
condition

E,=ZH, at y=0, (5.81)

without need to refer to the field in y < 0 (cf. (5.32) and (5.68)).
For (5.81) leads to
_ ZO sinx — Zs

= Zosina ¥ 25 (582

Cu
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and comparison with (5.80) gives the identification
Zs = ikoaZ,. (5.83)

Here, then, the surface impedance Zg is moreover purely reactive.

The dielectric coated perfectly conducting sheet has been given
as a particularly simple illustration, but there are also other
methods of producing impedance surfaces which can be regarded
as purely reactive, with reactance independent of the incident
field. It is therefore not unrealistic to investigate the implications
of a reflection coefficient of the form

sin « — sin &g
sin x + sinag

, (5.84)

0y =

where g = iy is on the positive imaginary axis. The problem is of
special interest, because the surface can evidently support the pure
surface wave

Hz — eik.rcos(ﬂ-aa) — e—k.yslnhy elk.xcoshy. (585)

The way in which such a wave appears as an important constituent
of the total field generated by a source is now investigated by the
method of § 5.1.3.

5.2.2. Generation of a Surface Wave

In this section the problem treated in § 5.1.3 is re-examined for
the case when gy is specified not by (5.42) but rather by (5.84),
with &g = iy, where ¥ is real and positive; that is

2isinh y
sina + isinhy ’
The incident field (5.40) thus gives rise to the total field (5.43),
where now

2 1
— $in o3 tkoS cos(y+x) . .
Hy, = — V_ﬂ ¥~ sinh y f Py v dx. (5.87)
C

(5.86)

ou(®) =1—

As before, the path C in (5.87) is distorted into the path of steepest
descents, S(w — y). The only singularities of thé¢ integrand are
simple poles where sin x = —isinh y; those at —iy and = + iy lie
in principle just outside the strip 0 < Re « < =, and it is clear that
the latter is captured when y is sufficiently close to zero. More
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precisely, the pole is captured when y < 5, where ys is determined
by the condition that S(w — ys) passes through 7 + iy, and for
present purposes need not be particularized further. Thus

2 1
—_ - = pHin gy 1kyS cos (p+x)
His l/n e sinhy fsinoc ¥ ismhy < o

Stn-y)

+ 2¥2n e~**tanh p e~keO+yasinhy g-lkexcoshy [y — 4o), (5.88)

where U is the step-function that is zero or unity according to
whether its argument is positive or negative. In this expression
the integral term is simply (5.87) with C replaced by S(z — ), and
the surface wave term is the contribution from the residue of the
pole at x = & + iy; yo and y are the heights of source and point
of observation, respectively, above the reactive surface, and x is
distance along the surface between source and point of observation.

If desired, the integral term in (5.88) can be approximated by
a Fresnel integral in much the same manner as was the correspond-
ing expression in § 5.1.3; it need only be noted that the sign of the
argument of the Fresnel integral depends on whether y is greater
or less than ys, as indicated in (3.65), the resulting discontinuity
at y = ys of course counterbalancing that associated with the
appearance of the surface wave term. Here, however, the main
interest is in the contrasting character of the two parts of the field,
and this is shown most clearly by letting S become very large. Then
the surface wave term in (5.88) persists to very large values of y,

and the integral term is of order 1/ VS. In this sense the total field
can be regarded as the superposition of a “space’ wave and a
surface wave. For a fixed value of y and indefinitely increasing x,
the former, as has been seen, is of order 1/x*2, whereas the latter
suffers no reduction in amplitude. At points close to the surface
the contribution of the surface wave therefore dominates that of
the “‘space” wave.

In practice the surface wave must exhibit some attenuation in
the x-direction resulting from the fact that the surface is not a
pure reactance. Nevertheless it remains true in applicationthat
power can be usefully transmitted by surface waves, and it is of
interest to examine the efficiency of the technique in the ideal case.
To this end some further development of the theory is given in the
next section.
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5.2.3. Launching Efficiency

On the assumption that a purely reactive, infinite, plane surface
is available, the question arises as to what fraction of the power
emitted by a source goes into the surface wave. The fraction is
known as the launching efficiency, and depends on the nature of
the source. Perhaps the commonest situation envisaged, in the
context of a two-dimensional plane geometry, is that in which the
source is represented by a prescribed distribution of vertical elec-
tric field, E,, over a vertical plane, say x = 0. The special case for
which the distribution is a delta function, the voltage slot (see
(2.99) and (2.101)), is indeed just that given in § 5.2.2. The general
case, the “voltage aperture”, is equivalent to the superposition
of voltage slots; but rather than integrate the previous solution over
Yo it is more convenient once again to begin by representing the
undisturbed field of the aperture distribution as an angular spec-
trum of plane waves.

Only one point prevents the nature of the generalization from
being entirely trivial; namely that the aperture distribution is at
right angles to the reactive plane. Whereas the most natural re-
presentation of the undisturbed source field is in terms of plane
waves fanning into the entire half-space x > 0, it is necessary, in
order immediately to write down correctly the corresponding
reflected field, to use a representation for the half-space y < 0;
this ensures that each plane wave of the spectrum is indeed inci-
dent on the surface, and leaves no room for doubt about whether
or not conditions at infinity have been properly taken into account.

Once the requirement is understood it is easy to put into effect.
Suppose that the voltage aperture in the plane x = 0 extends from
y = 0 up to some finite height y = h; then E0, y) (where affix i,
as before, denotes the undisturbed source field) is prescribed, and
in particular is zero for both y < 0 and for y > A. If it is imagined
that this is achieved by the aperture carrying the appropriate sur-
face magnetic current distribution, as discussed in the two para-
graphs following (2.84), then the source currents are all above
y = 0, and the undisturbed source field can therefore be repre-
sented analytically throughout the half-space y < 0.

Before setting out the mathematical expressions it is worth
making one further observation. For the magnetic current aper-
ture, E!(x, y) is antisymmetric in x; the corresponding component
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of the reflected field, E)(x, y), is likewise antisymmetric in x, and
therefore zero on the plane x = 0. Thus the total field is such that
E,0, y) = EX0, y), and the solution to be given is in effect the
H-polarized field in the quarter space x > 0, y > 0 that satisfies
the impedance boundary condition on y = 0 and has prescribed
behaviour of E, on x = 0.

Reactive surface

B x

F1G. 5.6.

It is perhaps simplest to introduce explicitly the two angles
0, ¢, as shown in Fig. 5.6, with ¢ = 4z + 6. Then our conventional
representation of the undisturbed field of the aperture distribution
in x = 0 can be written

H! = [ P(cos f) e~*en@-h 48, (5.89)

valid for 0 < ¢ < &. The corresponding expression for E, merely
has the extra factor Z, sin g in the integrand; putting x = 0 and
cos f = A, inverting the Fourier transform, and recalling that
EJ0, y) is zero unless 0 < y < h, gives

h
PU) = "—;ﬂy—° f EX0, y) e dy (5.90)

o

These formulae are nothing other than (2.77) and (2.84) with appro-
priate changes of notation. P(2) is determined by the prescription
of EJ0, y), and is free of singularities by virtue of the finite range
of integration.
If now the substitutions ¢ = 4% + 0, f = « — in are made in
(5.89), it reads
H!= [ P(sin &) oo @ gy, (5.91)

C+in
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valid for —{n < 0 < 4=, where the path C + 4= is the path C
translated a distance iz parallel to the real axis. The analytic
continuation of this field into the entire half-space —x < 0 < 0 is
now obvious, being simply (5.91) with C + 4= replaced by C, and
the analysis can proceed as a trivial generalization of that in
§5.2.2.

The field reflected into 0 < 6 < 3= is

H; = [ on(x) P(sin o) e'*ereos @+ gy, (5.92)
C

with gy given by (5.86). The path C can be distorted into the
steepest descents path S(z — 0), with allowance necessary only for
the pole of gy at « = & + #y when 6 < Os, where 0y is the angle for
which S(z — 0s) passes through the pole. Thus
H = f Sine — ISR Y. piin o) ethweon o g
sinx + isinhy
SG-6)

+ 47 tanh y P(—isinhy) e*sinhy g-tkexcoshy 17 _ oy (5.93)
where U is the step-function that is zero or unity according to
whether its argument is positive or negative, and, from (5.90),

koYo

P(—isinhy) = f EX0,y) e*osinvr gy (5.94)

These formulae put in evidence the separation of the total field
into “space” wave and surface wave components in the manner
already described in § 5.2.2. The discussion is now completed by
considering the power associated with each component. The con-
cept can be made quite definite by imagining r to tend to infinity.
The surface wave then extends upwards to an unlimited height,
and its time-averaged power flux in the x-direction, per unit length
in the z-direction, is (cf. (2.24)) o

1622 tanh? y |P(—i sinh 9)|? $Z, cosh y f e~ 2kwsinhy g,

47‘ Zo
ko

The magnetic field of the space wave, which is the superposition,
in0 < 0 < i, of H} and the integral term of (5.93), can be written

o sino — isinhy ] - tker cos (9-2)
f [P (=sina) + sinx + isinhy P(sino) e

56 (5.96)

tanh y|P(—i sinhy)|2. (5.95)
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This is precisely the form discussed in § 3.2. The corresponding
radiation field is

3in [ o sin @ — isinhy . ] etk
Me .P( sin 0) + Sin0 T isinhy P(sin 6) W;’ (5.97)

and the power radiated into 0 < 6 < }m is

in

nZ, . sin6 — isinhy
ko f P(—sin6) + sin 0 + isinhy

[\]

P(sin 0) do. (5.98)

It may be questioned whether the total power flux across the
aperture plane is the sum of (5.95) and (5.98). One way of proving
that this is so is to calculate the former directly. The change of
variable « = 37/2 — B in (5.92), followed by translation of the
path of integration, which is initially C + 4x, back to C, thus
crossing the pole, gives the total field as

H, = f[P(cos,B) + cos B + isinhy
C

cosf — isinhy

P(— cos ﬂ)]e"*" cos(>-P) 4

+ 4x tanh y P(—i sinh ) e~*wsinby g-ikexcoshy (5.99)

With x = 0, the conjugate complex of this expression is now multi-
plied by 1EJ(0, ), the product integrated over y from O to A, and
the real part taken. It follows at once from (5.94) that the contribu-
tion associated with the last term of (5.99) is precisely (5.95). The
contribution from the integral in (5.99), after the y integration has
been identified with (5.90), appears as

nz° f P(cos ) [P*(cos B +

cos f — isinhy
cosf + isinhy

P*(—cos ﬂ)] dp.

If from this expression an equivalent one is derived by replacing 8
by = — B, and half the sum of the two taken, the result is

ﬂZo f
2k,

(4]
where the parts of C off the real axis are discarded when the real

part is taken since on them df is purely imaginary. Evidently (5.100)
is equivalent to (5.98).

cos B + isinhy
cosf — isinhy

P(cos ) + P(—cos p) dﬁ (5.100)




CHAPTER VI

PROPAGATION OVER A TWO-PART
PLANE SURFACE

6.1. PERFECTLY CONDUCTING HALF-PLANE ON SURFACE
OF SEMI-INFINITE HOMOGENEOUS MEDIUM

6.1.1. Genesis and Nature of the Problem

In Chapter 5 the problem of propagation over a uniform surface
was treated. A generalization, of both physical and mathematical
interest, is that in which the surface consists of two semi-infinite
sections with differingelectrical properties. This model, for example,
reproduces some of the effects associated with a path for radio
propagation which is, say, partly over land and partly over sea;
at sufficiently long wavelengths the dominant effects can be those
from the high conductivity of the sea compared with land, the
detailed nature of the coastline being relatively unimportant.
Again, in the transmission of surface waves over a reactive surface,
the model can be used to investigate the amount of reflection and
radiation associated with an abrupt change in the reactance.

The problem is evidently likely to be rather more complicated
than those already treated, and it is helpful first to consider a
form which brings out particularly clearly the relation to the work
presented both in Chapter 4 and Chapter 5. Imagine, then, that as
in § 5.1 the half-space y > 0 is vacuum and the half-space y < 0
is occupied by some homogeneous medium; and further, that in
the interface y = O there lies a perfectly conducting half-plane x > 0
(see Fig. 6.1). Although in the ensuing investigation of this boun-
dary value problem emphasis is on the propagation aspects just
outlined, which represent its main field of application, nevertheless
it may also fairly be regarded as a direct generalization of the half-
plane diffraction problems of §§ 4.2.2 and 4.2.5, to which it reverts
if the medium in y < 0 is itself vacuum. Indeed, the isolated, per-
fectly conducting half-plane typifies most simply the *“two-part”

122
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problem; as has been seen, it can be described in terms of a func-
tion ¢(x, y), say, that satisfies the two-dimensional time-harmonic
wave equation, and has boundary conditions on y = 0, ¢ = @o(x)
(given) for x > 0, and dp/dy = 0 for x < 0. The solutions now
to be developed, first for an incident plane wave, and then for a
line-source, follow precisely the methods of §§4.2.2, 4.2.5; the
complication arises from the presence in the plane wave spectrum
function of factors accounting for the reflection properties of the
medium that occupies y < 0.

£l

y
Hi Vacuum
incident ¥
plane wave
perfectly conducting
o ] s?eet X
5557
T %
Fic. 6.1.

Before proceeding with the mathematics it is desirable” briefly
to make explicit a prominent feature of the problem, which is used
ultimately as the main illustration of the character of the solution.
Suppose, for definiteness, that a vertically polarized transmitter
is situated at sea-level on flat, dry ground of poor conductivity,
and that its distance from the coast is many *numerical distances”
(§ 5.1.4). Imagine the vertical component of electric field measured
at sea-level by a receiver which proceeds in a straight line away
from the transmitter, first over land and subsequently over the sea.
What might be expected in a plot of field-strength against distance
from the transmitter? It is to be expected, for points not very close
to the coast, that the field-strength over land will be unaffected
by the presence of the sea, so that formula (5.55) is for the most
part applicable. It might further be thought that, with the neglect
of some secondary local disturbance in the vicinity of the coastline,
the field-strength would continue to decrease with distance as the

g%
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receiver crossed over to the sea, albeit possibly at a reduced rate
because of the greatly improved conductivity. However, the latter
supposition is quite false. This can be surmised by envisaging the
interchange of transmitter and receiver, so that the transmitter is
out to sea and the receiver on land. Then the above naive argument
suggests that the field-strength would be much enhanced, whereas it
is known from the general reciprocity theorem that it is unaffected
by the interchange. The point is made graphically in Fig. 6.2;

Sea curve

2

u

L
g

h=]

£ =~

£

=) e
§ P
% Land curve

h-]

K]

in

Distance
Fi1G. 6.2.

the full-line curves are the plots of field-strength, against distance
from a given transmitter, that would be obtained were the propaga-
tion path all sea or all land, respectively, and the dashed curves
represent the assumption that there is a continued decrease beyond
the coastline at the rate appropriate to the new medium; the values
indicated by P and Q could in practice be quite 20 decibels apart.

In fact, with the transmitter on land, the plot of the field-strength
as the receiver moves away across the coastline shows an initial
marked rise; it reaches a maximum appreciably above its value at
the coastline, and only subsequently falls off at a rate appropriate
to transmission over sea, ultimately settling down to a curve some-
where between the *“all sea” and ‘‘all land” curves. It is especially
this field-strength “‘recovery effect” that will be made explicit in
the examination of the solution in § 6.1.5.
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6.1.2. Solution for Incident Plane Wave: H-polarization

The two-dimensional problem with an H-polarized field is
treated. To begin with, a solution is obtained for the case of the

plane wave
H,' = eik.rcos(o—a)’ 0 é P § 7, (6.1)

incident from y > 0, the coordinate system being shown in Fig. 6.1.
The solution for a line-source is derived in § 6.1.3 by an integration
over «.

If the perfectly conducting sheet were absent, (6.1) would give
rise to the reflected wave

H: = oy eik.rcos(0+a) (62)
in y > 0, and the transmitted wave

H,‘ = Ty elkrcos (0-a') (63)
in y < 0, where the reflection coefficient is

sin o — sin o'[u

e = Sinw + sin o'lu’ (6.4)
the transmission coefficient is
2sin &
™= Sinx + sin o'lu’ (©6.5)
and
cosx = ucosa'. (6.6)

The notation is the same as that used in §5.1.1, with u = kfk,
denoting the refractive index of the medium, except that § (being
required elsewhere) has been replaced by o'.

With the perfectly conducting sheet present there will be, in
addition to the above fields, a scattered field generated by the
surface currents in the sheet. This scattered field is, as usual,
expressed as a spectrum of plane waves. For y > 0, the now fami-
liar form

H: = [ P(cos p) e~"w <= @-P 4g, 6.7
c

with correspondingly
Ei= —Z, [ sin B P(cos ) e~kre®-P gg, (6.8)
C
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is appropriate. For y < 0, account can be straightway taken of the
fact that E; is continuous across x = 0 by writing

Hi=—u f sng, P(cos B) e-'kixcost gtivsind’ gg - (6,9)

Ei= —Zo fSll'l ﬂ P(COS ﬂ) e~ lkexcosB olkysin g’ dﬁ’ (6.10)
C

where
cosff =pucosf. (6.11)

Thus although the scattered field has no simple symmetry about
y = 0 comparable to that in the isolated half-plane problem, it is
readily expressed in terms of a single spectrum function P(cos ),
which function is to be determined from the remaining boundary
conditions at y = 0. For the total field E, H specified by

_|Hi{+ H;+ H;, for y20,

T\ H + H, for y<0,

these are, first, continuity of H; at y = 0, x < 0, since there is, of

course, no surface current apart from that on the perfectly conduct-

ing sheet; and secondly, vanishing of E, at y = 0, x > 0. But at

y =0, H! + H, = H! and E! + E. = E!; the boundary condi-

tions are therefore equivalent to

Hjis continuousaty =0, x <0, 6.13)

E;= —Elaty=0, x>0. (6.14)

From the representations (6.7) and (6.9) with y = 0, writing
= cos « and making the change of integration variable

A =cosf, (6.15)

(6.12)

(6.13) becomes

3 — 22/,2
f V1 =22 + V1 — A2[u?u P(A) e-***d) =0, for x <O0;

V1—22 Y1 — 222
(6.16)

and similarly the representations (6.8) and (6.10) give (6.14) as

oo

f P(A)e- -UkoXA () = 2 Vl A2 ﬁ - 13//4‘2 etkoxt
VL= 2 + V1~ Bl
for x> 0. (6.17)

-—00
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Evidently (6.16), (6.17) are dual integral equations for P(4). In
the case u = 1, they revert to the equations for the corresponding
isolated half-plane problem, being then quite similar to the E-
polarization equations (4.48), (4.49); and the method of solution
is, in principle, no different from that described in § 4.2.2. The
A path of integration avoids the branch-points at +1 in the way
shown in Fig. 2.2, and the objective is to close the path with in-
finite semicircles, above the real axis in (6.16), since x < 0, and
below the real axis in (6.17), since x > 0. As before, the concept
of U and L functions is introduced, and solutions of (6.16) and
(6.17), respectively, are written in the form

— 122 — 22/,,2
Vi 2+ V1= 2l poy— vy,  6.18)
V1 — 22 V1 — 232
Py - L2 VT =RV = Hh L®)
2ni p Y1 — 7+ V1 = Blwilp L(=2) (G +29)’
6.19)
where the path of integration is indented above the pole at1 = — 4,.

From the elimination of P(1) between (6.18) and (6.19) it is
clear that the solution of the equations requires the expression of

V1 = 22 + V1 — 22u?/u (6.20)

as the product of a U function and an L function. Now it is known
that any function can be *“split” in this way, but the explicit fac-
tors are liable to be complicated, especially if branch-points are

present; the example )1 — A2 arising in the isolated half-plane
problem is exceptional in its simplicity. Here we shall be content
merely to accept that the factorization is possible in principle,
because this proves sufficient to give the main results. Moreover,
as shown in § 5, in the common case |u| > 1 it is permissible to

replace the second term in (6.20) by the constant }J1 — 1/u?/u.
The split of the resulting simpler function, though by no means
trivial, can be achieved by comparatively elementary methods, and
this is done in § 6.2.2 in connection with an analogous surface wave
problem.

As a formal expression of the factorization, write

2 V1= Ap 1 (6.21)

" V1 =22 + V1 — 22u?[u T TG
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Note that L,(—2) must be a constant multiple of U,(4), which
constant it is obviously permissible and convenient to take to be
unity; and that U;(A) = L,(4) = 1 if g = 1. Then from (6.18) and

(6.19),
Py = — ) i+ V1+4 1

i LG L) AT Ao’

(6.22)
or, equivalently,

P(cos ) = i 1 cos (3x) cos (3) (6.23)

% Ly(cosa)Ly(cosf) cosa + cosf

Reciprocity is manifested by the symmetry of (6.23) in « and f
(cf. the remarks at the end of § 4.2.5).

From now on only the field in y = 0 is considered. The substitu-
tion of (6.23) into (6.7) gives the field generated by the currents in
the perfectly conducting half-plane, so the total field is given by

i cos(3x)
H. = etk.r cos (60-x) elk.r cos (0+a) TN
z +en t L,(cos &)

cos (*ﬂ) —1kqr cos (6-
xc L,(cos B) (cos B + cos ) ¢ Chdp. (624)

The aim is not to examine this solution in detail, but rather to
use it to find the solution for a line-source by integrating over «
precisely in the manner of § 4.2.5. To this end the expression of
(6.24) in the form of the superposition of the * geometrical optics”
field and the “diffraction” field is required, which means analyti-
cally the distortion of the path C into the path of steepest descents
S(6), with due allowance for the singularities of the integrand.

Now it is recalled from § 5.1 that (6.21), regarded as a function
of B, has the singularities shown in Fig. 5.4 (now reading f§ for ).
Thus L,(cos f) has branch-points at cos 8 = —u, and a pole at
B = m + x5, Where ap is the (complex) Brewster angle defined in
§ 5.1.1; the branch-points at cos § = u and the pole at f = —ap
belong to U,(cos B). The implication is that if 6 is near = the sin-
gularities of L,(cos f) have a relevance to the evaluation of (6.24)
quite analogous to that of the singularities of the integrand in the
problem of a line-source over a homogeneous earth discussed in
§ 5.1.3; whereas if 0 is near zero the singularities are of little sig-
nificance. This is to be expected, since in the former case the dis-
turbance associated with the edge x = y = 0 of the half-plane
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has travelled over the medium, whereas in the latter case it has
travelled over a perfect conductor. In any event, the only pole of
the integrand of (6.24) that can be captured by the path distortion
is that at § = = — «, and the branch-cut contribution that might
strictly have to be included will be neglected on the basis of the
arguments given in § 5.1.3. It is then readily seen that, for y = 0,

H, = H! + H, 6.25)
where
e elkreos@-a) elk.rcos(0+a), for 05 0 -,

z = efkorcos(0-a) 4 on elk.rcos(0+a), for n —ax £ 0 =,

) (6.26)
an
H = cos (4x) cos (4B) e~thrcos@-B) gg.

i
7 Ly(cos zx)s ) L,(cos B) (cos f + cos x)
‘ (6.27)

6.1.3. Solution for Line-source: H-polarization

Consider a line-source situated at (ro, 6,) and specified by (4.90).
As in § 4.2.5 the solution is obtained by multipling (6.25) by (4.93)
and integrating over « along the path S(0,). The results analogous
to (4.96), (4.97) and (4.98) can evidently be written

H, = Hf + HY, (6.28)
where

Vin e ¥ [ HP(koR) + HP(koS)], for 0 <0 <z — 6,
-}in
Hr = | Vime " HP(koR) + =

V2r

ou etk.s cos (Y +a) d(x s

S(37)
for n —0,<0 < x, (6.29)
and
He = etin r cos (3«) cos (38)
' oayaa L(cos &) Ly(cos f) (cos & + cos ff)
SOy SO
x e-lk.[r.cos(o.—a)+rcos(0-ﬂ)] dﬂ dx. (6.30)

The symbols R, S and y have the same meaning as in § 5.1, and the
‘‘ geometrical optics”’ field (6.29) can be expressed in terms of (5.44)
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as
Vin e ¥ (HP(koR) + HP(koS)l, for 0 <0 <z — 6,,

Hf =1 Vine- ¥ [HP(koR) + HP(koS)] + Hy,,
for # — 0, <0 <. (6.31)

The “diffraction” field (6.30) must counterbalance the dis-
continuity in (6.31), and is obviously of importance in the vicinity
of the line 6 = = — 6,. Since in practical situations 6 + 6, may
well be close to =, it is evident that the crux of the problem is the
reduction of the double integral in (6.30) to a tractable form.

It is assumed that both k,ry and k,r are large, and, by virtue of
the exponential factor, the integrand of (6.30) then contributes
significantly to the value of the integral only when « and 8 are
near O, and 0 respectively. A now familiar type of asymptotic
approximation can therefore be obtained by leaving under the
integral sign no more of the non-exponential part of the integrand
than is necessary to retain the poles that may lie close to &« = 6,
or § = 0. A suitable form for the approximation is

etn 1
- 7 V2n La(cos 0o) Ly(cos 6)

y cos (3x) cos (1B)
ffcos (a -;a”> cos (‘8 -2 a”) (cos &« + cosf)

HY

S0y SO
X e—ik.[r.cos(o.—ac)+rcos 0-M1 dﬂ do‘, (6.32)
where . —
Ly(cos &) = sec( 5 ”)Ll(cos ®); (6.33)
and (6.32) can in turn conveniently be written (cf. (4.99))
Ain IL +1
HE =5 LT 2 , 6.34
4z Y2r L2(cos 6,) Ly(cos 6) (6.34)
where

Il=

S0 SO
e iko(rqcosx+rcosf)

X
“+oo_an ﬂ+e—“3 “—ﬂ+0°—6)
Ccos (-——-—-——2———-—-) Cos (————2—-—-—) COS( )

x du dB, (6.35)
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e[

S©0) S(©0)
e tko(recosa +rcosf)

X
cos (0‘_1‘%_—“_:1) cos (ﬁiﬁ_-_ﬁ_) cos(“ +B8+00 + 0)
2 2 2
x do dp. (6.36)

It is I, alone that contributes the discontinuity across 0 = = — 0,.
From (6.33) and (6.21)

usina + Y1 — cos? afu? 1
V1 = cos? afu? sinax + sinog’
(6.37)
so that the factor containing the L, functions in (6.34) is at least
readily evaluated when 0 = = — 0,, which includes the case when
transmitter and receiver are at ground level on opposite sides of the
boundary line. Aside from this factor, it remains to consider (6.35)
and (6.36), and these integrals can be approximated in terms of a
comparatively simple single integral, as is shown in the next section.

L,(cos &) L,(—cos &) =

6.1.4. Reduction of the Solution

To treat the case when transmitter and receiver are on opposite
sides of the boundary line it is assumed that 6, is close to 7 and 6
close to zero; because of reciprocity the reverse situation does not
require separate calculation. Then [0 — | is small, and (6.36) is
approximated by

I} 6 — Xp e~ tk(rocoscrcosf)
2_sec( 2 ) (oc-i-ﬂo—zx,) (a+ﬂ+00+0>
cos > cos 3
x dx df. SO SO (6.38)
The change of variables (4.103) gives, approximately,
I 4e-tkeRs ~ %
2= 0_0‘3 : oo"‘o‘n . 0+00
cos ( 5 ) sin (—2—) sin ( 5 )
—00 —o00

ekere*+rn®)

- oot (B e - Ve vrcor (25 0)]
x d dn, (6.39)
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with Ry = ry + r as before. Certain non-linear terms in &, # have
been neglected, legitimately since the integrand is only appreciable
near § =n = 0.

The further change of variable (4.105) yields

o]

—lkoR,
I = Aro/k, ¢ ] feK(e) e"heRe’ dp,

0 - “B . 00 - ch . 0 + 00
cos (—-2—-) sin ( 2 ) sm( 2

where

AT  e————
K(@) =6/”9 cosp — e—%lnl/igr cot(o —20‘3 )]

. - -1
r o .\ )2 (0 + 00)]
X [g (V-Rl cosp + VR1 Slntp) e R, cot 5 .

X dp. (6.41)

Now, albeit with rather more algebra, (6.41) can be evaluated
explicitly in precisely the same way as (4.107). When the result is
substituted into (6.40) it appears that

8mi e~ koka
0 —ag) . [0 —cxp) . /0 +0,
cos( 5 )sm( 5 )sm( 5 )

(o]

0 (6.40)

12=

1, (6.42)

where

) e—koRxG' de

I= : — —
fl’ez-bz Ve’—bzia‘/—&—frb L
L ro ro |

0

0

—koR10*
_ __ ee™®do — —. (64)
Vez_az ]/Qz_a2+al/__b =
L o ro |

]

with _
2r 0, — x V2rr 0+0
— p-%in 0 0 B , — p-}im 0 0
a=e ]/Rl cot( 5 ) b=ce R, cot( 5 ),
(6.44)

and upper sign for 6 + 0, < =, lower sign for 0 + 6, > =.
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In the first and second integrals of (6.43) make the respective
changes of variable p? = A% + b2, 92 = A% + q%. Then apply to
each integral the transformation

pot e-kRut R 22 pot RN XY -k.R,A'
l+ﬂdl—e-'ﬂf R z,efl
ia ‘ym

The final result is

(=]

. -k.R,l' dl
N [ l/— - ""‘] e~ keRid f [ V J2
+ [a Z - b .-E_l_} e-keRua® v e~ koRid* g2
ro ro flz_[a _r——b &]2
ia To To
(6.45)

with upper sign for 6 + 0, < =, lower sign for 6 + 6, > =.

The expression (6.45) gives, with (6.42), the reduced form of 1,,
and simpler versions are available only under more special con-
ditions.

The corresponding form for I, is easily derived from that for I,.
By taking the approximation analogous to (6.38), and replacing
B by —p, it appears that

cos (0 ‘2"‘”)1,(0) = cos (0 ‘“2"‘")12(-9). (6.46)

It must be remembered that J,(0) is discontinuous at 6 = & — 6,
but 7,(0) is not. Since 0, — 0 < =, (6.46) holds if I,(—6) is obtained
by substituting —0 for 6 in the expression for I,(f) given by the
upper sign in (6.45).

To sum up, the diffraction field is given by (6.34), with I, given
by (6.42), (6.45), and I, by (6.46).

Finally, a brief comment is made on the case when source and
point of observation are on the same side of the boundary line. In
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the evaluation of (6.32), it is then permissible to remove the factor

cos () cos (38)

cosa + cosf3

from under the integral sign at & = 0,, f = 6. For both 6, and 6
close to 7 the result is negligible by virtue of the smallness of this
factor; whereas for both 6, and 6 close to zero the remaining non-
exponential factors in the integrand can also be replaced by their
values at & = 0y, § = 0, and the integral is then easily evaluated
explicitly.

6.1.5. Special Cases

Perhaps the most informative way of illustrating the preceding
formulae is to consider the case in which the source and point of
observation are both in the plane y = 0, and take

0=0, 6pb=m, R=S=R, =d. 6.47)
Then from (6.44)
a= e Y2ro/d tan (Jop), b = 0. (6.48)
It is convenient to make use of the parameter
o = V3kodsin ap (6.49)

introduced in (5.51), and write, to an adequate approximation for

‘“BI < 1,
a=e#n I/ k:fz ~7Yo. (6.50)

In view of the remarks immediately following (6.46) it is simplest
to take the formulae applicable when 6 + 0, is (albeit infinitesi-
mally) less than @. Then the asymptotic form of the geometrical
optics term (6.31) is

—iked
He = 22" (6.51)
Viod
Moreover, (6.37), (6.42) and (6.46) give, respectively,

1
sin & B

Lz(l)Lg("" l) = > Iz = 8ni Secz(‘i‘as)e.-"‘.‘ 1, 11 = 12-
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Hence the asymptotic form of the diffraction field (6.34) is
Hf = —4V2[/me¥=*tan Bog) et 1, (6.52)

where I is given by (6.45) with b = 0 and the value (6.50) for a.
The change of integration variable to v = Vkod A yields

(]

e™ o
I = _e"*"’ yofm dr + e—}la Yo V_J el rold
o

oo

e
X f _WW drv. (6.53)
’*myovr—;
Now the first term in (6.53) can be replaced by a Fresnel integral
(see (3.51)). The combination of (6.51) and (6.52) therefore gives

o

. 4 — . -7t
4 = 2[1 — 2iyoF(ye)] + -}—/‘;eﬂuygl/.‘% elverld f = :-——73"/ 7 dr

as the factor by which the undisturbed source field must be multi-
plied to obtain the actual field. Note that y, }ro/d = V3koro sin og.

If (6.54) is compared with (5.52) it is seen that the difference is in
the final term of the former, which is therefore precisely the scat-
tered field generated by the currents in the perfectly conducting
half-plane. This term can be further simplified when |yo| > 1,
since the non-exponential part of the integrand can then be replaced
by its value at the lower limit of integration. Thus, for |y0| > 1,

A————+——*”‘V—- [V;] (6.55)

and if also [yoVro/d| > 1,

A=_H4 2 Yo
Y5 }/v—z Yo
These formulae predict a recovery of field-strength as r increases

from zero, since the second term in (6.56), for example, soon
dominates the first. A numerical example is shown in Fig. 6.3.

(6.56)
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Curves (a) and (b) are plots of field-strength in decibels against
distance in wavelengths from a point-source located respectively
above a homogeneous dielectric with sin 3 = 4 and above an
infinite plane perfect conductor. Curve (c) is the corresponding
plot for the mixed path, when koro/(277) = 300; it follows curve (a)
up to the boundary, and is subsequently determined by (6.56).
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F1G. 6.3.

Finally, it is worth mentioning briefly the other relatively simple
approximate solution, corresponding to what was called “ray”
theory in § 5.1, and represented there by (5.57). The approximation
depends on the heights of source and point of observation being
not too small, and consists in putting & = 6, § = 0 in the argu-
ments of L, in the integrand of (6.30). Now if u, the refractive index
of the medium, were unity, L, would be unity, and the solution
would be just that obtained in § 4.2.5; namely, for koR > 1, that
given by (4.99) and (4.115). Thus in the present case

H = V2|7 et'=
* = 7 Li(cos0o) Ly(cosb)
9 { F[Vko(R, — R)] + F[Vko(R, — S)]

VikoRy + B = Vko(R, + S)

}e‘""‘“. (6.57)
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Evidently (6.57) is easily evaluated when 6 + 6, = =, and in
certain circumstances it is possible to verify that the results of this
“ray” theory formula agree with those obtained by the applica-
tion of height-gain functions (see § 5.1.4) to, say, (6.56).

6.2. TWO-PART IMPEDANCE SURFACE

6.2.1. Solution for Incident Plane Wave: H-polarization

A problem very similar to that discussed in § 6.1 arises when
the surface y = 0 can be treated as an impedance surface in the
manner of § 5.2, so that the field need be considered only in the
region y =2 0.

The general two-part impedance surface presents no more diffi-
culty than that in which one section is perfectly conducting, and
gives rise to a factorization into U and L functions which can be
achieved by comparatively elementary methods. The problem
can be developed for a line-source just as in §§ 6.1.3-6.1.5, and,
of course, has similar application. Here, however, attention is
confined to the solution for an incident H-polarized plane wave,
with the special object of investigating what happens when a sur-
face wave, supposed launched on a purely reactive surface, en-
counters a discontinuity in the reactance.

For the purpose of comparison with the preceding analysis the
boundary conditions at y = 0 are taken as

E, =Zysinx, H,, for x <0,
E, = Zysinx, H;,, for x > 0;
and the field associated with the incident wave H}, given by (6.1),
is conceived as the superposition of H] given by (6.2), where, now,
sin & — sin &,

on = ha +sino, (6.58)

and H; represented by (6.7), with P(cos f) to be found.
The total field is
H, = H! + H; + H:, (6.59)

and the boundary conditions at y = 0 can be written as
E; = Zysinx, H!, for x< O,

E; = Zo{sin x,H; + (sinx, — sinw,) (H! + H))}, for x> 0.
10 FR



138 APPLICATION

From (6.7) and (6.8) these lead respectively to the dual integral
equations

f [1 + _S‘.‘L“I_J P()e-®id) =0, for x<0, (6.60)

y1 — 42

f[l + sin &, ]P(l) o thexh ), = 2Y1 — 22(sin &, — sin &)
V1 =22 V1 — 2 + sine,
x e for x>0, (6.61)
where 1, = cos «.
Equation (6.60) is satisfied if
1+ —s-‘ﬂﬁl-—] P() = UQR), (6.62)

V1 — A2

—o0

—00

and equation (6.61) if
{l Sin xo P(l) =

+ V1 — 22 (sin ¢, — sin «;)
V1 — 22

i
L)

X . 6.63
LA G+ &) (6.63)
Write
V1 =22 i
LA dsine _ ()L, 6.64)
V1 - 22 + sin«x,
where U;(1) = L,(—4). Then
P() = i ‘ sinx, — sin«x,
7 [1 4+ sinay/V1 — 22][1 + sina,/V1 — 42]
1
X s 6.65
L0 LG + 7o) (6.65)
and the total field is given by
Hz — elk.rcos(o-a) + QH e—ik.rcos(ﬂm) + H:, (566)
where
e = i (sinx; —sina,)sine
‘7 @ (sina + sin&,) Ly(cos &)
sin ﬂ e~ tkercos (6-B) (6 67)

xc (sin B + sin &,) L,(cos B) (cos B + cos x) a.

This solution is analogous to (6.24).
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Consider now specifically the surface wave problem. For purely
reactive surfaces
Xy = i}’l, Ky = iy;, (6.68)

where y, and y, are taken as real and positive, except in so far as
any ambiguity to which this gives rise is resolved by according
them small negative imaginary parts. Then with

6 =7 — iy, (6.69)

the incident wave is
H,‘ — e—k.yslnhy, e-lk.xcoshy.’ (670)
representing a surface wave supported by the surfacey = 0, x < 0
and travelling in the positive x-direction. Also, of course, (6.69)

implies gy = 0, so the additional field is simply (6.67), which can
now be written

H; = — -;ﬂ—(sinh y1 — sinhy,) Ly(cosh y,)

sin ﬂ e~ kv cos - d
xc (sin B + isinhy,) L,(cos ) (cos 8 — cosh y,) B

(6.71)

As discussed in § 5.2.2, the resolution of (6.71) into a “space”
wave and surface waves is effected by distorting the path of inte-
gration into that of steepest descents S(6). Now (6.64) is equivalent
to

1 _ sinB + isinhy,
Ui(cos ) Li(cosB)  sinf + isinhy, ’
so that 1/L,(cos f) has a pole at § = = + iy, and a zero at @ + iy,

(the pole —iy, and zero —iy, of (6.72) belong to 1/U,(cos f)). The
relevant poles of the integrand of (6.71) are therefore at —iy,,

(6.72)

. iy’ o X+iy,
0 x complex B-plane
=iy, ® * poles
-y e
Fi1G. 6.4.

10*
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7z + #y; and tiy,, as depicted in Fig. 6.4. Evidently, then, in the
path distortion, only the poles at —i#y,, —iy, are crossed when 0
is close to zero; and only that at @ + iy, is crossed when 0 is close
to .

The anticipated physical picture is clear: for 6 =~ 0 a transmitted
surface wave is contributed by the pole at —iy,, whereas the
incident surface wave (6.70) is annulled by the pole at —iy,; for
0 ~ 7 a reflected surface wave is contributed by the pole at = + iy,.

The cancellation of the incident wave, for 6 ~ 0, is easily verified;
the pole at —iy, is encircled anticlockwise, and 2ni times the pro-
duct of the residue of the integrand of (6.71) with the factor outside
the integral can be written down immediately. It should be remarked
that this bit of the analysis does make use of the fact that L,(cos f)
is an even function of 8, a feature that has not previously required
explicit recognition. As was pointed out at the very end of § 2.2.2,
no such implication is to be read into the notation; and evidently,
from (6.72), U,(cos B) cannot also be even in f. The point is
explained more thoroughly in the next section, where the “split”
in (6.72) is actually effected. It is, of course, necessary to know L,
in order to obtain the amplitudes and phases of the reflected and
transmitted surface waves.

6.2.2. The Split of sin 8 + isinh y

The original statement of the required factorization is (6.64),
and in the case specified by (6.68) this means, in effect, splitting
the function

Y1 — 2% + isinhy, (6.73)
Y

where the constant ¥ has a positive real part and a very small
negative imaginary part. The conventional method would be to
take the logarithm of the function and express this as the sum of
‘functions regular in the upper and lower half-planes respectively,
these latter being given by certain contour integrals in the complex
A-plane. For present purposes, however, it is simpler to continue
to use the complex f-plane, and to consider the analogous factori-
zation of

sin 8 + isinhy; (6.74)

it happens that in this way the general contour integration proce-
dure can be avoided.
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It is first necessary to appreciate that a A integral round the
branch-cut associated with the branch-point A = 1 corresponds to
a f integral along the imaginary axis, so that the absence of the
branch-point 4 = 1 in a function of 1 is equivalent to the corre-
sponding function of 8 being even in f. Likewise the absence of the
branch-point A = —1 is equivalent to evenness in # — 8. That the
L factor of a function of 4 has no branch-point at 4 = 1, and the
U factor none at A = —1, is therefore equivalent to the L factor
of the corresponding function of § being an even function of f,
and the U factor being an even function of =z — f.

Now revert to specific consideration of (6.74). Basically, the
aim is to express the logarithm of the function as the sum of
appropriate functions. The logarithm itself is not tractable, but
can be handled when differentiated, though this, of course, means a
subsequent integration. Differentiation with respect to 8 is a
possible technique, but rather neater is differentiation with respect
to y. It is convenient for the subsequent integration to have the
logarithm vanish at ¥ = 0, so consider

S =1+ isinh y/sin g, (6.75)

which differs from (6.74) only by the factor sin 8 with the known
split 2 sin(4p) cos(3f).

Since
d _ icoshy
Wﬂogf )=

sinf + isinhy

sinf§ — isinhy
cosh?y — cos2 g8’
(6.76)

the objective can be achieved by expressing sin § in the numerator
as the sum of functions even in # — § and B, respectively, through
the formula

= icoshy

msinf = (x — f)sin § + Bsin B. 6.77)
For in this way (6.76) can be written
7-(08f) = £(n = £,7) + 6.7, ©6.78)
where ) .
2B, 7) = 1 sinh y i

3 Coshy +cosp | 2m

Bsinf + ysinhy  Bsinpf — ysinhy
X ( coshy — cosB ' coshy + cos B ) 6.79)
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Evidently (6.79) is an even function of 5, free of singularities in the
semi-infinite strip 0 < Ref < &, Im B 2 0 (which region maps
into the lower half of the complex A plane). Also it tends to zero as
B tends to inﬁnity in the semi-infinite strip, as the form

sinh y cosh y
86.v) = 2 coshy + cos 8 + ﬂ sin cosh?y — cos?
i y sinh y
t cos cosh?y — cos? (6.80)
makes plain.

Now integrate (6.78) with respect to ¥ from 0 up to v, take the
exponential, and multiply by sin 8. This yields the split

sin B + isinhy = U,(cos B, ¥) L,(cos B, ), (6.81)
with

g
Ly(cos B, 7) = V2 cos (16) exp [ [ 26, dr]. (6.82)
(1]
It only remains, therefore, to consider the integration of g(8, ¥).

The first two terms of (6.80) can be integrated explicitly, the
third cannot. If 8 is real, and 0 < 8 < =,

v
Sinhf _ cOShy + COSﬂ )
f Sosht + cosf " log( T+eosp ) ©%)

k4
. coshz _, [ sinhy )
sin ﬁf cosh? T — cos? f dr = tan ( smp )’ (6.84)

and

L,(cos 3, ¥) = Ycoshy + cosf8

i _1(sinhy f Tsinh 7
xexp[nﬂtan ( sin 8 ) cosﬂ cosh? t — cos? dt}'
(6.85)

If cos § is real, but |cos B > 1, then sin § is purely imaginary
and (6.84) is preferably written

1.
——2—1103(

isinf — sinhy)
isinf + sinhy /’
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and
Ly(cos B,7) = Ycoshy + cos ﬂ(

14
i Tsinh v
x exp {;t- g dt}. (6.86)
o

Such expressions for L,(cos f) are quite complicated, but it may
be noted that, when cos g is real, |L,(cos f)| is a simple function.
If cos B is real and greater than —1,

|L2(cos B, y)|* = coshy + cosf. (6.87)

isinf — sinhy)"’“"’
isin f + sinhy

This result follows by inspection of (6.85) for —1 <cosf < 1
(0 < B < m) or of (6.86) for cos 8 > coshy(f = —if’, ' > 7); and
there can be no discontinuity at cosf =1 (8 = 0) or at cosf
= cosh (8 = —iy). If cos B is real and less than —1 the corre-
sponding result can easily be derived from (6.86) by taking f = =
+ if’, where B’ > y; itis

isinf — sinhy

Tsinf + simhy = 0%

|L2(cos B, ¥)|* = —(coshy + cos f)

6.2.3. Surface Wave Reflection and Transmission

The reflected and transmitted surface waves mentioned near the
end of § 6.2.1 are now examined more closely.

The magnetic field of the transmitted surface wave is given by
2ni times the product of the residue of the integrand of (6.71) at
the pole § = —iy, with the factor outside the integral. It is

Sinh72 sinh Y1 — sinh Y2 L1(COSh yl) e~k sinhyy o-ikexcoshyy
coshy, coshy; — coshy, L;(coshy,) )

(6.89)

Note that the incident wave is recovered by letting y, — y,.

The magnetic field of the reflected surface wave is given by —2i
times the product of the residue of the integrand of (6.71) at the
pole B = = + iy, with the factor outside the integral. It is

1 sinhy, . . 2 —keysinhy, ,ikexcoshy,
3 cosh? e (sinh ¢, — sinh y,) L3*(cosh y,) e e .

(6.90)
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In the derivation of (6.90) the residue of 1/L,(cos ) at g = = + iy,
is obtained by writting (6.72) as
1 __ sinB + isinhy,
Li(cosf) ~ sinf + isinhy, Us(cos ).
Now from (6.72) and (6.81),
L,(cos ) = L,(cos f,y,)/L,(cos B, v2), (6.91)

so (6.87) gives

2 cosh y,
2
|Ls(coshy,)]* = coshy, + coshy,’ 692)
ILy(coshp)|? = cosh y, + coshy, '

2 cosh y,

At least, then, the expressions for the powers carried by the surface
waves are simple.

Let p be the ratio of the surface wave power to that carried by
the incident wave. Then p for the transmitted surface wave is
tanh y, coth y, times the square of the modulus of the non-expo-
nential factor in (6.89). Thus, with the help of (6.92),

4 sinh p, sinh p,

(sinh p, + sinhy,)? * (6.93)

p transmitted =

Again, p for the reflected surface wave is the square of the modulus
of the non-exponential factor in (6.90); hence

sinh y; — sinhy,
coshy; + coshy,

2
preflected = ( tanhy1> . (6.94)
The lack of balance in the overall surface wave power is, of
course, accounted for by the radiated power associated with the
space wave part of (6.71).



CHAPTER VII

THE FIELD OF A MOVING
POINT CHARGE

7.1. MOTION IN A PLANE

7.1.1. General Formulation

The derivation of the field due to the motion of individual
electrons or protons is a problem of some importance, particularly
in the interpretation of various natural processes of radiation. To a
first approximation it is usually legitimate to ignore the effect on
the particle’s motion of the energy lost in radiation, so that the
motion can be regarded as specified. The problem is then essentially
one of finding the field of a given current distribution, but the
solution assumes a characteristic form associated with the fact
that the direct information is how the position of a point charge
varies with time, rather than how a time-harmonic current density
varies in space.

To treat the problem in terms of the plane wave spectrum re-
presentation it is assumed that the trajectory is confined to the
plane z = 0. If the particle has charge e and, at time ¢, cartesian

coordinates
E®, 7(9), 0], (7.1
then the suface charge density in z = 0 is
= ed(x — §)6(y — ). (7.2)
The corresponding surface current density is therefore
j=evd(x - &y —m), (7.3)
where
v=(§17,0) (7.9)

is the velocity or the particle, the dot denoting differentiation with
respect to Z.
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The current density must now be expressed in terms of its
frequency components. With

o0

i) = [ )™ do, 1.5

— o0

the frequency spectrum j” is given by
oo
= -217 f je-tot dr. (7.6)
— o0

It should be noted that, since j(f) is of necessity real,

(@) = j*(—w); (7.7
thus

0 ] o *
[ P@) e do = [ j(~w)e'™ do = [ [ j*(w) e de,
— o 0
and (7.5) can be written

j=Re 2[j° e do, (7.8)
4]

a representation that introduces only positive values of w.
The substitution of (7.3) into (7.6) gives

=g [E0n 00 -8y - metdr, (19
— 00
and this result can be used in the formulae presented in § 2.2.4. In

particular (2.111) and (2.112) yield

2
ek?

[P, m), @2, m)) = 122 [ [ [ G, & o6 = H 86 = )

X e-tot g-tkelxtmy) oy dy df (7.10)

for the plane wave spectrum functions of each frequency compo-
nent; and if the trivial x- and y-integrations are carried out this
leads to

P, Q%) = leéjf, f (7, — &) e~thettbsmm g-lwt gy (7.11)
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The frequency spectral resolution of the field vectors is
E, H) = [ (E°H") e do, (7.12)

corresponding to (7.5); and E®, H® are given by the appro-
priate substitution of (7.11) into (2.108), (2.107). Caution is re-
quired, however, because the statement in § 2.2.4 that the radical
V1 — I2 — m? in (2.107), (2.108) is negative pure imaginary when
12 + m?> 1 assumes implicitly that w is positive. If (7.12) is used
as it stands, the radical must be taken thus for the part of the range
of integration of w from 0 to co, but must be given the reverse sign,
when /2 + m? > 1, for the remainder of the range of integration
of w from — oo to 0. Alternatively, (7.12) can be written (cf. (7.8))

(E,H) = Re 2 [w (E®, H®) et dw, (7.13)

and with this prescription the formulae of § 2.2.4 of course require
no modification.

One standard expression for the field vectors is obtained by
substituting (7.11) into (2.107), (2.108) and then effecting the
integration with respect to / and m by means of (2.120). For
example, substitution into (2.107) gives

e lﬁﬂ’fff[i T ]

x etkltx-8) +miy-n) ¥ T-T-m'z] e~ dl dm dt, (7.14)

in which the /, m double integrals are seen to be expressible in
terms of the respective z, x and y differentials of (2.120). Hence

. . 1/. 1
£z, —7i(x — £) + £O — ﬂ)]—e'(lko + ?)

x e~tet+elo) gy (7.15)
where g is the magnitude of
=x-£§y—1,2), (7.16)
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the radius vector to the point of observation from the position of
the particle at time ¢. Evidently (7.16) can be written

o0
w0 € : 1y va Q -la(t+o/c)
He = 25 f (tko+e) 2 a,  (1.17)
— o0

where v is the velocity of the particl, (7.4). This, in conjunction
with (7.12), is the standard form referred to; it is, in fact, also
applicable to general three-dimensional motion, and corresponds
closely to the expression (3.77) for the magnetic field of a time-
harmonic current distribution.

The radiation field of the moving charge can, of course, be
written down directly from (7.11), as explained in § 3.2.1. Thus,
from (3.22),

ik, e'*

6 Hp) ~ 8,,3 —

00
x [ [icose — £sing, — cos (7 sin @ + & cos ¢)]
—o0

Y elk. sin0(&cosp+nsing) e-lwt dt, (7.18)

where r, 0, @ are spherical polar coordinates related to x, y, z in
the usual way.

If it is asked what power is radiated, it is necessary to be clear
about the type of motion postulated. When the time interval during
which the particle is in motion, or at least in accelerated motion,
is limited, the total energy crossing an elementary area dS is finite,
and of amount W.dS, where

00
W= [ExHd, (7.19)
— o0
the field vectors being evaluated at dS. In view of (7.12) this gives
[ -]
W = [[[E°(w) » H(0") &+ do dor' dt.  (1.20)

In (7.20) the ¢ integration introduces d(w + w"), and when the o’
integration is then done the result appears as

W =2n _/?E‘”(w) AH*(—w) do . (7.21)



THE FIELD OF A MOVING POINT CHARGE 149

Since (cf. (7.7))

E**(w) = E°(—w), H**(w) = H(—-w), (7.22)
(7.21) can be written
W = Redn [ E” 2 H** do. (7.23)
']

The total energy flux density is therefore 8 times the superposition
for all positive frequencies of the time-averaged power flux density
associated with each frequency component.

A somewhat different situation is that in which the motion of the
point charge is periodic. The formulae then appropriate are set out
in the next section, and given explicitly in the important case of
uniform circular motion.

7.1.2. Periodic Motion: Uniform Circular Motion

Let the motion of the point charge in z = 0 be periodic, with
period 2. Then in plane of (7.5), (7.6) the surface current density
is written

() = 3 1,e"® = jo + Re 2 3 jetn?, (71.24)
with =
2::[0
= je, = = f j(1) e-m2e gy, (1.25)

Ignoring the steady current density jo,, the formula for the har-
monic components of the plane wave spectrum functions is evi-
dently

nz.Q:’ e
P Q) = eqess f (1, — &) e-tnEtwmn -1n21 gr(7.26)

The harmonic components of the radiation field are given by
ienQ? e-lnﬂrlc
8nc r
20/
xf [ cos @ — & sin @, —cos 6 () sin ¢ + £ cos )]

(Hpo Hnw) =

% eancgnnuecowm-lnv) e-n8t gy (7.27)
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As regards the radiated power, the quantity now of interest is
the average over a period 2n/22. If w.dS is the average rate at
which energy crosses an elementary area dS,

2/

Q
=-27f ErHd:. (1.28)
1]

In terms of the harmonic components of the field this is
w= 3 E, nH,=Re2JE, nH}, (7.29)
— 00 1

again ignoring any steady field components, which are of no sig-
nificance in this context.

The case in which the point charge travels with constant speed
v round a circular orbit is of particular interest, since this is the
basic motion induced by an imposed magnetic field. With

£= —;%-cos(.Qt), n = %sin(gz), (7.30)

and ¢ taken zero without loss of generality, the radiation field
(7.27) is seen to be expressible in terms of the integrals

27
[ (cos, sin) etmzrnocors g-im g (7.31)
0

Now a standard Bessel function representation is

e—tinn
27

T0) = f gltCeonemn gr (7.32)

1]
so that the integrals in (7.31) are respectively
2metinn

—2mietinn J! (n % sin 0) , - J, (n % sin 0) . (1.33)

v .
—sin 0
c

In the radiation field, therefore,

e.Q v v e—tnDr/c
— tinm, g/ —_—Ql
Hy = 5 etmn 2, (n ” sin 0) e (1.34)

e- inQr/c

ef v
= —]—0 etinn — 81 7
HW 1 | e ncot J,, (n sin 0) ; s ( .35)
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and the time-averaged power radiated per unit solid angle in the
direction 6 (for any ¢) is

8292 oo

[— J2 (n - sin 0) + cot2 0 J? (n % sin 0)] (7.36)

These formulae can be elucidated with the help of various Bessel
function properties. The main point to notice is that if v/c < 1 the
argument of the Bessel functions is much smaller than the order,
and the first term of the series (7.36) is predominant. Whereas for
a particle of such high energy that v/c ~ 1 argument and order
are almost equal in or near the plane of revolution 6 = iz, and

then the dominant terms are those for which n is about
M = v?e) R

7.2. UNIFORM RECTILINEAR MOTION

7.2.1. Motion in a Vacuum

One of the few cases in which the details of the analysis can be
pursued with comparative ease is that in which the point charge
travels with constant speed along a straight line. At first sight this
is not a problem of much physical interest, but proves otherwise
when the charge is allowed to move in a dielectric medium rather
than a vacuum.

From the mathematical aspect it is instructive to begin with
the vacuum case. Even though its speed is constant, the moving
charge constitutes a time-varying current density, and it is perti-
nent to ask why it does not radiate. From the present point of
view the reason is that, at every angular frequency w, the wave-
lengths of all the spatial Fourier components of the current density
are less than the wavelength 2nc/w of vacuum radiation, and the
plane waves of the spectrum representation of the field are there-
fore all evanescent.

To see this explicitly, let the cartesian coordinates of the point
charge e be

(v2,0,0), (1.37)

where v is the constant speed of the charge. In the notation of
§7.1.1,
E=vt, =0, (7.38)
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so (7.9) gives e
_]:’ = -276())) e"o", jy = 0. (7.39)

It is seen at once that all the spatial wavelengths implicit in (7.39)
are less than 27zc/w by virtue of the fact that v < c.
The substitution of (7.39) into (2.111) and (2.112) gives

- w_ _ _¢ko 3 12— lkylx
P? = 0, Q = 167 . e v e dx, (7.40)
in agreement, of course, with (7.11). Thus
2
Po=0, Qw=—8“;‘;6[ (1+—1)] (7.41)

If now expressions (7.41) are fed into (2.107), the / integration
can be done, and it appears that
[+ <]

0 . __ ew —l;x _'_n_ t?(my: mz)
H are [ (o, £1,2 )e dm, (1.42)
— o0
where
= V1 — c2[v2 — m3. (7.43)

With ¢/v > 1, n, is pure imaginary for all real values of m and the
plane waves in the representation (7.42) are all evanescent. The
entire field is therefore simply a storage field in the vicinity of the
plane z = 0, and no energy is lost in radiation.

In a frame of reference moving with the particle there is solely
the electrostatic coulomb field of a point charge at rest. A Lorentz
transformation will therefore yield an explicit solution to the
problem just considered, in terms of simple algebraic functions.
How can this solution be derived from (7.42) and (7.13)? The inte-
grals in (7.42) can be expressed in terms of Bessel functions, but
these can be avoided by doing first the w integration of (7.13). The
magnetic field lines are clearly circles normal to and centred on the
x-axis, so it is sufficient to find —H, at y = 0, z = ¢ > 0, since
this will give the magnitude of H at distance ¢ from the line of
motion of the charge. It is

o0

dm
H = Re = (7.44)
4:: c f [% Ve2fv2 — 1 4+ m? — i(t — x/v)]

— 00




THE FIELD OF A MOVING POINT CHARGE 153

leading to

__¢ - (0*/c?) (c?/v? — 1 + m?) — (t — x[v)?
= 4nic J TUAD (@ — 1 + md) + (t — x[v)’)?

dm

(7.45)

The only singularities of the integrand in (7.45) are two poles on
the imaginary axis, on either side of the origin, and the integral is
easily evaluated by the residue theorem after closing the path of
integration with an infinite semicircle. A little algebra yields the
standard result

e v(l — v?/c?) o

il o ey gy g e

(7.46)

It has been shown that in a sense there is no radiation from the
charge only because its speed is less than c¢. This restriction can
in effect be overcome in practice by allowing the charge to travel
through a dielectric that has refractive index u > c/v for at least
some range of frequencies. Before considering, in the next section,
the analysis for this situation, which gives rise to so-called Cerenkov
radiation, it is worth examining briefly the hypothetical vacuum
case with v > c.

With ¢/v < 1, (7.43) is real for some values of m, and these
values correspond to homogeneous plane waves which carry energy
away to infinity. On the other hand it would seem that there must
be a simple explicit solution corresponding to (7.46), and it is
instructive to see in what sense this can represent a radiating
solution.

The solution can be obtained in the same sort of way as before.
The w integration, with permissible path distortion to ensure
convergence, gives

o0
H = Re — 4:2‘: drm 2>
[-g— V1 — c?/v> —m? — (¢t — x/v)]

(7.47)

corresponding to (7.44). Put

m= %B-cosa, B = Yv?/c® — 1.

11 EBr
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ev sin & do
sin & —
o

Then

C

where C is again the path of Fig. 2.1.

It is now observed that it is permissible to distort the path so
that it lies entirely along the imaginary axis, allowing only for any
poles that may be crossed in the process; and, furthermore, that
when the path is along the imaginary axis the real part of the inte-
gral is zero, a result easily established by writing &« = iy and noting
that the real part of the integrand is then an odd function of y. Thus
(7.48) is evaluated merely in terms of the residues of the poles
that lie in the semi-infinite strip of the complex « plane 0 < Re «
<z, Imx > 0.

Consider, then the various possible positions of the poles,
remembering that ¢ > 0. If ot — x < 0 the poles are outside the
strip 0 < Re &« < m. If fo > vt — x > O there are two poles on the
real axis inside the strip; the way in which C is to be indented round
these poles is determined by the condition that any imaginary part
of n, = (cB[v) sin « must be negative, but the details are irrele-
vant, since the residues of the poles are clearly real and so cannot
contribute to (7.48). Finally, if vz — x > fo there are poles at

& = iﬂ :t i“o;
where
vt — x|
Po
and the residue of the integrand at the pole with positive imaginary
part is found to be

cosh oy =

i _ iﬂses
T sinhda,  [(vf — x)? — B2%I*
Thus
0, for ot — x < fo,
H = e v(v?/c? — 1o

for vt — x> fo.
(7.49)

The result in this form is a standard one whose broad interpreta-
tion is clear. It represents an electromagnetic shock wave, arising

T 27 Tt — %)? — (@%[c — D PP’
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from the fact that the particle travels at a speed exceeding that of
wave propagation. The shock front is the cone

vt — x = Yv?/c? — 1p, (7.50)

which travels with its vertex at the particle. The generators of
the cone make the angle sin~!(c/v) with the particle’s track, and
the cone can be regarded as the envelope, at any time #, of distur-
ances emitted by the particle at times prior to ¢, and subsequently
travelling outwards with speed c. The electromagnetic field exists
only behind the cone, and becomes infinite as the cone is appro-
ached; the factor 2 by which the non-zero part of (7.49) differs in
functional form from (7.46) is accounted for by the existence of
two instants on the particle’s track at which emitted disturbances
contribute to the field at a given time at a given point behind the
cone. For a point in front of the cone, at a given time, there are no
such instants.

The singular behaviour of the field accounts for its ability to
radiate without conforming to the conventional type of radiation
field. But a non-infinite result for the rate of radiation is only
obtained with a more realistic model, such as that considered in
the next section.

7.2.2. Motion in a Dielectric: Cerenkov Radiation

The present problem is that initially considered in § 7.2.1, except
that it is supposed that all space is filled with a homogeneous,
lossless, isotropic dielectric of refractive index u. It is important to
recognize that u is a function of the angular frequency w; it is
taken to tend to unity when w tends to infinity, as it would on any
reasonable model, and the case of interest is that in which x4 > cfv
for some, necessarily finite, range of values of w.

The plane wave spectrum representation for the field in the
dielectric medium is only slightly different from (2.107), (2.108).
The required modifications are noted at the end of § 2.2.4, but for
convenience of reference the explicit statement is now given,
namely

H= fj( +P, +0, _I_{‘jn_mQ_) elkUxsmy=n gl dm . (7.51)

11*
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and
= ;2—
o 2 _ g2 2 _ 2
xffllmp + (/:1 ?)Q - (u m’)lP+le , F(mP —IQ)}
—00
X elk.(lx+my¥ nz) 4l dm, (7.52)
where

n="Vu =12 - m?, (1.53)

and, as usual, the upper/lower sign is for z 2 0.

Since (2.111) and (2.112) continue to hold, the frequency com-
ponents of the spectrum function are given by (7.41) as before. Thus
the expression (7.42) for H” is altered only in that now

ny = Yu? — c2fv® — m?. (7.54)

The two field components specifically required for the power cal-

culation are
o0

Hy = Fog=e™s f B myenD gy (7.55)
—0o0
2 2° 1
0 o ew — c —i:—’x —_— t?(my* mz)
B = ~Zyr (1 ”zv,)e f e dm.  (1.56)
— o

Consider the total energy that crosses the surface of an infinitely
long strip of unit width that lies in some plane z = constant and
whose edges are parallel to the y-axis. Allowing for equal radiation
on either side of the plane z = 0, this quantity is one half the
energy, U say, radiated by the point charge per unit length of its
path. Thus, using (7.23), and noting that H, = 0,

o0 o0
U=Re8x [ [ EPH}* dwdy (7.57)
—© 0
evaluated at any value of x and any positive value of z. Of course,

U is independent of x and z, which will therefore drop out before
the end of the calculations.
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The insertion of (7.55) and (7.56) into (7.57) gives

o0

(V]

X dydmdm' dw,

where n; is simply the expression (7.54) for n, with m replaced by

m’. The y integration introduces é [—‘—::— (m— m’)], so can be followed

at once by the m' integration, leaving

Z,e? - c? c’ol A
U= Re 2" cf (1 - ﬂ,vz)w e dmdew. (7.58)
0 -— 00

It is now observed that, since u? is real, no contribution is made
to (7.58) when n; is pure imaginary. Consequently the w inte-
gration can be confined to that range of w for which 4 > c/v, and
for any w in this range the m integration can be confined between
the limits =+ Yu? — c?/v?; this is simply analytic confirmation
that radiation occurs only because there are some homogeneous
waves in the plane wave spectrum. Moreover, when n, is real
the exponential factor in the integrand is unity and the m integral
is then . Hence the energy radiated per unit length of path is

Zye? ) c?
v=2E f[l - W]wdw, (1.59)

taken over all positive values of w for which x4 > c/v. This is the
standard formula for Cerenkov radiation.
It may be noted that, since

00
E.=Re2 [ E? e do, (7.60)
(1]

with E? given by (7.56), the formal expression for —eE, evaluated
at the particle (x = vt, y = z = 0) is the same as (7.59). This is to
be expected, in the sense that the work done against the field in
maintaining the motion of the particle must balance the rate of
loss of energy by radiation. The difficulties inherent in introducing
the concept of the field at the location of a point charge are here
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disguised, in that only the imaginary part of the integral in (7.60)
is divergentat x = v,y = z = 0.

Consider, finally, what can be said about the directivity of the
radiation. Clearly (7.41) states that, for each angular frequency w
for which there is radiation, the plane waves of the spectrum make
the specific angle cos~![c/(vx)] with the particle’s track. Thus the
directions 6 in which there is radiation are those for which

ww) cos b = cfv (7.61)

for some value of w.



CHAPTER VIII

SOURCES IN ANISOTROPIC MEDIA

8.1. UNIAXIAL MEDIUM

8.1.1. The Dielectric Tensor

This chapter offers some comparatively introductory material
on the complicated problems that arise when anisotropic media
are involved.

In the notation of § 1.2, the medium considered is supposed to
have vacuum permeability and to be characterized, for a time-
harmonic field, by a dielectric tensor X~ with components x,;
(i, j = 1, 2, 3); moreover the medium is assumed to be lossless, so
that x;, = ;. Two fields of study in which this type of medium is
encountered are crystal optics and magneto-ionic theory; in the
latter the medium is a gas of free electrons (with a ‘“neutralizing
background” of positive ions, often supposed immobile) permeated
by an imposed magnetostatic field.

In crystal optics the simplest case of anisotropy is afforded by
the uniaxial crystal for which, with appropriate choice of coordi-

nate axes,
x 0 O
A =10 x 0], 8.1
0 0 «

and x, »’ are real and positive. This form also arises in magneto-
ionic theory when the magnetostatic field B, is so strong that the
angular frequency of free gyration of an electron in the field
(eBo/m) is very high compared with both the wave angular fre-
quency o and the so-called plasma frequency w,, the latter being
given by

wj = Ne?/(egm), (8.2

159
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where —e, m are the electron charge and mass, and N is the number
of electrons per unit volume. Then, with the z-axis directed along
B,, the dielectric tensor is, on the simplest theory, approximately

10 0
X=(0 1 0 . (8.3)
0 0 1-— w}w?

It is easy to see how the form (8.3) arises. If E is in the z-direc-
tion, that is, along B,, the electrons tend to oscillate parallel to
that direction, and such motion is unaffected by B, ; the equivalent
dielectric constant is therefore the same as that of a free electron
gas without a magnetostatic field, and since on the simplest theory
the current density is J = — Nev = Ne?E/(iwm), this latter is
1 — w?/w?. If, on the other hand, E is transverse to the z-direc-
tion, the electrons tend to oscillate only in planes normal to B,;
but then the amplitudes of the oscillations are negligible owing
to the high value of B,. The equivalent dielectric constant is
therefore the same as that in the absence of the electrons, namely
unity.

Formally, of course, (8.3) is obtained from (8.1) on writing

x=1, x=1- w}w?, 8.4

butin this identification it is necessary to admit the possibility that »’
may be negative; this case arises when v < w,, and is of interest
as a model which can be used to illustrate the generation of Ceren-
kov radiation in a magneto-ionic medium, in the way shown in
§ 8.1.6.

8.1.2. Surface Currents in Plane Normal to Axis

Consider the field, in a uniaxial medium, generated by a distribu-
tion of surface current density in a plane that is normal to the
direction of symmetry of the medium. The dielectric tensor of the
medium is supposed given by (8.1), and z = 0is taken as the current
carrying plane.

The intention is to apply the plane wave spectrum representation
introduced in § 2.2.6. To this end it is necessary to confirm that
the symmetry about z = 0 assumed in (2.124) holds for the present
case, and to find n,, n,, P,/Q,, P,/Q, as functions of / and m.
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From a trivial generalization of the analysis given in §2.1.4,
plane waves with space factor

elk.(lx-c-my ¥nz) (8. 5)

can be supported by the medium under one or other of the condi-
tions (cf. (2.42), (2.43))

P4+m*+n=ux, (8.6)
2+ m?+ (x[)n® = x'. 8.7
Thus n2 as a function of / and m must take one of the two forms
n =% —12 - m? 8.8
n} = x — (x[x") (I1* + m?). 8.9
The corresponding refractive indices are
l‘i =%, (8.10)
m=x+ 1 = x/x)(? + m?). (8.11)

To establish the validity of (2.124) consider first the general
expression

H= 3 (P00 &

i=1,2

IP} + mQ/

tko(Ix+my ¥n,2)
- )e o (8.12)

for the magnetic field of the pair of plane waves emitted into the
respective half-spaces z > 0 (upper sign), z < 0 (lower sign) by a
space-harmonic surface current density in the plane z = 0. Then
the components of

curl H = iweo X'E = iweo(xE,, xE,, »'E;)
yield the associated electric field

ImPi + (i — 1) Q" __ (u} — m*) P} + miQ/'

E=2Z ’ ’
02 | £ po- + -y
_ mP{ ',‘ IQl‘ ] elkelinemyen;z) (8.13)
»

Furthermore, as explained, in effect, in § 2.1.4, a plane wave with
refractive index u, has the structure of a plane wave in an isotropic
dielectric of dielectric constant x, and its polarization is such that
E, = 0 (eqn. (2.44)); hence

mP; — 1Q} = 0. (8.14)
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Again, it is easy to verify, for example from (2.37), that a plane
wave with refractive index u, has polarization such that H, = 0;
hence

IP; + mQ; = (8.15)

But E, and E, must be continuous across z = 0, and this evidently
demands

Pr=-P, QOr=-0Qf, (i=12). (8.16)

The representation (2.124) is therefore vindicated, with (8.8),
(8.9), (8.14), (8.15) giving the information required for its applica-
tion.

8.1.3. Dipole Normal to Axis

A simple illustration of the analysis of § 8.1.2 is afforded by the
electric dipole. If this is located at the origin and directed along the
x axis, say, the surface current density components are, as in

(2.114),
=pd(x)6(»), Jjy, = 0. (8.17)
Then, from (2.126),
pk;
P, + P, =0, Q1+Q2=—W, (8.18)
analogous, of course, to (2.115); and (8.14), (8.15), (8.18) give
Pk} 1
(Pl’ QI’PZ’ Q2) = —E;‘_:'mz_(lm’ m29 _Ims 12)' (8'19)
The representation (2.123), (2.124) is therefore
H=H, + H;, (8.20)
where
87:2,[,[( 12+m2’_12+m2’_,)
X e"‘°“"+""*""’ dldm, (8.21)
(-]
_.?5. Im 2 ) tko(1x+my ¥ nyz)
8n2ff(¥12+m2’i12+m2’0 ¢ di dm,
(8.22)

with ny, n, given by (8.8) and (8.9).
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Evidently
M M oM PM
H, = (axaz > 9yoz’ T Tox: ay? )’ (8.23)
orr o
H, = iko¥o (5 — 35 0)s (8.2
where

= iko(Ix+my ¥nyz)
M=-E f f ey € dldm, - (8.25)

= T pZo ff T e!k.(lx-tmr*"zz) dldm. (8.26)

Reference to (8.8), (8.9) shows that, if for the present both x
and x' are assumed positive, (8.25), (8.26) can be written

= ik.}/x (Ix+my ¥nz)
M=-2L ff e “ 5 dldm, (8.27)

II=F3-% ”Z° V_ff T rm +sz ek 2+m{R = V%D gl
- (8.28)

n=Yy1—-12 -m?. (8.29)

Hence it is only necessary to evaluate

where

o0
Ix,y,2) = f f Faz—i_fn?)' eMAxtmy T gl dm  (8.30)
since -

M= — Vrx, Vxz), (8.31)

II= — 8';1:22;0 V” 2 1ywx, V'y, Vxz).  (8.32)

The evaluation of I can be effected by much the same analysis as
that used at the end of § 2.2.5. The transformations leading from
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(2'120) to (2’121) give, for z > 0’
o0 ) ?_‘k.zyi_:‘ ( 33)
I = 2mi cos T T, 8.
4 6[ Ji(kog ‘T===-l > d

and this integral can in turn be derived from (2.121) as follows. If
the familiar relation

737—11(11) + ',17',1(’7) = Jo(n)

is multiplied by n and then integrated over # from 0 to 7, there
results

J 0 Jolm) diy = moJ (o),

from which

k
v [ £ruee) de = kool o).
1]

Now, in both sides of (2.121), first replace koo by &, next multiply
by &, and then integrate over £ from 0 to koo to get

k J1(koo7) —"‘"m = e-thez _ otk (8 34)
o? 1( of Tﬂ e . .

Hence (8.33) is

~kez _ o-lker

I =2micosy n
]

, (8.35)

where
x=gpcosy, y=g¢siny, r2=x%+y*+z*. (8.36)

The substitution of (8.35) into (8.31), (8.32) gives

ip - -

M= — lk.VTcz _ ko) %r 8.37

4nk°}/x x? + »? (e ¢ ), @37
_”f.___ —tk)7z _ vy 2 -ikR

ikoYoll = 4 (e 7 — Yx 2o ) (8.38)

where
R? = %'(x% + y?) + »z2. (8.39)
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To get the components of H it only remains to carry out the differ-
entiation specified in (8.23), (8.24). The result is

_ piE koxyz 2 e~k g-ikfE
H, = 4z V;‘xz+y’[k%(x’+y2)(koR koVxr

i

—_ __i_. —_ AL __if'_.( — _i_) —ikoR
kzofz (1 m)e Vxr 4 kng 1 koR e ], (8.40)
}/ x2 — yz e-ikeR _ e-u.y?r
k (x2 + ) % +y*\ kR Kk, Vxr
+ i-’-’f- 1= L Nempmr 4o X (1 _ ! )e“""‘ 8.41)
r? ko er R2 koR ?

sz i N EL
H, = z}'a-ckorz( ko},’-")e o (842

Two points may be noted. First, that the expression exp(— iko V*z)
only makes an interim appearance, in (8.37) and (8.38). When M
and IT are combined to form the field components the terms in-
volving this expression cancel one another, as would be antici-
pated, and there is ultimately no restriction on the sign of z. Secondly,
that although the final formulae were derived on the assumption
that »’ > 0, they must also apply to the physically attainable case
%' < 0 (noted at the end of § 8.1.1), provided that R is taken to be
negative pure imaginary for those field-points for which (8.39)
is negative. In this case, then, the factor exp(—ikoR) characterizes
either a propagated or an evanescent field according to whether
the field-point lies inside or outside the double conical surface
whose generators pass through the origin and make the angle

tan-1 Vjx/x'| (8.43)

with the z-axis. The field components become indefinitely large as
the surface of the cone is approached.

In spherical polar coordinates r, 6, ¢, with the dipole as origin,
direction of dipole as axis (x = r cos ), and ¢ measured from the
xz-plane it is found that

pki - sin?@singcosp 1 (e-!blir gtk
4n 1 —sin? @ cos’ ¢ kor \ k, Vxr koR

H, =

), (8.44)
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and
H =pk?,”/; sinfcosOsingpcose [1 + sin20cos?¢p i
7 4n 1 — sin?2 0 cos? ¢ 1 — sin? 0 cos2 ¢ kor

Y R

ko Vxr  koR kot ko Ver
T - i —ikeR
o (1 koR)e ] (8.45)
- ; 20 _ «in2 :
H,= pk; iV —s sin 0 cotz 0 anz @ i
4 tanZ @ + cos20 [ cot®2 0 + sin2g kor

~lkg)xr —ikoR 2 ; —
" (e Ver e >+ tan’e (i \ _uym
ko V;cr koR kor ko Yxr

+ ' 005?02 (1 -z R)e’"‘"‘]. (8.46)

When %’ = x, (8.44) and (8.45) vanish, and the familiar form
of the field of a dipole in an isotropic dielectric is recovered.

8.1.4. Surface Currents in Plane Parallel to Axis

Here the case is considered in which the plane of the surface
current distribution is parallel to the direction of symmetry of the
uniaxial medium. It is convenient to retain z = 0 as the current
carrying plane, and the dielectric tensor of the medium is conse-

quently taken to be
* 00
X =0 » 0]}. (8.47)

0 0 x

The validity of the representation (2.123), (2.124) can be esta-
blished just as in § 8.1.2, with now

m=x-—12—-m?, (8.48)

n:=x" — (x'[x) 1> — m?, (8.49)
The plane wave characterized by (8.48) has E, = 0, so that

ImP, + (» — 1*)Q, = 0; (8.50)

and that characterized by (8.49) has H, = 0, so that
P, =0. (8.51)
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8.1.5. Dipole Parallel to Axis

When the surface current density is (8.17), specifying a dipole
parallel to the direction of symmetry of the medium whose dielectric
tensor is (8.47), the results are particularly simple. They can, of
course, be used to supplement those of § 8.1.3 to yield, by super-
position, the solution for an arbitrarily oriented dipole.

Equations (8.18), (8.50) and (8.51) imply

P, =P, =0,=0, Q2=—§:§- (8-52)

Hence, from (2.124), H; = 0, and the components of H, can be
written

Hu=0, Hy=ikYo g, Hu=-k¥oll, (359
where
- — pZO 1Kko(Ix+my ¥n3z)
m=-£% ffnze yen gl dm. (8.54)

Since n, is given by (8.49) it is evident that
- ipZo ~ e~ ikR
= 4n * koR ?

(8.55)

where

R? = xx? + »'(y? + z2). (8.56)
The physical variables (8.56) and (8.39) are identical when the
present dipole and that in §8.1.3 are placed orthogonally to one
another at the same point in a common medium.

The cartesian components of H are obtained by differentiation
of (8.55) as indicated in (8.53), and those of E can then be derived
by forming curl H. If spherical polar cordinates r, 0, ¢ are intro-
duced, with the dipole as origin and direction of dipole as axis
(x = rcos 8), it is found that the non-zero components are

_Pk . s o (0 | e™R
H,= i }/xsmﬂR(l _koR)—koR , 8.57)

E,,=Z° e m ]/a_csmo

x{1—[1+2(1——)cos20]—i——(1—-;) e (8.58)
R\ TR TR * &

i | e %R
E =2, £2 2V’cosekoR( -,%—R)I%—R, (8.59)
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where
R? = (xcos? 0 + x'sin%20) r2. (8.60)

When %' = x the familiar form of the field of a dipole in an isotro-
pic dielectric is recovered.

If %" < O the field is propagated or evanescent, respectively, in
the regions inside or outside the conical surface

tan? 6 = [x/x'|, (8.61)

and the field components become indefinitely large as the surface
of the coneis approached. This behaviour is, of course, conditioned
by the properties of the medium in much the same way as that of
the field described in § 8.1.3.

8.1.6. Point Charge in Uniform Motion Parallel to Axis

A second simple illustration of the analysis of § 8.1.4 is the case
in which a point charge travels with constant speed v along a line
parallel to the direction of symmetry of the medium. If the medium
is an electron gas in a strong magnetostatic field,

— — 2/ .2
x=1, » =1 — o}jw?,

as in (8.4), and the occurrence of Cerenkov radiation may be anti-
cipated for the following reason. The plane wave characterized
by (8.49) has refractive index u,, where (cf. (2.47))

'
2 X

2= 5in%g + %' cos26’ (8.62)

6 being the angle which the direction of phase propagation makes
with- the magnetostatic field. The (plane) radial plot of u, against
0, sketched in Fig. 8.1, is an ellipse when x’ > 0 (w > w,) and a
hyperbola when ' < 0 (w < w,). Thus the condition (7.61) for
Cerenkov radiation,

MUy cosl = cfv,

can be satisfied at angular frequency w for every value of w less
than w,, but for no value greater than w,.

Figure 8.1 also provides important information about the diffe-
rent directions of phase and energy propagation. For a direction
of phase propagation 0, represented by the point P on the u,(6)
curve, the corresponding direction of energy propagation is known
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to be along the normal to the curve at P. When %’ < 0 the z-com-
ponents of these directions are therefore of opposite sign, a fact
which is confirmed by the finding that if the direction of phase
propagation is (—I, —m, n,) that of E A H* is (x'l, m, —n,). This
means that in the plane wave spectrum representation (2.124) the
real values of n, must be taken to be negative.

%'<0

Direction of energy
propagation

6 Direction of
magnetostatic field

Direction of phase
propagation

Fic. 8.1.

To obtain the frequency components of the plane wave spectrum
functions it is only necessary to combine the appropriate version
of (7.41), that is

» » ew c
PP+ PP=0, Q°+09= "é%"(’*‘v‘)’ (8.63)
with (8.50) and (8.51); the result is
e c
Pr=Pp=07=0, 0r=-53(1+2). (64
The representation (2.124) therefore gives
(o<}
() ew —iloxfv m 2 my¥nyz .
He = — 22 omion f(o, +1, 7:3)""( oD dm;  (8.65)
—0o0
here
ny = V'(l — c2[v?) — m?, (8.66)

and, for real m, is either negative real or negative pure imaginary.
12 EF
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As explained at the end of § 7.2.2 the energy U radiated per unit
length of the particle’s track can be found most quickly by identi-
fying it with —eE, evaluated at the particle. Since, corresponding
to (8.65),

00
2
£ = g (G — o e [ petermman, @6
—00

it follows that

2 2 o
YL
0

4nc
that is
2 2
U= —"8-;262(5—, - 1)wg. (8.68)

8.1.7. TE and TM Resolution

In this section it is shown how the problem of the field of sources
in a uniaxial medium can be expressed in terms of a corresponding
vacuum field problem.

Attention is drawn to two features of the preceding discussion;
first, the nature of the polarization of the plane waves supported
by the uniaxial medium, and secondly, the coordinate scaling
implicit, for example, in the arguments of 7 in (8.31) and (8.32).

For a medium with dielectric tensor (8.1) the two characteristic
plane waves have, respectively, E, = 0 and H, = 0, no matter what
their common direction of propagation may be. They are therefore
conveniently called TE (transverse electric) and TM (transverse
magnetic), and any time-harmonic field formed by an angular
spectrum of such waves is likewise the superposition of a TE field
and a TM field. Explicitly, the field with suffix 1 in § 8.1.3, expressed
in terms of M through (8.23), is a TE field; that with suffix 2,
expressed in terms of I7 through (8.24), is a TM field. Referring
now to (8.30), (8.31) and (8.32), there is a forcible suggestion that
the TE and TM fields can each be related to corresponding vacuum
fields by respective simple scaling procedures. It is proposed to
examine the general basis of this assertion by reference to Max-
well’s equations.

Suppose that the vacuum field of a given current density is
expressed as the superposition of TE and TM fields with respective
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current densities J, and J,. Then the field of the given current
density in the uniaxial medium with dielectric tensor (8.1) can be
obtained by considering in turn the fields of J, and J,,,.

When E, is everywhere zero, Maxwell’s equations for the uniaxial
medium are identical with those for an isotropic dielectric with
dielectric constant x. Plainly, therefore, the field of J, in the uniaxial
medium is obtained from the vacuum field of J, merely by replac-
ing & by &ox.

When H, is everywhere zero the situation is not quite so trivial.
But by writing down Maxwell’s equations it is a straightforward
matter to confirm the following statement: if E°, H°, J°© are the
vectors of a TM vacuum field (H° = 0), then

E() = [l E®), 1 Eom), - T E°(R)} (8.69)

HE) = [V HY(R), V
I(r) = [2R), JSR), Vo'Ix JXR)], (8.71)

r= (x’y’ Z), R = (V’?x’ V;y’ ﬁz)9 (8'72)

are the vectors of a TM field in the uniaxial medium. The TM field
in the uniaxial medium due to the given current density J,(r) can
therefore be obtained by scaling, in the manner indicated, the
vacuum field due to current density

[Vox(R), Juy(R), V|5 ToeR)], (8.73)

x y z
R = , y =] 8.74
7 # 7 &7
For an electric dipole parallel to the z-axis the entire field is TM,
Iu(r) = (0, 0, p) 4(x) 8(y) &(2),

and (8.73) is simply %}'J,.(r). The field in the uniaxial medium can
be written down by appropriately scaling the vacuum dipole field,
and the results (8.57)—(8.60) confirmed.

Where the current distribution is a surface density in the plane
z=0,asin §8.1.2,

Tu(®) = Umx(%, ¥), Jmy(%, ¥), 0]8(2).

—= HY(R), ] , (8.70)

where

where

12a EF



172 APPLICATION

Hence (8.73) is

1 (x y\ . [(x ¥
}/"[me (W ’ T/;',) s Jmy (ﬁ s V;‘_’) s 0] i(2),
so that anisotropy is not directly evident in the scaling of the origi-
nal surface current density.

In the present statement of the problem the burden of the analy-
sis devolves on the resolution of the vacuum field of a given current
density into TE and TM fields. This is apparent, for example, in
the case of the dipole perpendicular to the z-axis. One way of
effecting the resolution is to introduce the plane wave spectrum
representation of the vacuum field, and then write each plane wave
as the superposition of a TE and a TM plane wave. This procedure
leads to sensibly the same analysis as that which starts directly
from the plane wave spectrum of the field in the uniaxial medium.

8.2. MAGNETO-IONIC MEDIUM

8.2.1. Surface Currents in Plane Normal to Magnetostatic Field

For the description of time-harmonic fields in a plasma with
an imposed magnetostatic field the dielectric tensor takes the form

x —ix'" 0
A =1ix' »x 01}, (8.75)
0 0 »x

where %, »’ and %'’ are real if the medium is lossless. The z-axis
is taken along the magnetostatic field.

For plane waves with space factor (8.5) the determinantal equa-
tion (2.38), when transformed by the operations described after
(2.40), is

x—u? —in'" e — x') — imx"’
i o —u* mx—x)+ilx"|=0,
l m %'
which yields
w2 — %) + (c — %) (12 + m?) (u? — %) + (12 + m? — x')x""2 =0.

(8.76)

This quadratic equation for u? — x gives two values for u? (or n?)
as a function of / and m.
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On the simplest form of magneto-ionic theory

—i—_X—Y-,, W=1-X, »=2Y_ (877

#=1 -2’

where
X = viow?, Y =2Q0|o,

£ being the angular frequency (eB,/m) of free gyration of an elec-
tron in the magnetostatic field. Then with

_1- Y2 2
4 =-——=—@ - ), (8.78)
Y2
f=T-x (®.79)

equation (8.76) becomes
42 —e(I? + m)H)A +e(l1* +m* — 1+ X)=0.

The solution is
A=1—-v+P2+Y2-1,

v=1—}e(? + m?);
and if this is written

where

Y2 -1
4=1+
v+ P24+ Y2 -1
it gives
‘uz =1 - X .
1 — 3e(I? + m?) + V3e2(1> + m?)? — &(I?> + m?) + Y2
(8.80)

Consider, now, the plane wave spectrum representation of the
field of a surface current density in z = 0. It is convenient to
introduce the inverse of (8.75), say

« iy 0
A1 = <—iy o 0) . (8.81)
0 08

Then if the expression (8.12) is prescribed for the magnetic field,
the associated electric field can be written

BimP + (1 — BI?) O/

E=2Z, 5 |t s
1=1,2 n;
; (l - ﬂmz) i{ + ﬁlm Ql , —ﬂ(mPf - IQ(‘)] elk.(lx-u-mrtn,:)’
i

(8.82)
12a*
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in the derivation of which, first E, is obtained from the z-component

of A ~curl H = ik, YoE, and subsequently E,, E, from the x and y

components of curl E = —ik,Z,H. Furthermore, the P;, Q, rela-

tions can be put in the form

ot — 1) — iymn3] P} + [m(op} — 1) + iyInf] @ = 0,
(i=12), (8.83)

a result which follows from a combination of the x- and y-compo-
nents of X ! curl H = ikoY,E. Therefore the continuity of E,
and E, across z = 0 again requires (8.16) to hold, and the re-
presentation (2.123), (2.124) is applicable.

When y = 0, (8.83) reduces either to (8.15) or to ui = l/a = %,
and it can be verified that the analysis of § 8.1.2 is recovered.

8.2.2. Surface Currents in Plane Parallel to Magnetostatic Field

In order to retain z = 0 as the plane of the surface currents the
dielectric tensor is now taken to be

» 0 0
A = (0 * —in") , (8.84)
0 ix'' =x
with inverse
g 0 O
A1 = (0 &« iy) . (8.85)
0 -y «

The equation which replaces (8.76) is evidently
(P — 2+ (e — o) (m? + n?) (@2 — %) + (m* + n? = )
xx''2 =0,
and with m? + n? = u? — I? this takes the form
w(u? — %) + [ — ) (¢ = I%) + "2 (> — %) + (¢ — #' — I?)
x %2 =0, (8.86)
again giving two values of u2. The dependence of x4 on / only is,

of course, a consequence of the axial symmetry of the medium.
In the case (8.77), equation (8.86) is

X 1 —¢ Xy?
Az+2[lf 7 — $a(l —12)]4 ’fl(‘—_fz)'(’2+ﬁ_}'_2)=°’

(8.87)
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where now
1-
-1 + Y’ s (8.88)
and ¢ is still given by (8.79). The solution is
1—¢ 2
A = '—‘I’+T—;—-?—2'i' 14 +8—1,
where now
=1 - 3¢(1 = 1?).
Thus
l—¢ ., 1 —¢
X (u ) v+ Yr2+e—1
that is
wr=1— X . (8.89)

1= el — 1) £ V3e2(1 = )2 + el
In the present case the magnetic field (8.12) has associated
electric field

* 2 __ ]2 %

i

- [i = (4} — m?) + iym] P; - l(iocﬂ - i?)Qf,
n, n

21268 = m) — om| Pt + 119 2 + o) 07
i i

x etkelx +myzmiz) (8.90)
this form being obtained directly from 5 -! curl H = ik, Y, E. The
P,, Q, relations, taken from the x-component of curl E = —ik,Z,H,

are 2

2 — . I’m
Xy + ty n,

! .
— )Pt =+ oG =10 (891)

Evidently the continuity of E, and E, across z = 0 by no means
implies (8.16), and the plane wave spectrum representation must
be set up by the procedure outlined at the end of § 2.2.6.

At this stage it is probably simplest to substitute for Q," in (8.12)
and (8.90) the multiple of P, given by (8.91). After a little algebra
this gives

_ [, Enlopi — 1) — iyPPm m(oui — 1) tiyl?n,
He g L S et e

x etke(lx+my = n;z) , (892)
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and
—2) 2 —
A {—,-(au% _p, - mie? ”ﬂ)”' =L ELLY
'- —
:tm[(ocz --Z:) .“?lz- &) — Wm} etkelx+myzniz) (8.93)
-
The continuity of E, across z = 0 requires
2wt =D, =0, (8.94)

that of E,,

:§m 7z {ml(* — y?) pi — «] Dy + iymd;} = 0, (8.95)

where
A, =P} + P;, D, = P} — Py. (i=12). (896)

And the match of the discontinuities in H, and H, to the surface
current density, say

U Jy) 0%+ ™, (8.97)
requires

D, + D, =y, (8.98)

1 n(ou; — 1) ] .
1552u3 — 12 [ iyl Ay — ImD| = —J;. (8.99)

8.2.3. Point Charge in Uniform Motion Parallel to Magnetostatic
Field

The integrals in §§ 8.2.1, 8.2.2 are complicated, and even for
dipole sources have not been evaluated explicitly. However, the
radiation field can be found by the standard method of stationary
phase. The phasc

iko(Ix + my F nz) (8.100)
is stationary with respect to variations of / and m when
on — On
x¥—57~z—0, y+?’-n-z—0, (8.101)

and the problem in essence reduces to an examination of these
equations.
As a simple illustration, when

n? =x — (x/x') (1> + m?)
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the solution of (8.101) is easily seen to be
x'x _xy _ . xz
I=-%» m=-F% "=tg
where
R? = #'(x? + y?) + %22,
as in (8.39). The phase (8.100) is then just —ik,R.

For the functions n? appearing in §§ 8.2.1, 8.2.2 the investigation
of (8.101) is quite elaborate, and the results depend materially on
the values of the parameters », »' and x'’. The development is not
pursued here.

The problem of Cerenkov radiation in a magneto-ionic medium
is of considerable interest. This was discussed in § 8.1.6 for the
special case of infinite magnetostatic field, and remains compara-
tively tractable because of the delta function behaviour of the fre-
quency components of the plane wave spectrum functions.

Suppose the position of the point charge e at time ¢ is (v, 0, 0),
and that the frequency components of the field it generates are
represented by (8.92), (8.93) (with affixes w where appropriate)
integrated over all real values of / and m. Then the right-hand sides
of (8.98) and (8.99) must be identified thus,

ew
4n3c

Jx = 6t + c/v), j,=0, (8.102)
these being the space-harmonic components of the frequency com-
ponents of the current density associated with the moving point
charge (see § 7.2.1). Hence, from (8.98),

D? + D? =0, (8.103)
which with (8.94) implies
D? = D2 = 0; (8.104)
that is
P}® = P (i=12). (8.105)

Then AP = 2Py (dropping the + affixes), and the remaining equa-
tions, (8.95) and (8.99), give

2 _ 72 2 _ j2
(Pr, PD) = — ] [ LY. et FYPY
2

d iw.z.
8nic T aui -\ m
(8.106)

To get the frequency components of the field vectors the ex-
pressions (8.106) are substituted into (8.92), (8.93), and integrations
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taken over / and m. The / integration is trivial because of the delta
function, and it is found that E®, from which the rate of radiation
can be calculated, appears as

oo

Zoe ﬁw _i(ox/u (a” - l) (I‘,z — 02/02) __1_

8n’c & uE — py J n
—00

Ee = — =%

oo
x elketmy®niz) 4 + (0‘”;2 - 1) (:”’? - 02/02) f_l_

- n;
X elk.(my *niz) dm} . (8‘107)

In (8.107) the dashes indicate that u, and n; (i = 1, 2) are evaluated
at I = —c/v. It is recalled that uj, 43 are independent of nf; for
a conventional magneto-ionic medium they are given by (8.89).

The energy U radiated per unit length of the particle’s track is
now obtained by identifying it with —eE, evaluated at (vt, 0, 0).
Thus, from (7.60) and (8.107),

_ Zoe® { Bo (ops® — 1)(# — c*v?) 4 |
“4nmc - W'
fﬂw (o — 1) (.“—12 — c*[v?) do } (8.108)
—u

In this expression the first and second integrals are carried over
only those positive ranges of w for which u; > c/v and u; > c/v,
respectively: for if u/(us?) is real, but less than c?/v?, then n;(ny) is
pure imaginary; and if u{? is not real, then u;> = u;**, and the ex-
pression in curly brackets in (8.107) is pure imaginary when
y = z = 0, because the second term is the negative conjugate
complex of the first. The modulus signs in (8.108) are included to
allow for the fact that the signs of the real values of n] and n; in
(8.107) are not determined until it has been ascertained, in any
particular case, whether the z-components of the directions of
phase propagation and time-averaged energy flow associated with
the plane wave of the spectrum have common or opposite signs.

The integrands in (8.108) represent, in effect, the frequency
spectrum of the radiated power, and this in turn is intimately
related to the directional characteristics of the radiation through
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the condition u cos @ = c/v. Here 0 is the angle made with the
magnetostatic field, and for each value of w the condition assigns
a value to 6.

In conclusion it is worth confirming that the results for the two
special cases previously considered, in §§ 7.2.2 and 8.1.6, can be
recovered from (8.108). In the former case the medium is isotropic,

and
y=0, pl=p=1/=1/x;

moreover, with the modulus signs discarded and a common
range of integration, (8.108) is simply

_ e Zofﬂw[ @+ ( occ:)]dw’

4nc
in evident agreement with (7.59). In the latter case
y=0, a=1 pi=1 @=1B+0-1B~
hence
B2 = o) = 1 = c2fo?
and (8.108) leads to (8.68).
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Admittance,
characteristic 20, 99
vacuum 12
Aerial 60
Amplitude 12
decay 19, 22
of far field in forward direction 80,
81
Angular spectrum of plane waves
in anisotropic medium 37, 168
in isotropic medium 35, 155
three-dimensional 33
two-dimensional 25
with pole 55
See also Plane wave spectrum and
Spectrum function
Anisotropy 18, 159
See also Medium, anisotropic
Antenna 60

Aperture
distribution, 28, 61
bounded 45

in black screen 69
in conducting screen 78
plane 28
Aperture, voltage 118
Asymptotic expansion 48
of Fresnel integral 54
Attenuation 15, 117

Babinet’s principle
for black screen 70, 72
for conducting screen 77, 84
Bessel function 4, 36, 91, 150, 164
See also Hankel function
Bessel’s equation 30
Boundary
conditions, 20, 69, 78, 123
impedance 105, 112, 115, 137
at surface current 22
values 69, 78
Brewster angle 101, 113, 128
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Cauchy 9
Cavity 4
Cerenkov radiation 153, 160, 168,
177
Charge
conservation 4
surface density 22
volume density 4
Charge, point 145, 168, 177
Complex representation 4, 7
Conductivity 6, 15, 98
Cone,
radiation 165, 168
shock 155
Constitutive relations 6, 7
Cross-section,
scattering 79
transmission,
of narrow slit 92
of wide slit 89, 90
Cross-section theorem 77, 79
Crystal optics 159
Crystal, uniaxial 159
Current 5
distribution 3, 22, 61
surface density 22, 24, 33, 37, 71,
160, 170, 173
Fourier analysis 27
of moving point charge 145,
149
volume density 4
of electron gas 160
Current,
conduction 6
impressed 6, 8
induced 77
line 30
magnetic 28, 71, 118

Decay coefficient 25
Delta function 10, 177
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Dielectric Fourier
coating 116 analysis 3
constant 161, 171 integral 8, 25
tensor 7, 16, 171 theorem 8
Hermitian 7, 19, 159, 172 transform 28, 73
Dielectric, lossless 20, 155 double 34
See also Medium triple 59
Diffraction 3, 52, 69, 113 Frequency
Dipole 3, 35, 42, 162, 167, 171 components 169, 177
line 32 spectrum 146
Dual integral equations 82, 127, 138  Frequency,
electron gyration 159, 173
plasma 159
Earth 98 Fresnel 3
Edge-wave 75 integral 52
Electromagnetic field, 3, 4 complex 51, 75, 83, 97, 109,
av;rage ; 128, 133 113, 135
diffraction 75, 128, : ;
E-and Hepolarized 6, 24 Friopes oy cocttent. 98
evanescent 165, 168
geometrical optics 75, 128 Gain, 60
incident 77 normal and super 62
one-dimensional 11 Growth 20
propagated 165, 168
reflected 102 .
scattered 77, 81 Htlfagll: ne7,2

symmetry of 23
TE and TM 170
two-dimensional 6
unique 23
See also Plane wave and Wave
Electron 145, 159, 168
Energy 25
balance 7
emitted in Cerenkov radiation
157, 170, 178
flux density 148
Energy, direction of flow 19, 168,
178
Equi-amplitude planes 12
Equi-phase planes 12, 18
Error integral 52

Far field 43, 80
See also Radiation field
Field, see Electromagnetic field, Far
field, Magnetostatic field,
Radiation field and Random
field

perfectly conducting 82, 92, 122
Half-space 20, 22, 25
Hankel function 30, 50, 92, 102,

104, 129 h

Height-gain 105, 112, 137
Hermitian tensor 7, 19, 159, 172
Homogeneous

equations 17

medium, see Medium

plane wave, see Plane wave

Impedance

boundary condition 105, 112, 115,

137
surface, 115
two-part 137

Impedance,

characteristic 99, 114

reactive surface 116

vacuum 14
Inhomogeneous

medium, see Medium

plane wave, see Plane wave
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Integral equations, dual 82, 127,
138

L function 83, 127, 138, 142
Laplace 8

Launching efficiency 118
Line-source 30, 92, 102, 107, 129
Lorentz transformation 152

Magneto-ionic
medium 172
theory 159, 173
Magnetostatic field 159, 168, 172
Maxwell’s equations, 3, 4, 7
invariant transformation of 5, 28,
32
one-dimensional 11
scaling of 171
transform of 59
two-dimensional 6
Medium, 5
anisotropic 7, 16, 37, 159
conducting 16
homogeneous 15, 98, 122
isotropic 6, 15, 34
lossless 7, 19, 20
lossy 12
magneto-ionic 172
uniaxial 160, 170

Numerical distance 110, 123

Optics,
crystal 159
geometrical 75, 128

Permeability, 6
vacuum 5
Permittivity, 6, 15, 20, 98,
complex 7, 15, 99
vacuum 5
Phase 15, 93, 176
interference 43
propagation, direction of 15, 19,
38, 168, 178
stationary 43, 176
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Plane wave, 3
homogeneous 12, 24
in anisotropic medium 16, 161
incident 20, 72, 79, 80, 85, 93, 114,
125
inhomogeneous 12, 14, 20, 25
in isotropic medium 15
reflected 20, 125
TBEand TM 170
transmitted 21, 125
Plane wave spectrum 3, 4, 45, 60, 69,
72, 82, 85, 92, 102, 125, 145,
157, 160, 169, 173
See also Angular spectrum and
Spectrum function
Plasma 172
frequency 159
Point-source 35, 102, 104
Polar diagram 44, 60
Polarization, 18, 161, 170
E-and H- 6
horizontal and vertical 99
linear 12
Potential, retarded 3
Power, 117
radiated 148, 178
Power, time-averaged 21, 118
radiated by
line current 40
line dipole 41
point charge in uniform circular
motion 150
space wave 121
two-dimensional field 39, 44, 62
voltage slot 41
scattered 79
transmitted 79, 80
Power flux, time-averaged 25, 139
across aperture plane 121
in surface wave 120
Power flux density, time-averaged 7,
19, 25, 38, 44
homogeneous plane wave 12, 79
inhomogeneous plane wave 14
Poynting vector 7, 14
Propagation 3, 98, 122
coefficient 99, 114
See also Phase
Proton 145
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Radiation field 39, 43
in forward direction 77, 80
See also Far field
Radiation field,
line current 40
moving point charge 148
slit in black screen 76
space wave 121
three-dimensional 45
two-dimensional 44, 50
Random field 4
Ray theory 104, 110, 136
Rayleigh distance 77
Reactance 116, 137
Reactive surface 118, 137
Reciprocity 97, 124, 128, 131
Recovery effect 124, 135
Rectangular pulse 9, 10
Reflection coefficient 21,99,114,116
Reflection, total internal 21
Refraction 21
Refractive index 18, 153, 155, 161, 168
complex 15,99
Residue theorem 9

Saddle-point 48
near pole 56
Scaling 170
Screen,
black 69, 113
complementary 72, 78
perfectly conducting 77
Secondary source 71
Shadow 75, 113
Shock
front 155
wave 154
Slit,
black screen 76, 79
conducting screen,
narrow 91
wide 84
Slot, voltage 32, 41, 118
Snells’ law 21
Spectrum function 8, 26, 34, 38,45, 79
black half-plane 73
conducting half-plane 83
dipole 35
in anisotropic medium 162, 167

INDEX

line-source 30
point charge 146
in uniform rectilinear motion
152
in anisotropic medium 169, 177
slit,
black screen 76
conducting screen 88, 90, 92
with pole 51, 55
Split 127, 140
Stationary phase 43, 176
Steepest descents 46, 56, 64
Step function 9, 117, 120
Stokes lines 54
Supergain 62
Superposition of
delta functions 10
E- and H-polarized fields
14, 15
plane waves 3, 20, 22, 24
scattered fields 85
TE and TM fields 170

6, 11,

Taylor series 49, 57
Time-factor 4
Transmission coefficient 21, 99

Two-part
problem 123
surface 122

U function 83, 86, 127, 138, 142
Uniaxial

crystal 159

medium 160, 170

Voltage
aperture 118
slot 32, 41, 118

Wave,
cylindrical 44
evanescent 21, 151
shock 154
space 117, 120, 139
spherical 36
surface 21, 116, 117, 120, 137,
143
See also Plane waves
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The two-dimensional plane wave spectrum of fields due to aperture
antennas seems to originate with
Woodward, P. M. and Lawson, J. D. (1948). The theoretical precision
with which an arbitrary radiation-pattern may be obtained from a source
of finite size. Proc. IEE, 95111, 363-70.
and
Booker, H. G. and Clemmow, P. C. (1950). The concept of an angular
spectrum of plane waves, and its relation to that of polar diagram and
aperture distribution. Proc. IEE, 97111, 11-17.
The former paper deals with the approximate synthesis of specified radia-
tion patterns by suitable distributions of field over either a given aperture
or a given linear array. The latter paper links the concept of an angular
plane wave spectrum with those of a polar diagram and the Fourier trans-
form of an aperture field distribution, showing that the angular spectrum is
more general; when introducting the concept of an angular spectrum of
plane waves references is made to the earlier work
Ratcliffe, J. A. (1946). Journal IEE, 931I1(A), 28.
The technique of using an angular plane wave spectrum field representation
was applied initially to study ionospheric scattering and diffraction. Of
particular note are
Booker, H. G., Ratcliffe, J. R. and Shinn, D. H. (1950). Diffraction from
an irregular screen with applications to ionospheric problems. Phil.
Trans. Roy. Soc. A, 242, 579-607,
and the review article
Ratcliffe, J. A. (1956). Some aspects of diffraction theory and their appli-
cations to the ionosphere. Rep. Prog. Phys., 19, 188-267.
In both of these the scattering from statistically rough surfaces is investi-
gated. The plane wave spectrum representation method was extended to
three-dimensional fields in
Brown, J. (1958). A theoretical analysis of some errors in aerial measure-
ments. Proc. IEE, 105C, 472-5.
The half-plane diffraction problem was first solved by
Sommerfeld, A. (1896). Mathematische theorie der diffraction. Math.
Ann., 47, 317-74.
An account written in English is given in
Sommerfeld, A. (1954). Optics, 245-65. Academic Press, New York.
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The curious reader will also be interested in the thorough review article
Bouwkamp, C. J. (1954). Diffraction theory. Rep. Prog. Phys., 17,
35-100,

and in Chapter XI, entitled ‘Rigorous diffraction theory’, which Phillip

Clemmow wrote for the classic
Born, M. and Wolf, E. (1980). Principles of optics (6th edn). Pergamon
Press, Oxford.

In this chapter Phillip Clemmow discusses the concepts of angular spectra

of plane waves and the dual integral equation formulation of diffraction

problems, and then goes on to solve the problems of both two- and three-
dimensional diffraction of a plane wave by a half-plane. The half-plane
diffraction of a line source field is also discussed, as are the problems of
scattering from two parallel half-planes, an infinite stack of parallel, stag-
gered half-planes, and from a strip. Phillip Clemmow also provided, in

Appendix III of the book, a lucid presentation of the methods of stationary

phase and steepest descent.

There is a vast literature connected with the so-called ‘mixed path’ problem

and its applications. Clemmow’s solution for a two-part plane surface was

first presented in
Clemmow, P. C. (1954). Radio propagation over a flat earth across a
boundary separating two different media. Phil. Trans. Roy. Soc. Lond. A,
246, 1-55.

This paper, a masterpiece of erudition, contains an extensive list of related

publications, including the seminal one by Weyl, H. (1919) Annal. Physik

(Leipzig), 60, 481.

Alternative approaches to this problem may be found, the first one being
Feinberg, E. (1946). On the propagation of radio waves along an imper-
fect surface. J. Phys. (Moscow), 10, 410-40.

Applying the rationale of operational calculus, and starting from Green’s

integral theorem, we have also
Bremmer, H. (1954). The extension of Sommerfeld’s formula for the
propagation of radio waves over a flat earth, to different conductivities of
the soil. Physica’s Grav., 20, 441-60.

The paper
Wait, J. R. (1956). Mixed path ground wave propagation, 1. Short dis-
tances. J. Res. Nat. Bur. Stand., 57, 1-15.

makes nice use of the compensation theorem of Montcath to solve the

problem. Clemmow’s approach was taken in
Millar, R. F. (1967). Propagation of electromagnetic waves near a coast-
line on a flat earth. Radio Sci., 2(3), 261-86.

A different method of solving the mixed-path problem is given in
Walsh, J. and Donnelly, R. (1987). A new technique for studying propa-
gation and scattering for mixed paths with discontinuities. Proc. Roy.
Soc. Lond. A, 412, 125-67.



ANNOTATED BIBLIOGRAPHY 183

The field of a moving point charge was traditionally solved by the introduc-
tion of intermediate vector and scalar potentials. The Liénard-Wiechert
potentials are usually used to give the electric field for, say, an electron
moving with constant velocity; an alternative approach in this case is to
apply a Lorentz transformation to the fields of a static charge. This is dis-
cussed in
Panofsky, W. K. H. and Philips, M. (1962). Classical electricity and mag-
netism (2nd edn), §19.2. Addison Wesley, Reading, MA.
The field of an arbitrarily moving charge can also be found by the method
of ‘normal variables’ and Fourier transformation, as is described in
Cohen-Tannoudji, C., Dupont-Roc, J. and Grynberg, G. (1989) Photons
and atoms, pp. 66-8. Wiley Interscience, New York.
An approach that bypasses the use of potentials is given in
Donnelly, R. and Ziolkowski, R. W. (1994). Electromagnetic field gener-
ated by a moving point charge: a fields-only approach. Am. J. Phys.,
52(10), 916-22.
Two excellent books where the angular plane wave spectrum representa-
tion method and its use in diffraction and antenna problems have been
clearly presented are
Clarke, R. H. and Brown, J. (1980). Diffraction theory and antennas. Ellis
Horwood Ltd, Chichester.
and
Jull, E. V. (1981). Aperture antennas and diffraction theory. Peter
Peregrinus Ltd, Stevenage.
Rod Donnelly
Memorial University of Newfoundland



