ECE 330 (Spring 2018) Instructors: S. Bose and H. Sowidan

Midterm 2
Duration: 90 minutes Total points: 100
Name: Solution
Section (Tick one): C (09:30 AM) F (02:00 PM)
Scores (For official use only):
Problem 1: /25, Problem 2: /25,
Problem 3: /25,  Problem 4: /25. Total score: /100.
Relevant formulae
N turnsgm =

o

o F=Niq A = Li(if linear) v=2R
WA\ 2) = [ i3, 0)dd Wi(i,z) = [iAGo)di A= Mgl i = M)

e\ z) = _aW,gL(r,\,z) feli, ) = 6W1(;J]I(i,z) Te(), 6) = _awgg,\,o) Te(i,0) — an('%(z‘,e)
Wi + Wi = M EFE, = [}id\  EFM, =~ [’ fdc EFM, ;= — [°Tedp

EFEa.——>b + EFMa,—)b = Wmlb - Wmla

For the state space form, x = f(x), where x = [z1, Z2, ..., z5] " and f = [f1(X), f2(x), ..., fn(x)]T,
the linearized system at an equilibrium point, x°, is defined as:

Ax = VAE(x)|xe - Ax, where Vf is the Jacobian of f(x)

For the state space form, x = f(x), Euler’s method gives the state vector, x, at time step, k, as:

X(tk) ~ X(be-1) + (te — tr—1) - £(X(te—1))

Re{)\;} <0Vi = stable

¢ — Ax,
X=X = (Re{)\;} > Oforanyi = unstable

eigs(4) = {A1,..., An}

Re{);} <0V, and Re{\;} = 0 for somei == marginally stable.
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Problem 1 [25 points]

The flux linkages in an energy-conservative electromechanical system are given by

Ao = Lgiq + (M cos 0)ip,
Ao = Lyip + (M cos 0)ig + (M sin 0)i,,
Ae = Leic + (M sin 0)ip,
where Lg, Ly, Lo and M are positive constants, and 4, %p, 1. are currents into the system.
(a) Is the system electrically linear? [1 point]
(b) How many electrical and mechanical ports does the system have? [2 + 2 points]
(c) Find the co-energy W}, (iq, i, ic, ) for this system. [12 points]
(d) Compute the torque of electric origin Te(iq, %, ic, ). [3 points]

(¢) Compute the maximum absolute value of T¢(iq = I, = I,i. = I,0) over € [0,2n], where [ is a
positive constant. Also, report all values of 6 € [0, 27|, where this maximum is attained. [5 points]
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Problem 2 [25 points]

The flux linkage in an energy-conservative electromechanical system is given by
i, z) =7 (z — 0)* 4,

where 4 denotes the current into the electrical subsystem and z defines the geometry of the mechanical
subsystem. Also, zo = 1 m, and v = 2 H/m?. The system is being operated on the closed cycle a — b —
¢ — d — a as indicated in Figure 1.

A
a,
g
< 2 b a
é
~ 4 .
0 1 2 3

x (in meters )

Figure 1: Operating cycle of the electromechanical system.

(a) Compute the co-energy W (%, z) in terms of «y and zg. [4 points]
(b) Compute the force of electrical origin f (%, z) in terms of v and z¢. [3 points]

(c) Compute the “energy from mechanical” for each path (e.g., a — b) of the cycle shown in Figure 1
(e.g., EFM|q). Then compute the “energy from mechanical” for the full cycle (i.e., EFM|¢ycle). Fill
in Table 1 with your results. [15 points]

| Path | EFM |
a—b 16T
b—c o
c—d | ~b4]
d—a [s)
cycle - 423

Table 1: EFM for each path and the complete cycle

(d) Based on your answer in part (c), state whether the electromechanical system is operating as a motor or
a generator over the cycle. [1 points]

(e) How would your answers in part (c) & (d) change if the direction of the cycle as indicated by Figure 1
were reversed, i.e., it is operated over the cyclea — d — ¢ — b — a ? [1 + 1 points]
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Problem 3 [25 points]

A translational electromechanical dynamical system is shown in Figure 2.
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Figure 2: Electromechanical system.

In this system, a voltage source £ in series with a resistor R induces a current 4 and flux linkage X in the
coil surrounding a looped magnetic structure with a lossless core, A metallic block with mass m attached
to a spring with constant k is oriented in such a way as to create a variable gap g in the magnetic structure.
The block slides along a frictionless surface and is only able to move in the lateral direction denoted by the
position z. When z = 0, the spring is uncompressed.

The inductance of the magnetic structure is given by L(z) = L,z. Additionally, note that i(t}, z(¢), and
EX(t) are all functions of time ¢.

(a) Derive the force of electric origin f(i, z) acting on the block. (Hint: Derive W/, (i, x)) 4 points]

(b) Derive the mechanical equation of the system as a function of the inputs 4, z, and E and the parameters
R, Ly, and k. Complete the equation below. [4 points]

e Lo i'tD)2 - s

force of spring force
electric origin

{c) Derive the electrical equation of the system as a function of the inputs i, z, and £ and the parameters
R, L,, and k. Complete the equation below. [7 points]

- {00+ Lin$ Lk

voltage drop coil voltage
ACToss resistor

(d) Derive the dynamical description of the differential equations in part (b) & (c¢) in state space form. Use
X = [a(t), £(t), i(t)] as your state vector. |8 points]

(e) If the magnetic core has hysteresis loss, can you still compute f° from 17 as you did in part {a)?
Comment briefly. [2 point]
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Problem 4 [25 points]

The state space model of a dynamical system is described by

Ty = 2T,
&9 = ~2xy + 4 +:1:?.
(a) What is the order of the dynamical system in the above state space representation? Is this a linear
dynamical system? [1 + | point]
{b) Find all equilibrium points. (4 points]

(c) Linearize the state space model around each equilibrium point (you derived in part (b)). Your linearized
systems should be given in state space form (i.e., X = AX). [6 poinis]

(d) State whether each linearized system in part () is stable, unstable, or marginally stable. [4 points)

(e} Given the initial conditions z1(0) = 1 and z2(0) = 0 at t = 0, fill in the missing entries in Table 1
using Euler’s method for numerical integration with a time step of A¢ = 0.1. [7 points]

¢ :l:f""”(t) mg“lcr(t} |

0 1 0

0.1 [ 0-5
0.2 V] 0.9
0.3 1-2.8 112

Table 2: Euler’s method with At = 0.1

(f) Suppose you could calculate x(t) and z2(t) exactly. How would you expect the absolute errors ; = N
|z1(t) — B (¢)] and ez = |z2(t) — 252 (¢)| 10 behave as t — co? [1 + | points] / 9)
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