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1.(a) E[Y]=E[X?3= 2(1/2du=13. E[Y?=E[X4= *1/2)du=1/5.
-1 -1

Hence, var(Y) = E[Y 2] — (E[Y])2 = (1/5) — (1/3)2 = 4/45.
¥ 0 1

(b)  E[Z]= ¢ou)f(udu= 3u2(U/2)du+ 32(L/2)du=-1/3+ 1/3=0.
¥ -1 0

2.(a) Obvioudy P{Y =a} =P{Y =-a} =12
(b) (1.29-1) = 0.29. (1.29 —1)2 0. 0841 (p/4-1) =-0.214..., (|O/4—1)2 =0.046....
(—p/4—(—1)) -0.214.. (—p/4—(—1)) =0. 046 . Note that the error for +X isthe same as that for —X.

©  EZ]= @J—a)zf(u)du+ @u+a)2f(u)du— (yﬁ + a?)f(u)du—4a oJf(u)du 1+a2-4aA2p on

expand| ng out the quadratlcs, changing varlables and using the fact that E[X 2] =s2+ uz = 1. Notethat
uf(u) isaperfect integral. It iseasy to show that E[Z] has minimum value 1-2/p at a = \/Z/_p

(d) From tables of F (¢), we get P{W =-3} = P{W = +3} = F (-2.5) = 0.0062,
P{W =0} =F (0.5) — F (-0.5) =0.3830, P{W =-1} = P{W =+1} = F (1.5) — F (0.5) =0.2417, and
P{W =-2} = P{W =+2} = F(2.5) — F (1.5) = 0.0606.

(e P{Z, =1} = {W < 0} =0.3085.
Pz1=0=PW=2} +P{W=3} + {W=-1} + {W =-2} =0.3691
P{Zo=1} =P(W =2} + (W =0} + {W =-2} =0.5042 * P{Z =0}

3.(a) From the figure shown below, we see that the pdf is symmetric about u = 0. Hence, we get that
In 2
In 2

PIX £In2} =3 + Ozexp(—u) du—*+[ 2P | =3 Noticethat (O£ X £1n2) =

PX]£In2} C{X£In2}} _P{X|£In2} _2P{0f£ X£In2} _12_2
P{X £In2} T PXE£In2} 3/4 T34 3

(b) P{IX|E£In2|X £In2} =

1/2
—1n2 In2

(c) The minimum valueof | is—1. Fj(b)=P{l £ b} =0if b<-1.

For b3 -1, Fj(b) =P{l £ b} =P e/ —1¢£ b} =PV £ In(b+1)} = Fy(In(b+1)). But,
y b+1

N - -1£b£0
182 ato 1 2 '
F =i ! ' Th F =
v@ i1 - e, a> 0. us P =1 _ 1 b>0
2(b+1y’ '
i % 1£bEO,
andfj(b) = | 1 Note that the pdf has constant value 1/2 intherange—1£ b £ 0.
a , b>o0.
| 2(b+1)2
4. Since X isdiscrete, soisY. Since X takes on integer values, we have that
‘10, if X iseven,
Y =sin(pX/2) = [ +1, if X =4k+1, k=
-1, if X=4k+3, k=
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¥ ¥ ¥
and hence, py(0) =P{X iseven} = & P{X =2k} = & (1/2)*=(V4) § (U4Hk=13
k=1 k=1 k=0
¥ ¥ ¥
py(D)= & P{X =4k+1} = & (U2)**1=(12) & (1/16)k=8/15
k=0 k=0 k=0

5.(a)

(b)

(c)

(d)
6.(a)

(b)

7.(a)

(b)

(c)

(d)

¥ ¥ ¥
py (1) = é P{X = 4k+3} = & (1/2)**3=(1/8) & (1/16)k=2/15
= k=0 k=0

Since X takeson valuesbetween O and 1, sodoes Y andthusa =0andb=1.

Obviously, P{Y £ a1} = P{Y £ -1} = 0and P{Y > 2b} = P{Y > 2} = 0.

LetO£v £ 1. Then, Fy(v) = P(Y £v} =P{(1-X)2£v} =P[VV £ 1 - X £V} =P{x ¢ 1-Vv}
= 1 Fy (1-VV) = (1 - (1~ VIV))2 = v where we used the result that Fy (u) = 1 — (1-t)2.

‘10, u<ao,
Hence, Fy(v) = v, O£V EL
11, v > 1.

A sketch of the function Fy (v) revealsthat it is a nondecreasing continuous function. It is not

differentiableata =0 oratb=1.
Yes, we get the same valuesfor P{Y £ a—1} and P{Y > 2b} asin part (a).

The volume V has valuesin the range (0, 4p/3). For any u, 0 < u < 4p/3, Fy(u) = P{V £ u}

= P{4pR3/3 Eu} =P[R £ VS 3u/dp} = FR(\/3 3u/4p ) = 3u/dp since FRr(r) = r3foro<r <1 Hence,
fyy(u) is uniform on (0, 4p/3).

The electrica charge is uniformly distributed on the surface of the sphere. The surface charge density is
S = Ql4pR2 > Ql4p.

For x > Q/4p, Fg(x) = P{S £ x} = P{QI4pR2 £ x} = P{1>R * VQipx } = 1 (Qi4px)L-5.

Hence, f5(x) = (3/2x)(Q/4px)*-> for x > Q/4p, and O otherwise.

¥ ¥
E[X] = ouf(u) du= ou (bu)eexp(-bu?/2)du =V bo\/:/-exp(—v)dv on setting bu?/2 = v. Theintegra is
0

Q312) = (1/2)G(1/2) \/_4 and hence E[X] = \/_b\/_4 Vpr2ub,

E[X] = oP{ X >t} dt= exp(— t2/2) dt. But, we know (we do? how on earth did | ever get that idea?)
0 0

that ¢ (\/ b/2p)eexp(-ht2/2) dt = 1/2 and hence E[X] = v p/2\V 1/b just asin part (a).
0

The median lifetimeis T satisfying P{ X > T} = exp(-bT2/2) = 1/2. ThisgivesT =V2 In 2V 1/b.

Since 2 In 2 < p/2, the median is smaller than the mean. The mode of the pdf is easily found to be at Vb
and isthe smallest of the three central measures.

d%(bt)exp(—thIZ) = teexp(—bi2/2) — bteexp(-bt2/2)+2/2 is zero for b = V2/t. Thus, if we observe that X =t,

the maximum-likelihood estimate of b is\/_2/t. Reality check: If tislarge, we estimate the value of b to
be quite small. Thismakes sense. If the system lasted for along time, its hazard rate can be expected to be
small, and the hazard rate is proportional to b.



