ECE 313 - Section B
Midterm Exam
Fall 2013

Be sure that your exam booklet has 10 pages.

Write your name at the top of each page.

This is a closed book exam.

You may consult both sides of your 8.5" x 11" sheet of notes.

No calculators, cell phones, PDAs, tablets, or laptop computers are allowed.

Please show all your work. Answers without appropriate justification will
receive very little or no credit.

If you need extra space, use the back of the previous page.

Problem 1 (25 pts)
Problem 2 (15 pts)
Problem 3 (15 pts)
Problem 4 (25 pts)
Problem 5 (20 pts)

TOTAL (100 pts)
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Problem 1 (25 pts) — For each of the following parts, provide a short answer in the space
provided, or choose the statement that is TRUE. Show your work and a justification for

your answer to get partial credit.
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Hor(new:)rl( 5 Part B (5 pts): A fair coin is tossed two times. X is defined as the total number of heads
showing up in this experiment. Draw the PMF and CDF of X. Show the limits on x and y
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Problem 1, continued:

Lﬁlji“” o Part C (5 pts): Consider the experiment of tossing two dice. Events A, B, C, and D are
slide 12 defined as below:

3 A =“firstdie resultsina 1, 2, or 3.”
" B =“second die resultsina 4, 5, or 6.”
ss froject ¢ . . 5
:ln.-.cl = F}ja 2 C =*“first die results in a 3, 4, or 5.”
Prp“em b D = “the sum of the two faces is 7.”

Which of the following statements are TRUE?

U~ Aand Care pairwise independent.
(2}~ "A'and B are pairwise independent.. TRUE |
2)— Aand B are mutually exclusive.
)= A,B,and D are pairwise independentsTRUE |
@‘m 'A, B, and D are mutually independent.

A= TL0, (4,2),- 5 (565 (21),(2,2), 5 (2,6), (3,4)5 (3,2), 5 (356D
B= ;;_(W;fa.ﬁ), ey (638) 5 € 1,8),(258), ~2635) 5 (156), (256) 5 ~- (6 63
Ce= 2 (3,0, (3s2) 5 5 (3:6), (!51), (1,2), — (*>6), (S51), (5,2);, - )(535)}
D= { (1)) (2»5)5 (85%)» (433) 5(5,2) , (6, l)} L
%D Anc = {359, (3,0 s (2,0} > PO = £ FPO). FO=gXg =
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x & s+ v (@ = P(Ang) = L = P@) ¢ P(B) = 5

@ AND = 1(1,6)1(2,5), (3,4} — P(AND) = 55 =F(A) . P(D) :.:,&Lx _bl,_ "“:'!:1 v
BND = {(_3;%‘)} (2)5), (:[,5)‘7’ — P(&ﬂ[)) = T]ﬁ,‘: PR, FfD).—_ iR /

‘ 2
ANBNAD = AND=BND  — PANBND) = Lo P(P) PB)FD) = o5
Part D (3 pts): X is a normally distributed randonti-variable with parameters %H, o).
Le e |6 Random variable Y is defined as ¥ = aX + b. Determine the mean, the variance, and the
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Problem 1, continued:

LL‘-'C'@-'“/"-"" 10 PartE (2 pts): With ®(x) being the probability that a normal random variable with mean
Slide 12 0and variance 1 is less than x, which of the following expressions are TRUE?

- ) =0kx)
(- o +eex=1 |
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QWzl-d W) = d(-1) 4= G = R(x)= P(ZL %)= Ts’f&e

ufR,,

Part E (8 pts): For each of the following random variables, determine if it is discrete or
continuous, identify the distribution and its parameters, and then write the formula for

probability mass function (pmf) or probability distribution function (pdf) based on the
i information provided:
I'Fm’i&pd:n"i L|'

{ULL—;WL & I. The number of jobs arriving at a file server in an interval of 1 second is Poisson
distributed with an average arrival rate of 0.1 per second. Let ¥ be the inter-

arrival time of the jobs. y N Eix!z)aﬁt’-f% His ,;: ( A -0, l)

0.\ e"o';}/ y Y0
y) = { &

0 ) ofterurse

Hm;g"wc,\lj( 3 IL. A certain manufacturing company produces chipsets that are not defective with
Haue . probability of p = 0.85. A quality control crew randomly picks chipsets and tests
1 them for defects. Let N be the number of trials until the first defective chipset is

P;u’i: b found.

b Ve | N~ Geometic (p=0. 15) :
(Defechve)= |-p _ - a-
= 0.15 P{N:n} =()- O.Ia)n (@.15) = (0.85) 0.15

ne= f, Q4n-
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L'a:" e 6 Problem 1 (Part E), continued:
S e

R ’ }C 1 IIL. Consider the following program segment consisting of a “for’ loop. Assume that
Home wor the Boolean expression S is true with probability p and false with probability 7-p.

H’sL em 4 If the successive tests on S are independent from each other, let the random
variable X be the number of times that statement A is executed.
for (int i = 0; 1 < 25; i++)
{ ¥ pa Binomiai (n: 25 P)
if (S == TRUE)
b= (1) o™
else = = -
B; }(' F
}
Le(,mfé» Il IV. T is the lifetime of a switch in a transaction clearing system and has a memory-
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Problem 2 (15 pts) — Consider a trinary communication channel whose channel diagram
is shown in the following figure. For i = 1, 2, 3 let T; denote the event “digit i is
transmitted” and let R; denote the event “digit i is received”.

T PR{ITY) =1-c. R

T2

T3

Assume that digit 3 is transmitted 3 times more frequently than digit 1, and digit 2 is sent

twice as often as digit 1. Events Ty, T,, and T; are mutually exclusive and collectively
exhaustive.

Part A (5 pts): Calculate the probabilities of T}, T, and T..
8P(T) = P(T3)
2p(T) = P(M)
PCTD + P(Te 2+ P(T3) = | = H!.cfam;’éij €X:!MSW. &« Ca”eob'\ﬂb alﬂ-uﬂ{\ﬂ
> PM=2
P = L

P(T3) =
Part B (5 pts): What™i$ the expression for the conditional probability that given a 1 is
received, a 1 was transmitted?

PCT | R = P(R;_f‘l?). P(T)
PUCR,)

PR |T) = 1-%
P(R) = P(R | T) P(T)+ P(R | T) PC2)+ P(R | ) PETs)

- (10 + B+ D) - JCUIE SprB)

Ry) = 2(1=%)
= P(TRY) 2(-073F 57
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Problem 2, continued:

Part C (5 pts): Derive an expression for the probability of transmission error. (Hint: Use
the probability of success. Success is defined as a digit i is transmitted and it is received.)

Plerrer) = | - P(Success)
= - P(R[T) PCT) - P(Re|Ty) P(Ta) - P(Rs| T) PCTa)
- - (-0 - Lo-p- L=y

P(error) = X+2B - ?_:_}./_

4

Problem 3 (15 pts) — Consider the non-series-parallel system of four independent
components shown in the following figure. The system is considered to be functioning

properly if all components along at least onc path from input to output are functioning
properly.

i.z’c"ﬁﬂ‘é 5 Part A (5 pts): Determine an expression for the system reliability as a function of
Sif{. PRTA component reliabilities (Assume that the reliability of each component is equal to R).
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Problem 3, continued:

In- closs !jj 2 PartB (5 pts): Calculate the mean time to the failure (MTTF) of the system. Assume that

the time to failure (lifetime) of each component is exponentially distributed with

parameter A. 2 3 _ 2_)\’; _ 3%;
desﬁf) =3RE)-2RE) =3 . 2e

o0 00 ’
N _oAt .3A
REty= € MTTF = E[T]=5R%E(t) Jt=S s 2

- 2 2 =5
#HWF_.‘ZA £V <

Part C (5 pts): Recall the reliability expression for a TMR system (with a perfect voter)
from your in-class project. Compare MTTF of the system shown here with MTTF of a
TMR system composed of the same components (with reliability of R and an exponential
time to failure with parameter 1). Which one will fail on average carlier?

y 3 TIr. MTTE _ 5
R’Wﬁ’.:‘ 3L - 8 4 = Esds = M THE = SJS — —ZX
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Horrewofja l

F?rouem 2 Problem 4 (25 pts) — Let the probability density of X be given by:
T f(x)={%(4x—2x2), 0<x<2

HameworL = 0, otherwise

RaUem i Part A (5 pts): Find the cumulative dlstrlbutlon function (CDF) of X.

t
" E(t)=XF()J _Sg _2_) ____;2,.;(, 2% 1
-y POk ] $Oadde. g -2y

Pml)'ﬂmi ’ { F(x) %'?C "‘ if 0(%('2-}

Part B (3 pts): Find P(1 < X < 2). 3 _(. 3 0L
P(1¢x<2)= E@)-KM = (.a +@ ] -] % -/-*;J :% ‘

Part C (5 pts): C&lculate the expected value of .X.

2
e[x]= 5 o) o = SK%(%_ _29) ,J,C - _g_[tr_ﬁ _ %i]

f‘"‘“ﬁ

9

32
- 0 o
8 2 P
q-
= X _ 24| -8 _315-|
e T KT |, g2 ¥

Part D (6 pts): Calculate the variance of .X.
2
V] = €[] L) .
2 g Y 5
e 5 2o de - o3 (-0 dee 2[4 2] |

-0

S — P e

IVar(X)-_-—}_ &

\
Part E (6 pts): Let ¥ = VX + 1. Find the probability distribution function (PDF) of ¥.

Y= Vx+1 0 L9 £2 =5 f()/ <Yz
= P(Y<Ly)= POVl < y) = P(x+i<J)
= P(x\d 1) = Fx(j—')

3 2_ Lo
Fiom. A F(m)a..;m—*m

2 9 & l({z_])a
> Feps R(=D= 345D - £
POF o ¥ = Y(S)*%BL‘“WJ D - Loy (- 5 1<y <IE
Y
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Homewor}-: 6 Problem 5 (20 pts) — Let X and ¥ be two continuous random variables with joint density
B‘aHem 4 function:

1
f(x,y):{cy+§' 0<x<3,x<y<3

0, otherwise
where ¢ is a constant.

Part A (5 pts): What is the value of ¢? 3.3 3 3
) o
j X -F(%(j)Jmcé:l #58 CJ*T;"AJ(J“"_'E c3+33
%a e o Sl el ix
IEC+33 e °
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Part B (6 pts): Find the marginal pdfs of X and Y. 22, ., /;/_ _9%?_ c .2. =4 = & X;L? C= 9
sy
C o=
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Part C (2 pts): Are X'and ¥ independent? Why?
Part D (7 pts): Find P{X + Y <3}. Show your work on choosing the limits of integrals by o
marking the region of integral. )5 ; P J
{xry<3Y
—> %
15 3.9 Jx
3 L Xty =
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