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Sampled Systems Review

The inputs and outputs are

x(t)= D X T, y(r) = T yiem/Te

k=—oc0 k=—00

Suppose that Ty = 0.001s. Suppose that x(t) is lowpass filtered
by an ideal anti-aliasing filter with a cutoff of 5kHz, then sampled
at Fs = 10kHz to create x[n]. x[n] is then passed through a
5-sample averager to create y|[n]:

4

vl = 5 > xln—

m=0

Find Y} in terms of Xj.
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Frequency response and sine waves

x[n] = /%0 — y[n] = H(kwp)e/kwon

Frequency response and periodic signals

K K
x[n] = Z DI e — y[n] = Z Y, efkwon

k=—K k=—K
Yk = H(kwo)Xk

What about non-periodic signals?

Can we extend that formula to non-periodic signals?
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DTFT = "Frequency response” of x|[n]

(e.9] o0

Hw)= Y_ hlmled*™, sodefine X(w)= Y  x[n]le "

m=—0o0 n=—oo

Convolution in Time = Multiplication in Frequency

y[n] = x[n] % h[n] > Y (w) = X(w)H(w)
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Proof: Convolution in Time equals Multiplication in

Frequency

yln] = hlnlxx[n] = > h[mlx[n — m]

m=—0oQ

Yw) = Y ( > h[m]x[n—m]> e Jwn

n=—oo m=—0o0

= Z < Z h[m]x[n — m]) e~Jwmeg=jw(n=m)

(n—m)=—0c0 \mMm=—00

= ( Z x[nm]ejw(”m)) < Z h[m]e_j“”")

(n—m)=—o0 m=—00
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Example: DTFT of a Triangle

Suppose we have y[n] = h[n] x x[n], where

b= { L 0=n<5 m{ 1 0sn<s
1 0 otherwise * 1T ) 0 otherwise

Using graphical convolution, it's easy to show that

n 0<n<h
yl[n]=¢ 10—n 5<n<10
0 otherwise

But what's Y(w)?
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Example: DTFT of a Triangle

5sin(5w/2)
sin(w/2)

_ 2
Y(w) = Hw)X(w) = e 45 <S;?n((5j //22))>

X(w) = H(w) = e /+6-1/
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Example: y[n] = x[n — 3]

Suppose y[n] = x[n — 3]. This is the same as a system with

h[n] = 6[n — 3] & H(w) = e #*3

Therefore '
Y(w) = e /3 X(w)

Time Shift Property of the DTFT

y[n] = x[n — ng] <> Y(w) = e_j“”OX(w)
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Inverse DTFT

Here's the most important new idea today. The DTFT has an
inverse, just like the Fourier series.

e}

X(w)= > x[nle "

n—=—oo

] = o- / " X(w)e " du

—T
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e Continuous-Time Fourier Series (CTFS)
e Time: Continuous (t), Periodic (Tp)
e Frequency: Aperiodic, Discrete (k)

1
=7
e Discrete-Time Fourier Series (DTFS)

o Time: Discrete (n), Periodic (No)

o Frequency: Periodic (Np), Discrete (k)

X x(t)e tde,  x(t) =) X, e

1 —jkwon jkwon
Xk:ﬁOZx[n]ef on, X[n]:ZXke’ o

@ Discrete-Time Fourier Transform (DTFT)
o Time: Discrete (n), Aperiodic
o Frequency: Periodic (27), Continuous (w)
]

X(w) = Zx[n]e*j“", x[n] = % /X(w)ej“’”dw
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deal Lowpass Filter]

1 |w| < we
0 otherwise

i) = {

Goal: can we implement this as y[n] = h[h] % x[n] for some h[n]?
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1 /" . 1o
hlnl = o= | H@)e dw=— [ &*"duw

2T J_, T J .

1 /1), .
_ - wen _ j—jwen
~ 2 (jn> [ — &7

_ 2jsin(wen)  sin(wen)

2jmn m™n
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The Magical Sinc Function

The sinc function (pronounced like “sink™) is defined as:

. _ sin(x)
sinc(x) = .
It has the characteristics that
1 x=0
sinc(0) =< 0 x = {m, any integer ¢ except { =0

other values other values of x
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Rectangle in Time <> Sinc in Frequency

{1 0<n<N-1 _ je(n-1)28in(wN/2)
Aol = { 0 otherwise G Hw)=e sin(w/2)

Sinc in Time <> Rectangle in Frequency

Mﬂ:mme%mM:{

1 —we <w<we
0 otherwise

m™n
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