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ECE330: Power Circuits & Electromechanics
Lecture 14. Co-Energy via line integrals

Prof. Richard Y. Zhang
Univ. of lllinois at Urbana-Champaign
ryz@illinois.edu

Schedule

* Mon 3/16: Spring break

* Wed 3/18: Spring break

» Fri 3/20: Spring break

* Mon 3/23: Co-energy via line integrals
* Wed 3/11: Homework 6 + Review

Today

* (Review) Line integral definition of energy
« Line integral definition of co-energy
» Examples
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Conservative electromechanical system

force output in
direction of

increasing x(t)
f(t)
Output dSC
Pp=f—
dt
JdA dz

dFE
Storage —_ — 4 _ £
B T T PR
AE = iA\ — fAz

Closed system = Conservative

Line integral view of stored energy

AE =iAN— fAz X F
= (i,—f) - (AN, Az) T
=F-Ar

Ax A[

Position r= (A, X)

Force E=(i, -f)
i A A

Flux as spatial dim.  Current as force.
etymology for “mmf”
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Conservatism implies path independence

flux displacement
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) . S Important
Line integral definition of energy

Energy(A1,z1) — Energy (o, zo)
Z.[UE(I)'dE :fcé()\,:r)d;\Ar]C,f(Alm)dm

Energy Energy

From Erom

Electrical Mechanical
Path independent N

(via conservation) Path dependent

(Can be any constant)

Energy(0,z) =0
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) ) ) Important
Derivation of the energy integral
Energy(A, z) — Energy(0,0) X B
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Today Definition of co-energy
|(t) force output in
gap = x(t) direction of
« Line integral definition of co-energy V(t) E wxm
« Examples § f(t
Co-energy (i, r) = /\2 Energy (A, z)
dE, di A dE Swaps the positive
€ _ ,\ —— _ —— rolesofcurrent  force
dt "t dt and flux A /
A(h /(Z/ dr dt dx
TS dt dt +f
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Line integral view of co-energy Line integral definition of energy
dFE, di dx
G )\a + dt X F Co-energy (i1, x1) — Co-energy(ip, o)
f =
AEe = Ai+ fAz / dr—//\zrdz+/fzzd1
=F Ar A /
Path |ndepend_ent Path dependent
Position r = (i, X) (via conservation) physical interpretation!!
=\ f Moo
Force E=A1) Co-energy (0,z) =0 (Can be any constant)
Current as spatial dim. Flux as force. Co-energy(i, z) = Ai — Energy(}, z) ‘
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. . ) Important
Derivation of the co-energy integral Today
Energy(A, z) — Energy(0,0)
X B

:/f(A’,m’)dA’+ / —f(N, 2"y da’ L]

Jo Jo _

r=(ix)
* Examples
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N2 AN?
Example 1. A(i,z) = L(z)i, L(z) = HoANT Example 2. A(i,x) = L(x)i®, L(z) = HoANT
€T i

Compute force via energy, co-energy Compute force via energy, co-energy
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Example 3.  A(i,8) = L(8)i?, L(x) = Locost Conservative electromagnetic systems
Compute force via energy, co-energy Flux & current relations +
A= Mz, i), i=1i(A\x)
Voltage of mechanical origin \Y L(X)
yo A i OAds +
T 0 dt | Oz dt T Vspeed
L(z) Uspeed ) B
Fo_rce_of eIe_ctric or_igin Energy & Co-energy
(direction of increasing x) ;
fe= +(—) [Co-energy] ~Co-energy = [ A, z) di’
dx 0
a A
=~ [Energy] Energy = / i\, o) dN
r J0
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