
University of Illinois Fall 2012

ECE 313: Problem Set 5
Law of total probability, Bayes’ formula and binary hypothesis testing

Due: Wednesday, October 3 at 4 p.m.
Reading: ECE 313 Course Notes, Sections 2.10 and 2.11

1. [Grabbing chocolates]
Suppose that you have two bags with white and dark chocolates. Bag 1 has two white
chocolates and six dark chocolates. Bag 2 has four white chocolates and two dark chocolates.
You choose one bag at random, both being equally likely, and you grab five chocolates with
replacement (you grab one, look at it, put it back, repeat) from the chosen bag. Let A be the
event that you grab three white chocolates and two dark chocolates.

(a) Find P (A).

(b) Find the probability that you chose bag 1 given that event A occurred.

2. [Matching genes]
The color of a person’s eyes is determined by a single pair of genes. If they are both blue-eyed
genes, then the person will have blue eyes; if they are both brown-eyed genes, then the person
will have brown eyes; and if one is a brown-eyed gene and the other is a blue-eyed gene, then
the person will have brown eyes (the brown-eyed gene is dominant over the blue-eyed gene).
A newborn child independently receives one eye gene from each of its parents, and the gene it
receives from a parent is equally likely to be either one of the genes of that parent. Suppose
Dilbert and both of his parents have brown eyes, but Dilbert’s sister has blue eyes.

(a) Find the probability that Dilbert has a blue-eyed gene.

(b) Suppose that Dilbert’s wife has blue eyes. Find the probability that their first child will
have blue eyes.

(c) If their first child has brown eyes, what is the probability that their second child will
also have brown eyes?

3. [Bayes’ rule and total probability]
Suppose you have two fair coins and you flip them both. Let X be the number of heads that
show. Then, you grab a standard deck of 52 cards and draw X cards with replacement. Let
Y be the number of aces you draw.

(a) Find P{Y = 1|X = 2}.
(b) Find the pmf of Y .

(c) Find P{X = 2|Y = 1}.



4. [Calvin tries to call Hobbes]
Calvin is trying to call Hobbes but he doesn’t know if the number he’s calling is his home
phone or his work phone. The probability that Hobbes answers at his home phone is p0,
whereas the probability that Hobbes answers at his work phone is p1, with 0 < p0 < p1 < 1.
Calvin calls the number he has once a day until Hobbes finally picks up. Let X denote
the number of times Calvin has to call up until Hobbes finally answers (the answered call
included in the count). Assume that the successive call attempts are independent trials of an
experiment, so that X ∼ Geometric(pi), under hypothesis Hi. Assume that 2π0 = 3π1.

(a) Find the ML decision rule in this binary hypothesis testing. Assume ties are broken in
favor of H1.

(b) Find pMD, pFA, and pe under the ML decision rule assuming p0 = e−1, p1 = 1− e−1.

(c) Find the MAP decision rule in this binary hypothesis testing. Assume ties are broken in
favor of H1, and leave p0 and p1 as variables (do not use the values given in part (b)).

(d) Find pMD, pFA, and pe under the MAP decision rule assuming p0 = e−1, p1 = 1− e−1.

5. [Telephone game]
Suppose that in a game of telephone, the message to be passed on (sent) can be one of three
equally likely messages (m1,m2,m3). As the message passes from one end to the other, the
message can get distorted and the message received at the other end can be different than
the one sent. Suppose that if m1 is sent, the conditional probabilities of the received message
being m1,m2,m3 are 0.7, 0.2, 0.1, respectively. If m2 is sent, the conditional probabilities
of the received message being m1,m2,m3 are 0.05, 0.9, 0.05, respectively. If m3 is sent, the
conditional probabilities of the received message being m1,m2,m3 are 0.15, 0.05, 0.8, respec-
tively.

(a) For i = 1, 2, 3, find the probability that message mi is received.

(b) For i = 1, 2, 3, find the probability that message mi was sent given that message mi is
received.

(c) We want to set up a hypothesis testing to decide which message was sent based on the
received message, with Hi being the hypothesis that message mi was sent, for i = 1, 2, 3.
Obtain the likelihood matrix for this ternary hypothesis testing.

(d) How many different possible decision rules are there in this ternary hypothesis testing?

(e) Find the ML rule for this ternary hypothesis testing.

(f) Find the probability of error for the ML rule in this ternary hypothesis testing.

(g) Find the MAP rule for this ternary hypothesis testing.

(h) Find the probability of error for the MAP rule in this ternary hypothesis testing.
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