
University of Illinois Fall 2013

ECE 313: Problem Set 10
Jointly distributed random variables

Due: Wednesday, November 13 at 6 p.m.
Reading: ECE 313 Notes Sections 4.1 - 4.4

Reminder: Exam II is on Monday, November 18, 7:00 p.m. – 8:20 p.m.

Location:
Sections D (meets 11 am) and E (meets 1 pm) 100 MSEB
Sections X (meets 9am) and C (meets 10am) 151 EL

One two-sided 8.5”×11” sheet of notes allowed, with font size no smaller than 10 pt
or equivalent handwriting. Bring your student ID. The exam will cover the reading
assignments, lectures, and problems associated with problem sets 1-10, with emphasis
on problem sets 7-10.

1. [Sample virus]
An absent-minded biology professor forgot to label the samples in his experiment. There are
five samples, three of which are control samples, and two which have an experimental virus.
Each sample will be checked, one at a time, until the two samples with the virus are identified.
Let S1 denote the number of samples checked until the first sample with virus is identified,
and let S2 denote the number of additional samples checked until the second sample with
virus is identified.

(a) Obtain the joint pmf pS1,S2(i, j) for all i and j.

(b) Obtain the marginal pmf pS1(i) for all i.

(c) Obtain the marginal pmf pS2(j) for all j.

(d) Are S1 and S2 independent? Why or why not?

(e) Find P{S2 < S1}
(f) Find P{S1 = S2}
(g) Find P{S1 = 2|S2 = 2}.

2. [Recognizing independence]
Decide whether X and Y are independent for each of the following three joint pdfs. If they
are independent, identify the marginal pdfs fX and fY . If they are not, give a reason why.

(a) fX,Y (u, v) =

{
(96)u2v2

π u2 + v2 ≤ 1
0 else.

(b) fX,Y (u, v) =

{
C(u2 + v2) if 0 ≤ u ≤ 1 and 2 ≤ v ≤ 3

0 else

(c) fX,Y (u, v) =

{
4
πe
−(u2+v2) u, v ≥ 0

0 else.



3. [Joint probability density functions]
The jointly continuous random variables X and Y have joint pdf

fX,Y (u, v) =

{
c(u2 − v2)e−u 0 ≤ u <∞ and − u ≤ v ≤ u

0 else
.

(a) Find the value of the constant of c.

(b) Find the marginal pdf of X.

(c) Find the marginal pdf of Y .

(d) Find P{X + Y ≥ 0}.
(e) Find the conditional pdf of Y given X. That is, find fY |X(v | u) for all v and u.

4. [Joint probability density functions]
Suppose the continuous-type random variables X and Y are independent, where X is uni-
formly distributed over [0, 1] and Y is exponentially distributed with parameter λ = 2. Note
that E[X] = E[Y ].

(a) Find the marginal pdf of Y .

(b) Find P{Y ≥ X}
(c) Find the conditional pdf of Y given X. That is, find fY |X(v | u) for all v and u.

5. [Joint probability density functions]
The jointly continuous random variables X and Y have joint pdf

fX,Y (u, v) =

{
1.5 0 ≤ u < 1/2, 0 ≤ v < 2, 0 ≤ v + 4u < 2,
0.5, 0 ≤ u < 1/2, 0 ≤ v < 2, 2 ≤ v + 4u < 4,

and zero elsewhere.

(a) Find the marginal pdf of X.

(b) Find P{4X + Y ≤ 3}.

6. [The volume of a random cylinder]
Consider a cylinder with height H and radius R. Its volume V is given by V = πHR2. Suppose
H and R are mutually independent, and each is uniformly distributed over the interval [0, 1].

(a) Using LOTUS, find the mean of V.

(b) What is the support of the distribution of V ?

(c) Find the CDF of V.

(d) Find the pdf of V.
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