
University of Illinois Fall 2009

ECE 313: Problem Set 9
Continuous Random Variables

Due: Wednesday October 28 at 4 p.m.
Reading: Ross, Chapter 5; Powerpoint Lecture Slides, Sets 22-24
Noncredit Exercises: Chapter 5: Problems 1-3, 5, 6, 15-19, 23-25, 32-34;

Theoretical Exercises 1, 8; Self-Test Problems 1-4

1. [Validity of PDFs]
Nine functions f(u) are shown below. Note that in each case, f(u) = 0 for all u not in the interval
specified. In each case,

• determine whether f(u) is a valid probability density function (pdf).

• If f(u) is not a valid pdf, determine if there exists a constant C such that C · f(u) is a valid pdf.

(a) f(u) = 2u, 0 < u < 1. (b) f(u) = |u|, |u| < 1
2

(c) f(u) = 1− |u|, |u| < 1, (d) f(u) = lnu, 0 < u < 1. Hint: lnu can be integrated by parts.
(e) f(u) = lnu, 0 < u < 2, (f) f(u) = 2

3 (u− 1), 0 < u < 3,
(g) f(u) = exp(−2u), u > 0. (h) f(u) = 4 exp(−2u)− exp(−u), u > 0,
(i) f(u) = exp(−|u|), |u| < 1,

2. [Calculating probabilities from pdfs]

The continuous random variable X has pdf fX(u) =

{
c(1− u), 0 ≤ u ≤ 1,
0, elsewhere.

(a) What is the value of c?

(b) Find P{X > −0.5}.
(c) Find P{6X2 > 5X− 1}.

3. [Using LOTUS]
Let X be a continuous random variable that is uniformly distributed on [−1,+1].

(a) Let Y = X2. Calculate the mean and the variance of Y.

(b) Let Z = g(X) where g(u) =

{
u2, u ≥ 0,
−u2, u < 0.

Find E[Z].

4. [Maximizing profits]
The weekly demand (measured in thousands of gallons) for gasoline at a rural gas station is a random
variable X with probability density function

fX(u) =

{
5(1− u)4, 0 ≤ u ≤ 1,
0, elsewhere.

Let C (in thousands of gallons) denote the capacity of the tank (which is re-filled weekly.)

(a) If C = 0.5, what is the probability that the weekly demand for gasoline can be satisfied? Note
that if your answer is (say) 0.666..., then, in the long run, the gas station can supply the weekly
demand two weeks out of three.

(b) What is the minimum value of C required to ensure that the probability that the demand exceeds
the supply is no larger than 10−5 ?



(c) Suppose that the owner makes a gross profit of $0.64 for each gallon of gasoline sold. Let Y
denote the amount of gasoline sold per week. How is Y related to X, the weekly demand for
gasoline? (Hint: the owner cannot sell more gasoline each week than the tank can hold!) What
is the average weekly gross profit and how does it behave as a function of C, the tank capacity?

(d) Suppose that the owner pays $20C as weekly rent on a tank of capacity 1000C gallons. Note that
0 ≤ C ≤ 1. (Why is a tank larger than 1000 gallons not needed?) What is the average weekly
net profit and what value of C maximizes the average weekly net profit?

5. [Lifetimes of systems]
A system is put into operation at time t = 0 and fails at some random time X > 0. One model for X,
which is known as the lifetime of the system, is an exponential random variable with mean µ. Note
that µ is often called the Mean Time Before Failure (MTBF) or Mean Time To Failure (MTTF).

(a) Write down the pdf of X and find P{X > t}. Sketch P{X > t} as a function of t for two different
values of µ: µ = 1 and µ = 10.

(b) The value of P{X > t} regarded as a function of t is the complementary CDF of X and is referred
to as the reliability function RX(t) of the system with lifetime X. Note that RX(0) = 1 and
RX(t) → 0 as t → ∞. A system with reliability function RX(t) is more likely to be working at
time t0 than a system with reliability function RY(t) if RX(t0) > RY(t0).

Explain why
∫ ∞

0

RX(t) dt = E[X] for any model for X, not just the exponential random variable

model, and thus conclude that if one system is more reliable than another for every time instant
t > 0, i.e. RX(t) > RY(t) for all t > 0, then the average lifetime µX of the first is larger than the
average lifetime µY of the other. Is the converse statement necessarily true? That is, if µX > µY,
is it true that RX(t) > RY(t) for all t > 0?

(c) The median lifetime of the system the number t0.5 for which the complementary CDF equals 1
2 .

Note that FX(t0.5) = 1
2 also. If X is an exponential random variable with mean µ, determine

whether t0.5 is greater than, smaller than, or the same as the average lifetime µ.

In parts (d) and (e), we consider a system consisting of two subsystems whose lifetimes are independent
random variables X1 and X2. Here, independence means that for all t1, t2, the events {X1 > t1} and
{X2 > t2} are independent events.

(d) Suppose that the system fails as soon as at least one of its two subsystems fails. Let Y denote
the lifetime of this system.

i. Explain why the event {Y > t} is exactly the event {X1 > t}∩{X2 > t} and deduce from this
that RY(t) = RX1(t)RX2(t). Calculate RY(t) for the case when X1 and X2 are exponential
random variables with means µ1 and µ2 respectively.

ii. Continuing to suppose that X1 and X2 are exponential random variables with means µ1 and
µ2 respectively, show that Y is an exponential random variable with mean

µ1µ2

µ1 + µ2
; that is,

1
µY

=
1

E[Y]
=

1
E[X1]

+
1

E[X2]
=

1
µ1

+
1
µ2

and so µY < min{µ1, µ2}.

(e) Suppose that the system fails only when both of its two subsystems have failed. Let Z denote the
lifetime of this system.

i. Explain why the event {Z ≤ t} is exactly the event {X1 ≤ t} ∩ {X2 ≤ t}, and deduce from
this that RZ(t) = RX1(t) +RX2(t)−RX1(t)RX2(t). Calculate RZ(t) for the case when X1 and
X2 are exponential random variables with means µ1 and µ2 respectively.

ii. Continuing to suppose that X1 and X2 are exponential random variables with means µ1 and
µ2 respectively, show that E[Z] = E[X1] + E[X2]− E[Y] = µ1 + µ2 −

µ1µ2

µ1 + µ2
.
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