
 

Google Android
Google search 

Apple IOS
Apple iPhone 

In the previous sections, we studied the distribution of a single
random variable. If two or more random Variables are
closely interconnected, how can we express the distribution
of them, together? 

Competitor 

partner 

X: Google Stock Price
Y: Apple Stock Price 

dependent 

Def) 

=Probability that a random 
vector (X, Y) falls in the
shaded region. 

Lecture 26 (already) 

4.1 Joint Cumulative Distribution Function (CDF) 



 
Ex) Probability that (X, Y) falls in the shaded region? 



 
Properties of 

(Since Fxy is a probability) 
Non-decreasing in u and v, respectively (Since CDF) 
Right Continuous in u and v, respectively 

For discrete-type r.v.s X and Y, the joint PMF is 
Def) Pxy (u, v )= P{X=u, Y=v} 

Marginal PMF 

Conditional PMF 

Q) How can we find the CDF of X (or Y) from Fxy? 

4.2 Joint Probability Mass Function (Joint PMF) 



 



 

EX) X= # showing on a die
Y = # of heads after a coin is tossed X times, 



 

Def) The random variables X and Y are jointly continuous
if there exists a function fx,y (u,v) such that 

Lecture 27 

4.3. Joint Probability Density Function (Joint PDF) 

fx,y(u, v) is called the joint probability density function of 
X and Y. 



 

Properties of joint pdf 

Marginal pdf 

Conditional pdf 



 

Volume of the cake
within the circle of radius r 

Volume of entire cake 



 



 Lecture 28 

4.4. Independence of Random Variables 



 
For given cdf Fxy, pdf fxy, or pmf pxy, how can we
determine whether X and Yare independent? 

Proposition 4.4.4) If X and Y are independent, the support
of fxy (or pxy) is a product set. 

What is a product set? 

A set S is called a product set if 

. Equivalently, if the support of fxy (u,v) is not a product 
set, X and Y are not independent.



Since the support is not a product 
set, X and Y are dependent!

1. The support is a product set!

⇒ X and Y are independent.

l. The support is a product set.
2. fxy(u, v) does not factor! ⇒ X 

and Y are dependent!



 


