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lterative Methods for Linear System Solving

m Given linear system Ax = b, we could solve them via direct
methods such as Gaussian elminiation. But such algorithms
can be very slow, especially when A is sparse.

m lterative algorithms solve linear equations while only
performing multiplications by A and a few other vector
operations. They do not find exact solutions, but they get
closer to the solution with each iteration.

m Throughout this presentation we will assume that A is
positive definite or positive semidefinite.
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Richardson Iteration

First-Order Richardson lteration

Richardson'’s iteration is an iterative process that has the solution
to Ax = b as a fixed point. Note that if Ax = b, then for any «,

aAx = ab
x+ (aA—1)x=ab
x=(/ —aA)x+ ab
The last step can be viewed as an iterative update. It converges if

| — aA has norm less than 1, the convergence rate depends on
how much the norm is less than 1.
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Richardson Iteration

Convergence Rate of Richardson Iteration

Let 0 < A1 < X <... < A, be the eigenvalues of A, then the
eigenvalues of /| — aA are 1 — o)\, and the norm of | — aA is:

max(]1 — a1, |1 — aA,|)

It is minimized by

B 2
P WY
And the norm is
1— 2
>\n + >\1
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Richardson Iteration

Convergence Rate of Richardson Iteration

The update formula of Richardson Iteration
XD = (1 — aA)x) + ab
Rearranging the terms, we see that:
x — x(t) = (I — aA)(x — x(t_l))
Thus we can get e-approximation of x by running for about

)\n + )\1
2)\1

In(1/€) = (2)\;1 + %) In(1/€)

iterations.
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Chebyshev Method

Polynomial approximation of the inverse

Another way of viewing Richardson's iteration is that it provides us
with a polynomial in A that approximates A~1. In particular, it
can be expressed as:

x(t) = pt(A)b

where pt is a polynomial of degree t.
Our goal is

[Ip*(A)b —x|| = [|p"(A)Ax — x|| < €]|x||
In general a polynomial p! computes a solution to precision ¢ if

IAp*(A) — ]| <€
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Chebyshev Method

Better Polynomials

Thus, if we can find better polynomials p’ that approximates A1,
we can find better iterative methods. Note that the eigenvalues of
Apt(A) — | are \;pt()\;) — 1, therefore it suffices to find a
polynomial pt such that

|/\;pt(>\,') -1 <e

Define g(x) = 1 — xp’(x), then it suffices to find a polynomial g of
degree t + 1 such that

q(0) =1
lg(x)| <€, for x € [A1, An]
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Chebyshev Method

Chebyshev Polynomials

We can construct such g using the Chebyshev polynomials. The
tth Chebyshev polynomial, written as T, can be defined as the
polynomial such that

cos(tx) = T¢(cos(x))

Following the definition, it is easy to see that —1 < T¢(x) < 1 for
all x € [-1,1]. For values outside [—1, 1], we have the following
property:

Te(1+7) > (L4 1/27)/2, fory >0

It means that T;(x) grows very quickly on x € [1, 00].
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Chebyshev Method

Chebyshev Polynomials

We perform a linear map on T; so that [—1, 1] is mapped to
[Amins Amax]. More specifically, we define

Amax + Amin — 2X

I(x) =

)\max - >\min
so that
I(X) € [_171]7 for x € [Amina)\max]
- T,(0(x)
t\ (X
X) = ——==
9 = 7.(1(0)

It is obvious that q(0) = 1.
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Chebyshev Method

Chebyshev Polynomials

_ T(I(x)

A A(O)
Note that for x € [Amin, Amax], [(x) € [-1,1], T¢(/(x)) € [-1,1].
As for T:(/(0)), notice that

2)\min

)\max - )\min

10)=1+
Thus, using the property of Chebyshev Polynomials, we get

q(X) < 2(1 +2 V )\min/>\max)_ta for x € [)\minv >\max]
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Conjugate Gradient

Conjugate Gradient

Sometimes, it is useful to measure error in the matrix norm, which

is defined by:
l|[x||]a = VxTAx

Conjugate Gradient Algorithm is one such algorithm that
minimizes the matrix norm of residual. It begins with vector b, and
after t iterations it produces a vector that is in the span of

{b,Ab,A%b, ... Atb}

The Conjugate Gradient will find the vector x; in this subspace
that minimizes the error in the A-norm. In other words, Conjugate
Gradient method is the optimal iterative method in terms of
A-norm.
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Conjugate Gradient

Error in A-norm

lIxe — x||3 = X Axe — 2xT Axt + x T Ax = x] Axz — 2b7 x; + xT Ax

Let po, ..., p: be a basis of this subspace, and let

t
Xt = E Cipi
i=0

Then we have,

Mﬁ

x§ Axy —2b" x; = (

CP:) A ZC:P: _2bT ZC:P:

c?p] Api —2 Z cib” pi + Z cicipi’ Apj
i—0 i
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Conjugate Gradient

Conjugate Gradient Algorithm

t t
1% — x||3 = Z cip] Api —2 Z cib”pi + Z cicip; Apj + const
i=0 i=0 i#j
To simplify the optimization, the Conjugate Gradient will choose p;
such that p,.TApJ- =0 for all i # j. In that case, the objective
function becomes

t

Z(C;ZP,-TAP,' —2¢ib" pi)
i—0

This is minimized by setting derivatives to zero, which gives

ci = (b"pi)/(p] Ap;)
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Conjugate Gradient

Computing the basis vectors

p;i can be computed methods similar to Gram-Schmidt Process

t

(Ap:) " Ap
Pt+1 = Apt — Pi—F
; ’ P,‘TAPI

Actually the last summation only has two non-zero terms since Ap;
is in the span of py,...,pir1 and is orthogonal to Ap; when

i <t — 1. Therefore each iteration of Conjugate Gradient takes
O(1) matrix multiplication and O(1) vector operations.
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Preconditioning

Preconditioning

Preconditioning is an approach to solving linear equations in a
matrix A by finding a matrix B that approximates A, but easier to
solve. Remember that B is an e-approximation of A if

(1-)A=B=(1+e)A

We show that if A is an e-approximation of B, then B~1b is not
far from x in A-norm.
1B7b — x|[a = [|AY2B b — AV2x]|
— [|AY2B71 (Ax) — AY2x]|
< [|AY2BTIAYZ — 1)|||AY2x||
= [|AY2BTTAYZ — 1]]]|x]|a
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Preconditioning

Preconditioning

1B b — x||a < [|AY2BTLAY2 — 1]|]|x]| A
Note that AY/2B~1A/2 s similar to B_1/2AB_1/2, therefore
)\maX(Al/ZBflAl/2) — )\maX(Bfl/2ABfl/2)
xTB=12AB~1/2x

= maxX

x xTx
yT Ay
= ax
y=B-1/2 yT By
<1l+e€

Similarly, Amin(AY2B71AY/2) > 1 — ¢, therefore,
HA1/2B_1A1/2 _ IH <e
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Preconditioned Solvers for Laplacians

Preconditioned lterative Methods

Preconditioning can be applied together with iterative methods, if
B can be easily inverted, then we can trasnform the equations by:

B lAx =B~ 1b

Then we can use iterative methods on matrix B~ LA, but whenever
we need to compute B~1Ax for some vector x, we first compute
Ax, then use a solver of B to compute B~ 1Ax.
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Preconditioned Solvers for Laplacians

Preconditioning by Trees

If Ais the Laplacian matrix of a graph G, then it is possible to
precondition A by the Laplacian matrix of a subgraph H. For any
subgraph H of G

Ly = Lg

Suppose we can find subgraph H that are easy to invert and the
largest eigenvalue of L;,lLG is not too big, then we can use Ly as
preconditioner. In particular, if H is a spanning tree of G, then Ly
is easily invertible.
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Preconditioned Solvers for Laplacians

Low-stretch spanning tree

Write L as sum of edge Laplacians:

L = Z Wu,vLu,v: Z Wu,v(Xu_Xv)(Xu_XV)T

(u,v)EE (u,v)EE

Let's consider the trace of LﬁlL(;, we have
Tr(l7 o) = ) wuu Tr(L7 (xu — xv)(xw — xv) )
(u,v)EE

= Z Wu,v(Xu - XV)TL;l(Xu - Xv)
(u,v)EE

Note that, (xu — Xxv) " L7 (xu — Xv) is the effective resistance
between v and v in T.
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Preconditioned Solvers for Laplacians

Low-stretch spanning tree

Since T is a spanning tree, the effective resistance between v and
v is equal to the distance in T. Let wy, ..., w, be the weights of
edges on the path between v and v, then

(Xu - XV)TL;'l(Xu - Xv) = Z W
The term
K1
W il
z_; "

is defined to be the stretch of edge (u, v) with respect to the tree
T.
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Preconditioned Solvers for Laplacians

Preconditioning by Trees

m There are efficient algorithms that can find low-stretch
spanning tree. In particular, we can find spanning tree with
sum of stretchs at most O(mlog nloglog n) in time
O(mlog nloglog n).

m Therefore, the Preconditioned Conjugate Gradient will require
at most O(m'/? log n) iterations, each iteration requires one
multiplication by L and one linear solve in L.

m In fact, it is possible to get algorithms that solve linear systems
in Laplacians in time O(mlog nloglog nloge) by combining
low-stretch spanning trees and high-quality graph sparsifiers.
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Preconditioned Solvers for Laplacians
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