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ECE 313: Problem Set 6: Solutions
Reliability and CDFs

1. [Reliability of three s− t networks]

(a) Network outage occurs if and only if at least one link on the upper s− t path fails and at least one
link on the lower s−t path fails. The probability that at least one link on the upper path fails is one
minus the probability that no links on the path fail, or 1−(1−p)3 = 3p−3p2+p3. The same is true
for the lower path, and the states of the two paths are independent. So P (F ) = (3p− 3p2 + p3)2.
For p = 0.001, P (F ) ≈ 0.0000089820.

(b) P (Di) =
(
4
i

)
pi(1− p)4−i for i = 0, 1, 3, 4, because the number of links from among {1, 2, 3, 4} that

fail has the binomial distribution with parameters 4 and p. P (D2,s) = 2p2(1 − p)2 because D2,s

is the union of two disjoint events, each having probability p2(1− p)2. The first of these events is
that links 1 and 2 fail and links 3 and 4 do not fail, and the second of these events is that links
3 and 4 fail and links 1 and 2 do not fail. Similarly, P (D2,d) = 4p2(1 − p)2, because D2,d is the
union of four disjoint events with probability p2(1 − p)2 each. The first of these four events, for
example, is that links 1 and 3 fail and links 2 and 4 do not fail.
Next, we note that if D0 is true, the network is equivalent to one with four parallel links directly
connecting s to t, so that P (F |D0) = p4. If D1 is true, the network is equivalent to one with two
parallel links directly connecting s to t, so that P (F |D1) = p2. If D2,d is true, the network is
equivalent to one with one link connecting s to t, so that P (F |D2,d) = p. Finally, P (F |D2,s) =
P (F |D3) = P (F |D4) = 1.

Combining the above calculations, using the law of total probability, yields

P (F ) = (1− p)4p4 + 4p(1− p)3p2 + 4p2(1− p)2p + 2p2(1− p)2 + 4p3(1− p) + p4.

As a polynomial in p, the terms of P (F ) with the lowest powers of p are 2p2+8p3. The approximate
numerical value for p = 0.001 is P (F ) ≈ 0.000002008.

(c) As seen in part (b), P (D2,dF ) = P (D2,d)P (F |D2,d) = (4p2(1− p)2)p = 3.992× 10−9. Therefore,
P (D2,d|F ) = P (D2,dF )

P (F ) = 1.988× 10−3.

(d) The dominant term of P (F ) as p → 0 for Network A is 9p2 because the minimum number of
links that must fail in order to cause network outage is two, and there are nine choices of two-link
failures that cause network outage. Similarly, the dominant term of P (F ) as p → 0 for Network
B is 2p2 because the minimum number of links that must fail in order to cause network outage is
two, and there are two choices of two-link failures that cause network outage. So the ratio of the
network outage probabilities as p → 0 is 2

9 . The limit is not zero because the minimum number
of link failures needed for network outage is the same for both networks.

(e) The dominant term of P (F ) as p→ 0 for Network C is p2 because the minimum number of links
that must fail in order to cause network outage is two, and there is one choice of two-link failure
that causes network outage, namely failure of links 2 and 3. So the limit of the ratio of the outage
probabilities for Network C to Network A is 1

9 . The limit is not zero because the minimum number
of link failures needed for network outage is the same for both networks.



2. [Distribution of capacity of an s− t flow network]

The possible values of Y are 0, 8, 10. The event {Y = 10} is true if and only if links 1, 3, and 4 all
do not fail, so pY (10) = (1 − p)3. The event {Y > 0} is true if and only if at least one link does
not fail in each of the three stages, so pY (0) = 1 − P{Y > 0} = 1 − (1 − p2)(1 − p)(1 − p2). Finally,
pY (8) = P{Y > 0}− pY (10) = (1− p2)(1− p)(1− p2)− (1− p)3. Writing these answers as polynomials
in p yields:

pY (0) = p + 2p2 − 2p3 − p4 + p5

pY (8) = 2p− 5p2 + 3p3 + p4 − p5

pY (10) = 1− 3p + 3p2 − p3

For p = 0.5 we have (pY (0), pY (8), pY (10)) = (9/32, 19/32, 4/32).

3. [Using a CDF]

(a) P{X ≤ 10} = FX(10) = 1.

(b) P{X ≥ −7} = 1− P{X < −7} = 1− FX(−7−) = 0.75.

(c) P{|X| < 10} = P{X < 10} − P{X ≤ −10} = FX(10−)− FX(−10) = 0.75− 0.25 = 0.5.

(d) P{X2 ≤ 16} = P{−4 ≤ X ≤ 4} = FX(4)− FX(−4−) = 0.7− 0.3 = 0.4.

4. [Recognizing a valid CDF] The functions shown in plots (a) and (f) are valid CDFs and the other
four are not. The function in (b) is not nondecreasing. Plot (c) doesn’t even show a function–for some
values of u there are two values of F (u) shown. The function in (d) does not converge to zero at −∞
or at +∞. The function in (e) is not right continuous.
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