
University of Illinois Fall 2013

ECE313: Problem Set 5
Confidence intervals, Bayes formula, Binary hypothesis testing

Due: Wednesday October 2 at 6 p.m.
Reading: 313 Course Notes Sections 2.9–2.11

1. [Confidence Interval]
A system designer needs to estimate the failure rate p of a wafer fabrication process. The designer runs
a simulation model n times, counts the number of failures E, and obtains an estimate of the failure rate
p̂ = E/n. Assume that each run of the simulation is independent. She wants to impress her manager
by estimating the failure rate within 0.001 of the true value p.

(a) What is the distribution of the random variable E? Specify the parameter of the distribution.

(b) How many runs of simulation will she need in order to achieve a confidence level of 99%?

(c) On average, it takes 1 minute for 10000 runs. How many hours will she need to complete all n
runs, where n is the answer to part (b)?

(d) Realizing the simulation is taking too long, she decides to obtain a rough estimate first by running
the simulation for 100 minutes. What will be her level of confidence assuming she still wants an
estimate within 0.001 of the true value?

2. [Servers breaking down]
A server cluster contains 20% new servers and 80% old servers. Assume that the number of jobs on
each server at a given time has a Poisson distribution with mean 2, independent of other servers. A
new server breaks down if the number of jobs exceeds 3, whereas an old server breaks down if the
number of jobs exceeds 1.

(a) A student randomly picks a server to log on. What is the probability that the server breaks down?

(b) If the randomly picked server breaks down, what is the probability that it is an old server?

(c) The repeated server failure causes the cluster operators to replace half of the old servers with new
ones. After the replacement, if a randomly chosen server breaks down, what is the probability
that it is an old server?

3. [Matching genes]
The color of a person’s eyes is determined by a single pair of genes. If they are both blue-eyed
genes, then the person will have blue eyes; if they are both brown-eyed genes, then the person will
have brown eyes; and if one is a brown-eyed gene and the other is a blue-eyed gene, then the person
will have brown eyes (the brown-eyed gene is dominant over the blue-eyed gene). A newborn child
independently receives one eye gene from each of its parents, and the gene it receives from a parent
is equally likely to be either one of the genes of that parent. Suppose Dilbert and both of his parents
have brown eyes, but Dilbert’s sister has blue eyes.

(a) Find the probability that Dilbert has a blue-eyed gene.

(b) Suppose that Dilbert’s wife has blue eyes. Find the probability that their first child will have blue
eyes.

(c) If their first child has brown eyes, what is the probability that their second child will also have
brown eyes?

4. [Detection problem with a geometric model]
A transmitter chooses one of two routes (Route 0 or Route 1) and repeatedly transmits a packet over
the chosen route until the packet is received without error (that is, without CRC checksum failure) at
the receiver. X denotes the number of times the packet is transmitted over the chosen route including
the final error-free transmission. Assuming that the successive transmissions are independent trials of
an experiment, the two hypotheses are



• H1: Route 1 is used for packet transmission: X ∼ Geometric(p1)

• H0: Route 0 is used for packet transmission: X ∼ Geometric(p0)

where 0 < p1 < p0 < 1 are the probabilities of error-free transmission over the two routes.

(a) State the maximum-likelihood decision rule as to which route was used as a threshold test on the
observed value of X.

(b) Suppose the transmitter chooses Route 0 and Route 1 with probabilities π0 and π1 = 1 − π0

respectively, i.e., π0 and π1 are the a priori probabilities of hypotheses H0 and H1. Assume that
0 < π0 < 1.

For what values of π0 (if any) does the minimum-error-probability decision rule always choose
hypothesis H1 regardless of the value of the observation X?

For what values of π0 (if any) does the minimum-error-probability decision rule always choose
hypothesis H0 regardless of the value of the observation X?

(c) Assume p0 = 0.8, p1 = 0.4, π0 = 0.25 and π1 = 0.75, find the average error probability pe for
both the ML rule and the MAP rule. For which rule is the average error probability smaller?

5. [Telephone game]
Suppose that in a game of telephone, the message to be passed on (sent) can be one of three equally
likely messages (m1,m2,m3). As the message passes from one end to the other, the message can get
distorted and the message received at the other end can be different than the one sent. Suppose that
if m1 is sent, the conditional probabilities of the received message being m1,m2,m3 are 0.7, 0.2, 0.1,
respectively. If m2 is sent, the conditional probabilities of the received message being m1,m2,m3 are
0.05, 0.9, 0.05, respectively. If m3 is sent, the conditional probabilities of the received message being
m1,m2,m3 are 0.15, 0.05, 0.8, respectively.

(a) For i = 1, 2, 3, find the probability that message mi is received.

(b) For i = 1, 2, 3, find the probability that message mi was sent given that message mi is received.

(c) We want to set up a hypothesis testing to decide which message was sent based on the received
message, with Hi being the hypothesis that message mi was sent, for i = 1, 2, 3. Obtain the
likelihood matrix for this ternary hypothesis testing.

(d) How many different possible decision rules are there in this ternary hypothesis testing?

(e) Find the ML rule for this ternary hypothesis testing.

(f) Find the probability of error for the ML rule in this ternary hypothesis testing.

(g) Find the MAP rule for this ternary hypothesis testing.

(h) Find the probability of error for the MAP rule in this ternary hypothesis testing.

2


