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ECE 313: Problem Set 4
Confidence intervals, ML parameter estimation, Bernoulli processes, Poisson

Distribution
Due: Wednesday September 22 at 4 p.m.
Reading: 313 Course Notes Sections 2.5–2.9

1. [Binomial Random Variable]
An aircraft has four major subsystems that determine its safety: mechanical, electrical, hydraulics, and
communications. The aircraft will crash if two or more systems fail at the same time. Assume that
each system fails independently with a component probability of failure during a flight of pc = 10−3.

(a) What is the probability that the aircraft will crash during a flight?

(b) Assuming that each flight is independent of the others, and each flight has a probability of 10−9

of crashing independent of other flights, how many flights are needed for the probability of the
aircraft crashing at least once to reach 0.01%?

(c) What should be the component probability of failure pc in order for the aircraft failure probability
to equal 10−9 as in part (b).

2. [Confidence Interval]
A communication system designer is simulating a communication link. The link is being designed for
binary transmission, i.e., bits bk ∈ {0, 1} are transmitted, and bits b̂k ∈ {0, 1} are received in the
kth bit-period. Noise and other sources of channel impairments result in a bit-errors, i.e., the event
b̂k 6= bk. The bit errors are assumed to occur independently from one bit-period to the next with
a probability of error or bit error-rate (BER) of pe. The communication link is being designed to
meet the specifications set by an international standards committee such as ITU, IEEE, or ETSI. The
standards document specifies that pe ≤ 10−4. The designer estimates pe by running n bits through her
simulation model, counts the number of errors E by comparing the transmitted bit bk with recovered
bit b̂k, and obtains a BER estimate p̂e = E

n , where E is the error count, i.e., the total number of bits
in error in a stream of n bits. The designer wants to impress her manager and wishes to report that
her design meets the BER specifications with a ±10% tolerance around the 10−4 specified value.

(a) Reason that E is a binomial random variable with parameters (n, pe).

(b) How many bits will she need to simulate the communication link over in order to achieve a
confidence level of 99%?

(c) The designer has a desk-top with a dual core CPU running at a clock frequency of 4GHz. The
complexity of her simulation program and the associated compiler are such that each bit period
takes 40 clock cycles (using both cores) to simulate. How much time in minutes will it take her
to simulate all n bits, where n is the answer to part (a).

(d) Realizing the simulation time in part (c) is too long, she settles upon a strategy to run simulations
with fewer bits initially until the design has matured and then run a long one. She decides to
give 5 minutes per run. How many bits can she simulate in this time and what is her level of
confidence in her design assuming that the tolerance remains fixed at ±10%?

3. [Maximum Likelihood Estimation and Poisson Distribution]
An auto insurance company wishes to charge monthly premiums based on an individual’s risk factor.
It defines the risk factor as the probability p that individual is involved in a auto accident during a
trip. Assume that whether an accident occurred on one trip is independent of accidents occurring on
others, i.e., the insurance company assumes that drivers are reckless and don’t learn to be cautious
after being in an accident. The insurance company assumes that each driver will be driving 120 trips
a month.



(a) Determine the maximum likelihood estimate of the risk factor p̂ML if no accidents are reported
by a driver in a month. Repeat for the cases when the driver reports 1, 2 and 3.

(b) Assume that the actual value of p = 0.01. Compute the approximate values of P{X = k} for
k = 0, 1, 2, 3 using the Poisson approximation to the binomial distribution, and compare those
approximations to the actual probabilities computed using the binomial distribution.

4. [Poisson and Binomial Distributions]
Company A manufactures systems-on-a-chip (SOC) for the consumer market. Their SOC contains
the following subsystems: a memory unit (M), an arithmetic logic unit (L), an analog mixed-signal
circuit (A), and high-speed serial input/output (IO) block. Each subsystem has different sensitivities
to process and environmental parameters resulting in different probabilities of failure. For example,
subsystems A and IO are designed to operate with small voltage swings implying that their failure
probabilities would be greater than that of subsystem L or M. Assume that the subsystem failure
probabilities are pM , pL, pA, and pIO, for M, L, A and IO, respectively, and that each subsystem fails
independently from the others.

(a) Company A tests all its chips after manufacture and discards those in which one or more subsys-
tems have failed. Determine the probability pe that a specific SOC will fail if pM = 10−4, pL =
10−5, pA = 10−3, pIO = 10−3.

(b) Company A needs to sell a million SOCs a month in order to be deemed a success. Being able to
sell at this volume implies that the market and customer demand is strong, and that the company’s
production flow is able to deliver the required number of parts. Let the random variable X denote
the number of failing SOCs in a given month. Reason why the pmf of X can be well approximated
via a Poisson distribution with parameter λ = npe, where n is the total number of SOCs fabricated
in a month.

(c) A venture capitalist (VC) firm is evaluating Company A in order to determine if it is a good
investment. The VC firm has established an internal policy based on its past experience to fund
only those companies whose probability of being successful is at least 90%. Suppose the customer
demand is known to be very strong in this case, so securing the VC funding comes down to
developing a plan to produce sufficiently many working SOCs. Determine a number of SOCs
Company A should fabricate and test in a month that is large enough so that the probability
at least a million of the SOCs work is at least 90%, assuming each SOC fails with probability
pe = 10−3. Hint: You can use the Markov inequality.
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