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Assigned: Wednesday, October 22, 1997
Due: Wednesday, October 29, 1997
Reading: Ross, Chapter 4
Noncredit Exercises: (Do not turn these in) Ross pp.104-117: 53, 58, 59, 62, 63, 70-74, 78, 81
Those with the 4th edition should try: Ross, pp. 112-125: 50, 52, 53, 57, 58, 64-69, 73, 76.
Problems:
1. Three people dining together figure out who will pay for their meal as follows.  Each

tosses a fair coin.  If two of the coins show the same face and the third coin shows a
different face, the one who tossed the different face (called the “odd man out”) pays for
all three dinners.  Otherwise, it must be that all three coins are showing heads (or they are
all showing tails), in which case another round of coin tossing occurs.

(a) What is the probability that at least three rounds of tosses are required to make the
decision?   (Note: a round consists of all the three coins being tossed.)

(b) What is the probability that the game ended on an even-numbered round?
(c) What is the probability that at least three rounds were required given that the game ended

on an even numbered round?
(d) One of the diners tries to improve the chances of avoiding paying for the meal by secretly

using a two-headed coin instead of a fair coin.  Does the strategy work?  Explain.

2. Barney and Betty play a game in which they take turns tossing a fair coin.  The first one
to toss a head wins the game.  Barney tosses first in each game.

(a) What is the probability that Barney wins?  that Betty wins?
(b) Betty soon tires of this game and suggests that it would be more fair for the loser of a

game to toss first in starting the next game.  Equivalently, Barney and Betty toss
alternately without regard to where games start and end.  Once again, Barney tosses first
in the first game, so that his win probability is the same as in part (a).  Now, let pn and
qn = 1 – pn denote the probabilities that Barney and Betty respectively win the n-th game.
We have just decided that p1 and q1 are as in part (a).  What are p2 and q2?  What are p3
and q3?

(c) More generally, express pn and qn as functions of pn-1 and qn-1 and use this recursive
relation to find pn and qn in terms of p1and q1

(d) What is the limit as n → ∞ of pn and qn ?  Is this game asymptotically fair?
(e) Barney now proposes that instead of the first one to toss a head winning the game, the

first one who matches the previous toss (whether the previous toss is part of the current
game or the last toss of the previous game) wins.  Betty accepts but generously insists
that, as before, Barney still toss first (so that the poor schmuck has no previous toss to
match on his first toss!).  What are p1 and q1  now? p2 and q2?  p3 and q3?  Is this game
asymptotically fair?  Assume as in part (b) that the loser of one game tosses first in the
next game.

(f) What if the rules are as in part (a) but Barney and Betty take turns tossing first.  Thus, in
games 1, 3, 5, … Barney tosses first while in games 2, 4, 6, … Betty tosses first.  As
before, the first to toss a Head wins the game.  In the long run, or after an even number of
games, what are Barney’s and Betty’s win probabilities?

3. After watching the shenanigans next door, Fred and Wilma decide to play a simpler coin-
tossing game with a fair coin being tossed just once —  Fred winning if it turns up Heads
and Wilma winning if it turns up Tails .  Thus, each would have probability 1/2 of
winning.  Unfortunately, they only have a biased coin with P(Heads) = p ≠ 1/2 available.
They would like to have win probabilities of 1/2 each right now, not asymptotically or in
the long run, or after an even number of games, as Barney and Betty do.  They adopt the
following strategy which allows them to simulate a fair coin toss even though they only
have a biased coin available.

(a) Fred and Wilma each toss the coin once.  Fred wins if he tosses a Head and Wilma tosses
a Tail.  What is the probability that this happens?  Wilma wins if Fred tosses a Tail and
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she tosses a Head.  What is the probability that this happens?  What is the probability that
neither wins?  (Noncredit exercise: compare this to the “deuce” situation in Problem 6(c)
and (d) of Problem Set #6).

(b) If Fred’s and Wilma’s coin tosses match, that is, both have tossed Heads or both have
tossed Tails, each tosses the coin again.  As before, Fred wins if he tosses a Head and
Wilma tosses a Tail, while Wilma wins if Fred tosses a Tail and she tosses a Head.
Matching tosses requires a repeat of the coin tosses.  This goes on and on until ultimately
either Fred or Wilma wins the game. Show that P(Fred wins) = P(Wilma wins) = 1/2.

Comment: Although the problem statement is tongue-in-cheek, the general strategy used is a
very valuable simulation tool that you should remember long after you have outgrown
Hanna-Barbera cartoons.  You can simulate a fair coin toss even if only a biased coin is
available!  Note also that the result does not depend on p at all as long as 0 < p < 1.
Obviously, p = 0 and p = 1 must be excluded!

4. This problem concerns repeated independent tosses of a biased coin with P(Heads) = p.
Different parts of the problem ask you to assume that the value of p is known or is
unknown.

(a) Suppose that the coin is to be tossed 1000 times.  You know that p = 0.11.  If you are
asked to bet on the total number of heads that will occur on these 1000 tosses, which
number would you choose to bet on?  Why did you choose this number forsaking all
others?  What is the probability that your choice is correct, that is, what is the probability
that the 1000 coin tosses do result in the number of heads you chose?

(b) Now suppose that you do not know the value of p.  You observe that Heads occurred on
105 of the 1000 tosses and Tails occurred on the remaining 895 tosses.  What would you
estimate the value of p to be?  Explain why you chose this number over all others.

(c) Continue to suppose that p is unknown.  The coin is tossed repeatedly.  A Head occurs for
the first time on the 12th toss.  What is the maximum-likelihood estimate of the value of
p?  that is, what value of p maximizes the probability of a Head occurring for the first
time on the 12th toss?

(d) Now suppose that p = 0.11 as in part (a) and you are asked to bet on the number of tosses
required to observe a Head for the first time.  Which number would you choose to bet on?
Why did you choose this number forsaking all others?  What is the probability that your
choice is correct, that is, what is the probability that a Head does occur for the first time
on the toss you have chosen?

(e) Continue to suppose that p = 0.11 but now you are asked to bet on the number of tosses
required to observe a Head for the 105th time.  Which number would you choose to bet
on?  Why did you choose this number forsaking all others?  What is the probability that
your choice is correct, that is, what is the probability that a Head does occur for the 105th
time on the toss you have chosen?

(f) Now suppose that p is unknown but you observe that the 105th head occurred on the
994th toss.  What is the maximum-likelihood estimate of p?

(g) The conditions of part (f) are a special case of the conditions of part (b), that is, one way
that we could have observed 105 Heads in 1000 tosses could have been for the 105th
Head to have occurred on the 994th toss and the last 6 tosses to have been tails.  So why
is the maximum-likelihood estimate of p in part (f) different from the estimate in part (b)?

5. You estimate that the Fighting Illini (or the Bears or the Blackhawks or even the Cubs if
you prefer) have probability p of winning a game, where each game can be considered to
be an independent trial.  Being a fair-minded pessimist, you want to place a fair bet (that
is, one that you have a roughly 50% chance of winning) on the length of the losing streak.
You bet on a number, and you win if the losing streak is at least that long.  What number
should you bet on?  (It is a function of p, of course!).  The number you find is the median
length of losing streaks.   Roughly 1/2 of the losing streaks will be longer and roughly
half will be shorter than this number.


