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Outline

* Inference by Enumeration in an HMM
* Filtering using the Forward Algorithm
* Decoding using the Viterbi Algorithm



Inference by Enumeration

To calculate a probability P(R,|U,,U,):

1. Select: which variables do we need, in order to model the
relationship among Uy, U,, and R,?
* We need also Ry and R;.
2. Multiply to compute joint probability:
P(RO'RllRZJ Ul/UZ) — P(RO)P(RllRO)P(UllRl) P(U2|R2)

3. Add to eliminate those we don’t care about
P(RZI UlIUZ) — z P(Ro, Rl) Rz, UltUZ)
Ro,R1
4. Divide: use Bayes’ rule to get the desired conditional
P(R2|U11U2) — P(Rz, UlIUZ)/P(UllUZ)

U, U, Ury Ur




Computational Complexity of “Inference by
Enumeration”

* Russell & Norvig call this “inference by enumeration” because you
have to enumerate every possible combination of Ry, R{, R,, U1,U>,

for Ry € {t, f}.

* The complexity comes from this enumeration: if there are 2° possible
combinations, then the complexity can’t be less than 2°!



First simplification for HMMs: only enumerate
the values of the hidden variables

* Notice: we don’t really need to calculate P(Ry, =R, R,, 2U;,—U,) if
we have already observed that U, is True!

* First computational simplification for HMMs:
* Only enumerate the possible values of the hidden variables.
* Set the observed variables to their observed values.



Inference by Enumerating only the Hidden Variables

Multiply:
P(RO; Rl; Rz,_lUl,Uz) — T o d I
P(Ry)P(R{|Ry)P(=U{|R;) ...P(Uy|R,) ransition mode

 SReUa RUp state (R ) (R (R
0.0392 0.0756
BT W2EIM 0.0009 0.0095 observation  (Cu, ) (u, )
0.0168 0.0324

e S 0.0021 0.0221 N N
Transition probabilities Observation probabilities
. Y, Ri=T Ri=F U =T U, =F
* We only compute joint probabilities that | o7 0 -
include the observed events, =U; and Us,. t1= ' ' Re=T | 03 0-4
Ry =F 0.3 0.7 R,=F 0.2 0.8

* The numbers don’t add up to one; they add
up to P(_IUl,Uz).



Inference by Enumerating only the Hidden Variables
Add:

P(R,, _'Ul'UZ) Transition model
P(R(), Rl; Rz, _|U11U2)

NOROFO

= observation o o
R;

Transition probabilities Observation probabilities
. Re=T  Ry=F Us=T  U-=F
« We only compute joint probabilities that — ;7 ;3 - t : ”
include the observed events, U4 and U,. t1= ' ' Re=T | 03 0
Rei=F 0.3 0.7 R, =F 0.2 0.8

* The numbers don’t add up to one; they add
up to P(_IUl,Uz).



Inference by Enumerating only the Hidden Variables
Divide:

P(R2|_'U1;U2) —

P(Rz, _IUl,Uz)
P(_lUllUZ)

Transition model

e (B (D (D
g
observation o @

—R, 0.30

* Normalize, so that the column sums .77 o7 o3 R=T | 09 01

fo one. Ru=F | 0.3 0.7 R.=F 0.2 0.8

Transition probabilities Observation probabilities




First simplification for HMMs: only enumerate
the values of the hidden variables

* Only enumerate the possible values of the hidden variables. Set the
observed variables to their observed values.

* Filtering with binary hidden variables: enumerate (R,, ..., R7),
complexity is 2T+t = 0{27}.

* Filtering with N-ary hidden variables: If each of the variables R; has
N possible values, instead of only 2 possible values, then the
inference complexity would be O{N'}.




Outline

* Filtering using the Forward Algorithm
* Decoding using the Viterbi Algorithm



Inference complexity in an HMM

« O{N"}is still alot. Can we do better?

* For a general Bayes net, no. Bayes net inference, in an arbitrary Bayes
net, is NP-complete.

* For an HMM, yes, we can do better.



The Forward Algorithm

* Initialize: look up the value of P(R,).

e [terate:for1 <t <T:
 Multiply:
P(Rt—ll Rt, Uli “er ) Ut) —

P(Rtht—l)P(Utht)

When t=1, this is just P(R,)

D DB DD

U U, ut-l ut um Urs U




The Forward Algorithm

* Initialize: look up the value of P(R,).
. Iterate' forl <t<T:

o Up) P(Ri_1, Uy, .., Up—1)P(R¢|Re—1)P(U¢ | Re)

P(Rt, Ul' . Ut) —

for the N possible values of R;.

® D B DB
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The Forward Algorithm

* Initialize: look up the value of P(R,).

e Iterate: for1 <t <T:
 Multiply:
P(R,_1, Ry, Uy, ..., U,)
for the N? combinations
e Add:

(Rtht—l)P(Utht)

When we move to the next value of t...

2 P(R,_1,Rp, Uy, ..., Uy)

Rt
for the N possible values of R;.

D DB DD

U U, ut-l ut um Urs U




The Forward Algorithm

* Initialize: lookupthe value of P(R,).
* lterate: o@ ... and so on, until we reach t=T...

 Multiply:

P(R¢—1, Rty Uy, o, Up) = P(Rp—q, Uy, e, Up—1))P(R¢|Re—1)P(U¢|Ry)
for the N? combinations of R,_; and R;.
 Add:

P(Rt, Ul' . Ut) — 2 P(Rt—li Rt, Ull . Ut)

Rt
for the N possible values of R;.

® P B D

ut um Urs U




The Forward Algorithm

* Initialize: look up the value of P(R,).

* Iterate: for1 <t < T:
 Multiply:
P(R¢—1, Rty Uy, o, Up) = P(Rp—q, Uy, e, Up—1)P(R¢|Re—1)P(U¢|Ry)
for the N? combinations of R,_; and R;.
 Add:

P(Rt, Ul' . Ut) — 2 P(Rt—li Rt, Ull . Ut)
Ri_4




The Forward Algorithm Complexity

* Initialize: look up the value of P(R,). - O{N}
* lterate:for1 <t < T:

 Multiply:

P(Rt—li Rt' U1; "t Ut) — P(Rt—ll Ul' ) Ut—l)P(Rtht—l)P(Utht)
for the N4 combinations of R;_; and R;. - O{N2T}
« Add:
P(Rt, Ul' . Ut) — 2 P(Rt—li Rt, Ull . Ut)
Rt
for the N possible values of R;. > O{NZT}
. . __ P(R1,Uy,..,UT) ;
* Terminate: P(R;|U4, ..., Up) = O{N}
P(Uq,..,Ut)

DD B D

Ut Ul‘+1 UT—l UT



Example: Filtering in UmbrellaWorld

Richard notices that Ellie brought
her umbrella today (U,) but not Transition model

yesterday (—Uy). Is it raining
today? What is P(R,|=U,, U,)? state (R )~ R DR
observation 0 0

Initialize:

1
P(Ry) = =
( O) 2 Transition probabilities Observation probabilities
Ri=T Ri=F U, =T U, =F
Ry=T 0.7 0.3 Re=T 0.9 0.1
P (_IR()) = = Rep=F 0.3 0.7 R, =F 0.2 0.8

2



Example: Filtering in UmbrellaWorld

Ilteratet = 1:
Multiply:
P(=Ry, —Ry,1U;) = (0.5)(0.7)(0.8) = 0.28  ¢tate
P(=Ry, R{,—U,) = (0.5)(0.3)(0.1) = 0.015 ¢ o Q
P(Ry,—R{,~U;) = (0.5)(0.3)(0.8) = 0.12 |
P(Ry, R, —U,) = (0.5)(0.7)(0.1) = 0.035 observation  (Cu, ) (U,

Add:
P(-R{,~U;) =028+ 0.12=0.4

Transition model

Transition probabilities Observation probabilities
P(R{,~U;) = 0.015 + 0.035 = 0.05 Re=T  Ry=F U=T  U=F

Ry=T 0.7 0.3 Re=T 0.9 0.1

R, =F 0.3 0.7 R,=F 0.2 0.8




Forward Algorithm: The Trellis

We can visualize the
forward algorithm using a
TRELLIS:

e Node = a value of the
hidden variable at a
given time

* Numerical value of the
node = probability that
the hidden variable takes
that value

A

Value of the hidden variable

D O O
© O O

< A

0

Uil

F

>

U2=

[ Time



Forward Algorithm: The Trellis

A

* Edge = a possible
transition from R;_4 to
Ry

e Numerical value of the
edge =
P(R¢|R:—1)P(U¢|R¢)

0.07

gl 0.5

Value of the hidden variable

<A
O
-
=
1B
Tl
-
N
]
v

T Time



Forward Algorithm: The Trellis

* v;, = value of it node at
timet

* e;j = edge connecting
node v; ;_; to v},

Forward algorithm is just:

Vit = Z Vit-1€ijt

i

A

Value of the hidden variable

gl 0.5

0.07

< A

0 Ul

F

U2

T Time



Example: Filtering in UmbrellaWorld

Iterate t = 2 :

Multiply: Transition model

P(~Ry, Ry, Uy, Uy) = (0.4)(0.3)(0.9) = 0.108  state (R, )~ R, )—~CR, )

P(Ry, Ry, —Uy, Up) = (0.05)(0.7)(0.9) = 0.0315 .. .
i (v (U
P(=R,, Uy, U,) = 0.056 + 0.003 = 0.059

P(R,, =Uy,U,) = 0.108 + 0.0315 = 0.1395

Transition probabilities Observation probabilities

Re=T R,=F U=T  U.=F
Terminate: Ra=T | 0.7 0.3 R=T | 0.9 0.1
0.1395 R, =F 0.3 0.7 R,=F 0.2 0.8

P(Rzl_lUl, Uz) — 0.7

0.1395 + 0.059



Forward Algorithm: The Trellis

A

* v;, = value of it node at
timet

* e;j = edge connecting
node v; ;_; to v},

Forward algorithm is just:

it = Z Vit-1€ijt

v
l

Terminate:
P(R,|=U{,U,)
2 113 2

~ 0.1395 + 0.059

= 0.7

Value of the hidden variable

0.07

gl 0.5

S0 Ul=F  U2=T Time



HMM inference tasks

Filtering: what is the distribution over the current state X, given all
the evidence so far, E;, --- use the Forward Algorithm, complexity O{NZT}

Smoothing: what is the distribution of some state X, (k<t) given
the entire observation sequence E;.? --- Forward-Backward Algorithm

Evaluation: compute the probability of a given observation
sequence E,, -—- Forward Algorithm computes this!

@ * Decoding: what is the most likely state sequence X, given the
observation sequence E,.? (example: what’s the weather every
day?) ---let’s solve this problem next.




Outline

* Decoding using the Viterbi Algorithm



Forward Algorithm vs. Viterbi Algorithm

* Forward Algorithm
* Goal: efficiently compute P(R+|Uq, ..., U7)
* Complexity O{N*T}
* Key equation: vy = X%,; V;r—1€;j¢

* Viterbi Algorithm

* Goal: efficiently find the values of
Ry, ..., Ry = argmax P(Ry, ..., R7|Uy, ..., UT)

« Complexity O{N?T}
* Key equation: vj; = maxv;;_1€;jt
l

* Back-pointer: i*(j,t) = argmaxv; ;_;e;j;
i



Viterbi Algorithm: Key concepts

* Goal: efficiently find the values of
R}, ..., Ry = argmax P(Ry, ..., Rr|Uy, ..., Ur)

* To do that efficiently, we need to keep track of TWO pieces of

information at each node vj;:

* Path Cost: Probability of the best path until node j at time t

U]t — miaXR m%X P(Ro, Ul' Rl’ . ,Ut_l, Rt—l — i, Ut)
0’ t—2

* Backpointer: which node, i, precedes node j on the best path?

L"(j,t) = argmaXR m%x P(Ry, Ui, Ry, ..., Ui, R =1, Uy)
t—2




Viterbi Algorithm: The Trellis

We can visualize the
Viterbi algorithm using a
TRELLIS:

e Node = a value of the
hidden variable at a
given time

* Numerical value of the
node = probability that
the hidden variable takes
that value

A

Value of the hidden variable

D O O
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Viterbi Algorithm: The Trellis

A

* Edge = a possible
transition from R;_4 to
Ry

e Numerical value of the
edge =
P(R¢|R:—1)P(U¢|R¢)

0.07

gl 0.5

Value of the hidden variable
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O
-
=
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-
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]
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Viterbi Algorithm: The Trellis

A

* v;, = value of it node at
timet

* e;j; = edge connecting
node v; ;_; to v},

Viterbi algorithm is:

Vit = miax Vit-1€ijt

Backpointer is:
i"(J, t)
= drgmax Ui,t_leijt
i

Value of the hidden variable

<A
O
-
=
1B
Tl
-
N
I
v

=T Time



Viterbi Algorithm: Termination

* Choose the node with the largest final value

maXUjT — mnax P(Ro, Ul’ e UT, RT)
i Ro,...,RT

* Trace its backpointers to find
Ry, ..., Ry



Best path
Viterbi Algorithm: Termination probability =

A

of the hidden variable

Best path: = Ry—R{ R,

. Value




HMM inference tasks

Filtering: what is the distribution over the current state X, given all
the evidence so far, E;, --- use the Forward Algorithm, complexity O{NZT}

Smoothing: what is the distribution of some state X, (k<t) given
the entire observation sequence E;.? --- Forward-Backward Algorithm

Evaluation: compute the probability of a given observation
sequence E,, -—- Forward Algorithm computes this!

Decoding: what is the most likely state sequence X,.; given the
observation sequence E,.? (example: what’s the weather every
day?) --- use the Viterbi Algorithm, complexity O{NZT}




