
University of Illinois Spring 2007
ECE413: Problem Set 4 Due: 2/14/07 at the beginning of class

Binomial, Poisson, and Geometric random variables; LOTUS

Reading: Ross, Chapter 4
Noncredit Exercises: DO NOT turn these in. Chapter 4: Problems 33, 38, 39, 40-43,
48, 51-59; Theoretical Exercises 16-19; Self-Test Problems 9, 13, 15, 16.

Problems:

1. Use a spreadsheet/Mathematica/MATLAB for this problem.
Let A denote an event of probability p.

(a) For p = 0.1, 0.25, 0.4, 0.5, 0.6, 0.75, and 0.9, find the numerical values of the
probabilities that A occurs 0, 1, 2, . . . , 10 times on 10 trials.

(b) You have computed the pmf of a binomial random variable Xp with parameters
(10, p) for seven choices of p. For each value of p, draw a bar graph of the pmf
of Xp. (The pmf of X0.5 is shown on page 157 of the text!).

(c) What is the relationship between the pmfs of Xp and X1−p?

2. Let X denote a binomial random variable with parameters (N, p).

(a) Show that Y = N −X is a binomial random variable with parameters (N, 1−p).
(b) What is P{X is even}? Hint: Use the binomial theorem to write an expression

for (x + y)n + (x− y)n and then set x = 1− p, y = p.

3. Eight persons have purchased tickets ($50 per person) for travel in a 5-passenger plane
on a scheduled daily airline flight in Ruritania. The number of persons who actually
show up to travel can be modeled as a binomial random variable X with parameters
(8, 0.5). Naturally, if more than 5 persons show up, only 5 get to go and the rest are
left behind. Let Y denote the number of persons left behind.

(a) What is E[X ]?
(b) Find the pmf of Y.
(c) What is E[Y]? Calculate this in two ways: (i) from your answer to part (b), and

(ii) by using the fact that Y is a function of X , and hence LOTUS allows us to
calculate E[Y] directly from the pmf of X .

(d) The flight costs the airline $200 plus $10 for each passenger carried on board.
Even if no passengers show up, the flight must still go because the plane is needed
at the destination for use in the return flight. According to Ruritanian Aviation
Administration (RAA) rules, on the one hand, passengers who don’t show up
are SOL; they cannot use their tickets on another flight and they cannot get a
refund either, while on the other hand, each bumped passenger gets a full refund
of $50 plus $20 as compensation for being denied boarding. Let Z denote the
net profit to the airline from that flight. Express Z as a function of X and Y,
and use LOTUS to find the airline’s average daily net profit from the flight.

4. In the game of Chuck-A-Luck played at fairs and carnivals in the MidWest, bets are
placed on numbers 1, 2, 3, 4, 5, 6, and then three fair dice are rolled. If the number
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chosen does not show up on any of the three dice, the bettor loses his stake. Otherwise,
the dealer pays the bettor one or two or three times the amount staked according as
the number chosen shows up on one or two or all three of the dice. Of course, the
amount of the bet is also returned to the bettor but is not counted as part of the
winnings from this game. Let X denote the winnings in this game for a $6 bet, and
remember that negative values of X correspond to losses.

(a) What are the values taken on by X ?
(b) What is the pmf of X ?
(c) What is the value of E[X ]?
(d) A player splits his $6 bet and wagers $1 on each of the six numbers. Let Y

denote the winnings of this player. Repeat parts (a)-(c) for Y. Does the splitting
strategy improve the average winnings in this game?

5. Let Y denote a Poisson random variable with parameter λ.

(a) Show that P{Y is even} = exp(−λ) cosh(λ).
(b) In Problem 2 of this Problem Set, you proved (I hope!) that the probability that a

binomial random variable with parameters (N, p) is even is [1+(1−2p)N ]/2. Now,
for large N and small p, the binomial probability P{X = k} is well approximated
by the Poisson probability exp(−Np)(Np)k/k!. Under the same conditions, show
that [1 + (1 − 2p)N ]/2 ≈ exp(−Np) cosh(Np) and thus your answer of part (a)
is consistent with the previous result.

6. Suppose that 105 passengers hold reservations for a 100-passenger flight from Chicago
to Champaign. The number of passengers who show up at the gate can be modeled
as a binomial random variable X with parameters (105, 0.9).

(a) On average, how many passengers show up at the gate?
(b) If X ≤ 100, everyone who shows up gets to go. Find the value of P{X ≤ 100}.
(c) Explain why the number of no-shows can be modeled as a binomial random

variable Y with parameters (105, 0.1).
(d) Notice that the probability that everyone who shows up gets to go can also be

expressed as P{Y ≥ 5}. Use the Poisson approximation to compute P{Y ≥ 5}
and compare your answer to the “more exact” answer of part (b).

7. A Megabucks lottery ticket for a weekly lottery bears one of the numbers 1, 2, . . . , 32
on it and costs $1. Assume that all 32 numbers are equally likely to be the winning
number, and the winning number pays $29, i.e., $28 winnings plus your entry fee back.

(a) What is the average amount you win (lose) on each Megabucks lottery ticket?
(b) You buy a ticket bearing your lucky number 7 each week until either you have

won the lottery at which point you stop buying tickets, or you have purchased
tickets for 29 draws without a win at which point you quit in disgust. Compare
the average change in your wealth to 29×(your answer to part (a)).

(c) A Minibucks lottery ticket also bears one of the numbers 1, 2, . . . , 32 on it and
costs $1. If the number on your ticket is the winning number on one of the next
21 draws of the weekly Megabucks lottery, you cash in your ticket for $2, i.e., $1
winnings plus your entry fee back. What is the average amount you win (lose)
on a Minibucks lottery ticket?


