
University of Illinois Spring 2011

ECE 313: Problem Set 5
Conditional Probabilities, Total Probability, Bayes Theorem

Due: Wednesday, February 23 at 4:00p.m.
Reading: 313 Course Notes Sections 2.9–2.10.

1. [A Famous Board Game Concerning World Domination (revisited)]
This is a continuation of Problem 2 from the third homework set. Feel free to consult the
solutions for that assignment when solving this problem. To recap... In the game of Risk,
an attack is simulated by two players rolling dice. Player 1 rolls three red dice, and Player
2 rolls two white dice. Define the random variables R1 and R2 to be the largest and second
largest numbers showing on the the red dice. Define W1 and W2 to be the higher and lower
numbers shown on the white dice.

Points (which represent armies) are deducted from the players as follows:

outcome Player 1 Player 2

R1 > W1 and R2 > W2 0 -2
R1 > W1 and R2 ≤W2 -1 -1
R1 ≤W1 and R2 > W2 -1 -1
R1 ≤W1 and R2 ≤W2 -2 0

Define the random variables N1 and N2 to be the number of points deducted from Player 1
and Player 2, respectively.

(a) Determine the pmf for R2. (Note: You computed the pmf’s for R1, W1, and W2 for the
third homework assignment.)

(b) Compute the pmf for N1.

(c) Compute the pmf for N2.

(d) Determine the expected number of points deducted from each player at the end of three
consecutive attacks.

(e) Suppose Player 2 has three armies. What is the expected number of attacks required to
reduce his number of armies to zero (i.e., what is the expected number of attacks that
will be required to penalize Player 2 -3 points)?

2. [America’s Pastime]
A baseball pitcher’s repertoire is limited to fastballs (event F ), curve balls (event C) or sliders
(event S). It is known that P (C) = 2P (F ). The event H, that the batter hits the ball has the
conditional probabilities P (H|F ) = 2/5, P (H|C) = 1/4, and P (H|S) = 1/6. Furthermore,
based on this pitcher’s past performance, it is estimated that P (H) = 1/4.

(a) Compute the probabilities for the three pitches: P (F ), P (S), and P (C).

(b) A fan sitting in the bleachers sees the batter getting a hit (i.e., the fan observes that
the event H occurs), but his seat is too far away to be able to tell which pitch was
thrown. Compute the conditional probabilities for the three pitches: P (F |H), P (C|H),
and P (S|H).



3. [Practical Lessons for Gamblers]
The dice game of craps begins with the player (called the shooter) rolling two fair dice. If the
sum is 2, 3, or 12, the shooter loses the game. If the sum is a 7 or 11, the shooter wins the
game. If the sum is any of 4, 5, 6, 8, 9, 10, then the shooter has neither won nor lost (as yet).
The number rolled is called the shooter’s point, and what happens next is described below in
part (b).

(a) What is the probability that the shooter wins the game on the first roll? What is the
probability that the shooter loses the game on the first roll? What is the probability
that the shooter’s point is i, i ∈ {4, 5, 6, 8, 9, 10}?

(b) Suppose that the shooter’s point is i. The shooter rolls the dice again. If the result is
i, the shooter is said to have made the point and wins the game. If the result is 7, the
shooter loses the game (craps out). If the result is anything else, the shooter rolls the
dice again. This continues until the shooter either makes the point or craps out. For
each i ∈ {4, 5, 6, 8, 9, 10}, compute the probability that the shooter wins the game. Note
that these are conditional probabilities of winning given that the shooter’s point is i.

(c) Conditioned on the shooter’s point being i, what is the expected number of dice rolls
till the game ends? (Note: one dice roll = rolling two dice simultaneously). What is
the expected number of dice rolls in a game of craps? What is the (unconditional)
probability of winning at craps?

(d) If the shooter’s point is 8, then side-bets are offered at 10 to 1 odds that the shooter
will make the point the hard way by rolling (4, 4). Is this a fair bet? (Remember that
10 to 1 odds means if you bet a dollar, you will either lose the dollar, or you will win
ten dollars (and will also get your original dollar back, of course!)).

4. [Noisy Communications Channel]
A transmitter can send one of three signals, s1, s2, s3. The actual transmission is corrupted by
noise, causing the received signal to be changed according to the following table of conditional
probabilities.

RECEIVE j
s1 s2 s3

s1 0.8 0.1 0.1
SEND i s2 0.05 0.9 0.05

s3 0.02 0.08 0.9

In this table, the entry of row i and column j corresponds to the conditional probability
P (sj is received | si is sent). Assume that the three signals are transmitted with equal
probability.

(a) Compute the probabilities that s1, s2, s3 are received.

(b) Compute the conditional probabilities P (si is sent | sj is received) for i, j = 1, 2, 3.
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