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Transforms you know

@ Fourier Series:

s 2Tkt

Xo— £ [P ey X o
= t t x(t) = E
; TO/O (O T d o x(t) = &

k=—o00
o Discrete Time Fourier Transform (DTFT):
X(w)= > x[nJe " x[n] = / X(w)e*"dw

e Discrete Fourier Transform (DFT):

N-1

XK= 3" x[n]e 757 x[n] = Z X[kl V"

n=0
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DFT = Frequency samples of the DTFT of a finite-length

signal

Suppose x[n] is nonzero only for 0 < n < N — 1. Then

N-1
X[kl =Y x[n]e "
n=0
o0
= Z x[n]eijZTan
n=—o0
= X(wk), wk= 2rk
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DFT = Discrete Fourier series of a periodic signal

Suppose x[n] is periodic, with a period of N. If it were defined in
continuous time, its Fourier series would be

1 To _ 2wkt

X = — x(t)e ™ To dt
g To Jo (®)

The discrete-time Fourier series could be defined similarly, as

2mkn

= '
Xy = N ZO x[nle™ /"N

1
= X[k
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Frequency Response

o Fourier Series:
y(B) =x(0)* h(t) & Ye= Hlw)Xe
o DTFT:
ylnl = x[nl « hlnl ¢ Y(w) = H(w)X(@)

o DFT:
o If y[n] = x[n] * h[n], does that mean Y[k] = H[k]X[k]?
o Only if you assume x[n] periodic. If you assume x[n] is
finite-length, then the formula fails.
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Example: y[n

x[n] as a finite-length signal

10
05
00
50 25 0 25 50 75 100 125 150
Impulse Response hln]
1
° g
-1
50 25 0 25 50 75 100 125 150
Output of linear convolution, yIn] = hn]*x[n]
1
. b
-1
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Example: Y[k] = H[k]X[K]

x[n] as a finite-length signal

=50 -25 o 25 50 75 100 125 150
Impulse Response hln]
g
=50 -25 o 25 50 75 100 125 150
Output of circular convolution, yIn]
&
=50 =25 o 25 50 75 100 125 150
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Example: Y[k] and X[k] as Fourier series coefficients

x[n] as an infinite-length periodic signal

< N N I A S N B
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Circular Convolution: Motivation

@ The inverse transform of Y[k] = H[k]|X[k] is the result of
convolving a finite-length h[n] with an infinitely periodic
x[n].

@ Suppose x[n] is defined to be finite-length, e.g., so you can
say that X[k] = X(wk) (DTFT samples). Then
y[n] # h[n] % x[n]. We need to define a new operator called
circular convolution.
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Circular Convolution: Definition

The inverse transform of H[k]X[k] is a circular convolution:
Y[k = HIKIX[k] < yl[n] = h{n] @ x[n],

where circular convolution is defined to mean:
N—1
h[n] ® x[n] = Z h[m] x[{(n — m)n]
m=0

in which the () means “modulo N:"

n—N N<n<?2N
n 0<n<N

MN=904n N<n<o
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Y[k] = H[K]X[K]

°

x[n] as a finite-length signal

=50 -25 o 25 50 75 100 125 150
Impulse Response hln]
g
=50 -25 o 25 50 75 100 125 150
Output of circular convolution, yIn]
&
=50 =25 o 25 50 75 100 125 150
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Practical Issues: Can | use DFT to filter a signal?

@ Sometimes, it's easier to design a filter in the frequency
domain than in the time domain.

@ ...but if you multiply Y[k] = H[k]X[k], that gives
y[n] = h[n] ® x[n], which is not the same thing as
y[n] = h[n] * x[n].

@ Is there any way to use DFT to do filtering?
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Practical Issues: Filtering in DFT domain causes circular

convolution

Original Signal |X[k]|, very broadband Original Signal x{n]

25 125

20 100

15 075

10 ‘ { [ 050

- I T [ I T [ -

00 ? T T ? 0.0

0 H 10 5 20 25 30 0 s 10 15 20 25 30
Lowpass Filtered Signal |YIK]| Lowpass filtering yIn] using the DFT: time-domain aliasing

04

25
03

20

i1 i1

[} 5 10 15 20 25 30 [ 5 10 15 20 25 30
Frequency sample k Time domain sample n

. h?ﬂ h’” SO B .TT_HJHMH
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The goal: Linear convolution

When you convolve a length-L signal, x[n], with a length-M filter
h[n], you get a signal y[n] that has length M 4 L — 1:

x[n] has length L = 32

-10 o 10 20 Bb 40 50
hIn] has length M = 32

0.0 v LB 1Y Y} v s -

-10 0 10 20 30 40 50
y[nl=h[n]*x[n] has length L+ M —-1=63

) o it

00 hd .
: AEELSY! o

-10 0 10 20 30 40 50

In this example, x[n] has length L = 32, and h[n] has length
M = 32, so y[n] has length L+ M — 1 = 63.
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How to make circular convolution = linear convolution

So in order to make circular convolution equivalent to linear
convolution, you need to use a DFT length that is at least
N>M+L—1:

IXIK]| computed with N = 63 x[n] zero-padded to length N=L +M —1=63
25 125
2.0 100
15 0.75
- h l [ N H ” { [ { H .
0.5 0.25
00 LTI h‘.ﬂ L’J h.TI [ J 000

o 10 20 30 40 50 60 o 10 20 30 40 50 60

YIK]| computed with N = 63 yin}: circular convolution using zero-padding to length L+ M~ 1
25 04
2.0 03
15 02
: 1l
ol Lo ata g0 oo (ML ofe 0 ute oo uta

05 T I (I P ll. .ll P30 T M )
0.0 ?T LJ -o1

o 10 20 30 40 50 60 o 10 20 30 40 50 60

Frequency sample k Time domain sample n
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Zero-padding

This is done by just zero-padding the signals:

(] x[n] 0<n<L-1
X n| =
P 0 L<n<N-1

haplr h[n] 0<n<M-1
n| =
P 0 M<n<N-1

Then we find the N-point DFT, X[k] and H[k], multiply them
together, and inverse transform to get y[n].
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Zero-padding doesn't change the spectrum

Suppose x[n] is of length L < N. Suppose we define

(] x[n] 0<n<L-1
X n| =
o 0 L<n<N-1

Then
Xzp(w) = X(w)

...so zero-padding is the right thing to do!
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Truncating changes the spectrum

On the other hand, suppose s[n] is of length M > L. Suppose we

define
{s[n] 0<n<L-1
x[n] =
0 L<n<N-1
Then
X(w) # S()
and

X[k # S[K]
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How does truncating change the spectrum?

Truncating, as it turns out, is just a special case of windowing:
x[n] = s[n]wg(n]

where the “rectangular window,” wg[n], is defined to be:

(] 1 0<n<L-1
wg[n] =
R 0 otherwise
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Spectrum of the rectangular window

1 0<n<L-1
WR[n] = .
0 otherwise
The spectrum of the rectangular window is

oo

Wer(w) = > wln]e "

n=—00
L-1

— Z e—jwn
n=0

_ eiw(55Y) sin(wl/2)
sin(w/2)
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Spectrum of the rectangular window

Rectangular Window with length L =4 IWr(w)|, L=4
4
2
0
10 15 20 25 30 0 w4 w2 3w4 n 5m/4 3m2 4 2n
Rectangular Window with length L =8 IWr(w)|, L=8
10
5
0
10 15 20 25 30 0 w4 w2 3w4 n 51/4 312 4 2n
Rectangular Window with length L = 16 |Wr(w)|, L =16
20
10
0
10 15 20 25 30 0 w4 w2 3w4 n 5m/4 312 4 2n
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DFT of the rectangular window

The DFT of a rectangular window is just samples from the DTFT:

Wrk] = Wr <2Zk)
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DFT of the rectangular window

Rectangular Window with length L =4 IWr(w)|, L=4
10 4 -y -
0s 2
0.0 0
0 5 10 15 20 25 30 o w4 w2 34 n Sw/4 32 w4 2n
Rectangular Window with length L =8 IWr(w)|, L=8
10
o M v
5
0s
0.0 0
0 5 10 15 20 25 30 o w4 w2 34 n Sm/4 32 w4 2n
Rectangular Window with length L =16 |Wr(w)|, L =16
20
10
10
0s
o . et s s s s o o

0 5 10 15 20 25 30 0 wa w2 34 n sS4 32 T4 2n
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DFT of a length-N rectangular window

There is an interesting special case of the rectangular window.
When L = N:

WrK] = Wi <27,(Ik>
wsysin (37 (3))
ﬁk

sin (%7 (3))

_J1 k=0
10 otherwise

NI (N2
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DFT of a length-N rectangular window

Rectangular Window with length L =32

RATTER Y

IWa(w)], L =32
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How does truncating change the spectrum?

When we window in the time domain:
x[n] = s[n]wg[n]

that corresponds to X(w) being a kind of smoothed, rippled
version of S(w), with smoothing kernel of Wg(w).
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How does truncating change the spectrum?

Windowed LPF x{n], L=4 X)), L=4
-10 10 20 30 5w/4 31/
Windowed LPF x[n], L=8 Xw)|, L=8
J]‘T m m
) 1)
-10 10 20 30 34 n 5/4 a4
Windowed LPF x[n], L = 16 X(w)], L=16
-10 ] 20 30 n 5n/4 ELT 4
Windowed LPF x[n], L = 32 X(w)], L=32
-10 [ 10 20 30 n 54 3.
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Hamming window

In order to reduce out-of-band ripple, we can use a Hamming
window, Hann window, or triangular window. The one with the
best spectral results is the Hamming window:

wiiln] = wgl] <0.54 — 0.46 cos <L27:"1>>



Hamming window
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Hamming Window with length L = 4 |Whiw)|, L=4
2
bos -
1
L] o
10 15 20 25 30 o w4 w2 3w4 n 54 32 T4 2n
Hamming Window with length L =8 |Wh(w)|, L=8
4 -
2 M M
! T, .
10 15 20 25 30 o w4 w2 34 n 5w/4 32 T4 2n
Hamming Window with length L = 16 |Wh(w)|, L =16
10
5
[ T X I T Teo .
10 15 20 25 30 o w4 w2 3w4 n 54 32 T4 2n
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Hamming-Windowed LPF x[n], L= 4 X(w)|, L=4
I X . M
a0
5 10 15 20 25 30 w4 w2 34 n 5/4 32 T4 2n
Hamming-Windowed LPF x[n], L=8 Xw)|, L=8
1.0
[ [ I m M
v 2 2 w 0.0
5 10 15 20 25 30 o w4 w2 34 n 5n/4 32 T4 2n
Hamming-Windowed LPF x[n], L = 16 Xw)l, L=16
I x 1.0
0.5
Pl
[ d 0.0
10 15 20 25 30 o w4 w2 34 n 5n/4 32 4 2n
Hamming-Windowed LPF x[n], L= 32 X(w)|, L=32
I T 1.0 9
. ? ? . 03 r\ 4
vty [ X ——— 00
5 10 15 20 25 30 o w4 w2 34 n 54 32 T4 2n
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What is the DFT of a Pure Tone?

What is the DFT of a pure tone? Say, a cosine:
x[n] = 2 cos(won) = /0" 4 g=Jwon

Actually, it's a lot easier to compute the DFT of a complex
exponential, so let's say “complex exponential” is a pure tone:

x[n] = ef<on

where wg = 2% is the fundamental frequency, and Ty is the period.



What is the DFT of a Pure Tone?

The DFT is a scaled version of the Fourier series. So if the cosine
has a period of Tg = k—'\é for some integer kg, then the DFT is

1 k=ky, N—k
X[K] = 0 0,
0 otherwise

Finite length x[n]: N = 4To

1

. ! tt 111 il !

Time domain samples, n

IX[Kk]|: impulses at k=4 and k=N — 4

Frequency domain samples, k



What is the DFT of a Pure Tone?

If N is not an integer multiple of Ty, though, then |X[k]| gets
messy:

: T, .TTT! TTTP _T”T
A I s H ‘1

Finite length x[n]: N= 3.5Tp

Periodic x[n]

111, e 1. R 111, Raik! I1. R
DR R R R O R VR O

°

|X[K]| = |Wr(w)| shifted to k=3.5 and k=N — 3.5

o vf{[TT?!oovoooo-oooovov!rTT[ITv

5 10 15 20 25 30
Frequency domain samples, k
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What is the DFT of a Pure Tone?

Let's solve it. If x[n] = &/“0", then

N—1
X[kl =Y x[n]e "
n=0
N—1
= N (w02 )n
n=0

So the DFT of a pure tone is just a frequency-shifted version of
the rectangular window spectrum!



What is the DFT of a Pure Tone?

2mk

X[K] = WR< v

If N is a multiple of Ty, then the numerator is always zero, and
X[k] samples the sinc right at its zero-crossings:

Finite length x[n]: N = 4To

. ! ki 111 ki !
) 71 It IT1 1T

1 I tlt tt tlt il il il e !
) I It 71 It IT1 ITT I It

0 A /N

Frequency domain sai

15

mples, k



What is the DFT of a Pure Tone?

2mk

X[K] = WR< v

If N'is NOT a multiple of Tp, then X[k] samples the sinc in more
complicated places:

Finite length x[n]: N= 3.5To

; T, .T”v TTTP _T”T.

. HpE el .

: TTT?‘ - T. To .TTT? TTT?‘ .TTTT. TT. .TTT?

. ! oHapE Ik i RO

Time domain samples, n

IX[K]| = |Wr(w)| shifted to k=3.5 and k=N — 3.5

15

Frequency domain samples, k
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Summary: Circular Convolution

@ If you try to compute convolution by multiplying DFTs, you
get circular convolution instead of linear convolution. This
effect is sometimes called “time domain aliasing,” because the
output signal shows up at an unexpected time:

N-1

hin] @ x[n] = > h{mlx[{n — m)n]

m=0

@ The way to avoid this is to zero-pad your signals prior to
taking the DFT:

(] x[n] OgngL—lh (] hln] 0<n<M-1
X, n| = nl =
P 0 L<n<N-17% 0 M<n<N-1

Then you can compute y[n] = h[n] % x[n] by using a length-N
DFT, aslongas N> L+ M — 1.
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Summary: Windowing

@ If you truncate a signal in order to get it to fit into a DFT,
then you get windowing effects:

x[n] = s[n]wg|[n]

where
1 0<n<lL-—1 11y sin (“E
weln] = 45 0SS & Wew) = e@(5) ( 2 )
0 otherwise sin (%)

@ The DFT of a pure tone is a frequency-shifted window
spectrum:

A[n] = e o X[K] = W (27,;" _ wo)
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