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Model sequence of words as a sequence of customers coming to a 

restaurant: x1, x2, …… 

Model vocabulary set as a sequence of tables (dishes) : y1, y2, …… 

The c. =  𝑐𝑘
𝑡
𝑘=1 th customer comes and chooses table according to 

customer number in each table: 
𝑐𝑘

𝛼+𝑐.
, chose a new table: 

𝛼

𝛼+𝑐.
 

 

Dirichlet Process (CRP) Recap 

y1 y2 y3 

c1= 3 c2= 2 c1= 1 



 

𝐺~𝑃𝑌(𝑑, 𝛼, 𝐺0) 

 

G: customers sequence; G0: tables sequence 

Probability customer sits at table yk: 
𝑐𝑘−𝑑

𝛼+𝑐.
 ; chooses new table: 

𝛼+𝑑𝑡

𝛼+𝑐.
 

Assumes a finite vocabulary set/table sequence of size V: W 

Power-law distribution: “rich-gets-richer”; number of unique words scale 

exponentially as 𝑂(𝛼𝑇𝑑) 

Pitman-Yor Process: a generalization 



𝐺𝒖~𝑃𝑌(𝑑 𝒖 , 𝛼|𝒖|, 𝐺𝜋(𝒖)) 

 

Draw a sequence of customers 𝐺𝒖 from another sequence of customers 

𝐺𝜋(𝒖), 𝜋 𝒖 = 𝒖2𝒖3…𝒖|𝒖| 

Consider W = {a, b, c} 

Hierarchical Pitman-Yor Language Model 

𝐺∅~𝑃𝑌(𝑑0, 𝛼0, 𝐺0) 

𝐺𝑎~𝑃𝑌(𝑑1, 𝛼1, 𝐺∅) 𝐺𝑏~𝑃𝑌(𝑑1, 𝛼1, 𝐺∅) 𝐺𝑐~𝑃𝑌(𝑑1, 𝛼1, 𝐺∅) 

𝐺𝑎𝑎~𝑃𝑌(𝑑2, 𝛼2, 𝐺𝑎) 𝐺𝑏𝑎~𝑃𝑌(𝑑2, 𝛼2, 𝐺𝑎) 𝐺𝑐𝑎~𝑃𝑌(𝑑2, 𝛼2, 𝐺𝑎) …………. 



Hierarchical CRP: an Example 

 W = { a, b, c } 

 Context u = c a c ?  

 Sequence xu1, xu2, ……drawn from Gcac 

 

 
Gcac  

xu1           xu2                 xu3     ……. 

?             ?                ?            



Hierarchical CRP: an Example 

 W = { a, b, c } 

 Context u = c a c ?  

 Sequence xu1, xu2, ……drawn from Gcac 

 

 xu1           xu2                 xu3     ……. 

?             ?                ?            
Gcac  

 Gac  ?          



 W = { a, b, c } 

 Context u = c a c ?  

 Sequence xu1, xu2, ……drawn from Gcac 

 

 
Gcac  

 Gac  

Gc ?          

G∅ ?          

G0(uni

form) 
a          

?          

xu1           xu2                 xu3     ……. 

?             ?                ?            

Hierarchical CRP: an Example 



 W = { a, b, c } 

 Context u = c a c ?  

 Sequence xu1, xu2, ……drawn from Gcac 

 

 
Gcac  

 Gac  a             ?           

Gc a          

G∅ a          

G0(uni

form) 
a          

xu1           xu2                 xu3     ……. 

=a           ?                ?            1 − 𝑑3
𝛼3 + 1

 
𝛼3 + 𝑑3
𝛼3 + 1

 

Hierarchical CRP: an Example 



 W = { a, b, c } 

 Context u = c a c ?  

 Sequence xu1, xu2, ……drawn from Gcac 

 

 
Gcac  

 Gac  a             ?           

Gc a             ?          

G∅ a          

G0(uni

form) 
a          

xu1           xu2                 xu3     ……. 

=a           ?                ?            

1 − 𝑑2
𝛼2 + 1

 
𝛼2 + 𝑑2
𝛼2 + 1

 

Hierarchical CRP: an Example 



 W = { a, b, c } 

 Context u = c a c ?  

 Sequence xu1, xu2, ……drawn from Gcac 

 

 
Gcac  

 Gac  a             a           

Gc a                       

G∅ a          

G0(uni

form) 
a          

xu1           xu2                 xu3     ……. 

=a           a                ?            

Hierarchical CRP: an Example 



 W = { a, b, c } 

 Context u = c a c ?  

 Sequence xu1, xu2, ……drawn from Gcac 

 

 
Gcac  

 Gac  a             a               ?           

Gc a             ?                         

G∅ a             ?                  

G0(uni

form) 
a             b           

xu1           xu2                 xu3     ……. 

=a           a                ?            

Hierarchical CRP: an Example 

1 − 𝑑3
𝛼3 + 2

 
1 − 𝑑3
𝛼3 + 2

 𝛼3 + 2𝑑3
𝛼3 + 2

 

2 − 𝑑2
𝛼2 + 2

 𝛼2 + 𝑑2
𝛼2 + 2

 

𝛼1 + 𝑑1
𝛼1 + 1

 

1 − 𝑑1
𝛼1 + 1

 

1 − 𝑑0
𝛼0 + 1

 
𝛼0 + 𝑑0
𝛼0 + 1

 



 W = { a, b, c } 

 Context u = c a c ?  

 Sequence xu1, xu2, ……drawn from Gcac 

 

 
Gcac  

 Gac  a             a               b           

Gc a             b                         

G∅ a             b                  

G0(uni

form) 
a             b           

xu1           xu2                 xu3     ……. 

=a           a                b            

Hierarchical CRP: an Example 



𝐺𝑢s are marginalized out; use 𝑆𝑢, 𝑺 = {𝑆𝑣}, 𝚯 = {𝛼𝑚, 𝑑𝑚} 

𝑝 𝑤 𝒖,𝐷 =   𝑝 𝑤 𝒖, 𝑺, 𝚯 𝑝 𝑺,𝚯 𝐷 𝑑(𝑺, 𝚯) 

Approximate the integral with samples: 

𝑝 𝑤 𝒖,𝐷 ≈ 𝑝 𝑤 𝒖, 𝑺 𝑖 , 𝚯 𝑖

𝑖

 

Recursively compute 𝑝(𝑤|𝒖, 𝑺, 𝚯) : 

𝑝 𝑤 𝒖, 𝑺, 𝚯 =  
𝑐𝒖𝑤∙ − 𝑑|𝒖|𝑡𝒖𝑤∙

𝜃|𝒖| + 𝑐𝒖∙∙
+
𝜃 𝒖 + 𝑑 𝒖 𝑡𝒖𝑤∙
𝜃 𝒖 + 𝑐𝒖∙∙

𝑝(𝑤|𝜋 𝒖 , 𝑺, 𝚯) 

Inference with Gibbs Sampling 



Gibbs sampling: 

𝑝 𝑘𝒖𝑙 = 𝑘 𝑺
−𝒖𝑙 , 𝚯)  ∝

max 0, 𝑐𝒖𝑥𝒖𝑙𝑘
−𝒖𝑙 − 𝑑

𝜃 + 𝑐𝒖∙∙
−𝒖𝑙  

𝑝 𝑘𝒖𝑙 = 𝑘
𝑛𝑒𝑤𝑤𝑖𝑡ℎ 𝑦𝒖𝑘𝑛𝑒𝑤 = 𝑥𝒖𝑙 𝑆

−𝒖𝑙 , Θ ∝
𝜃 + 𝑑𝑡𝑢∙∙

−𝒖𝑙

𝜃 + 𝑐𝑢∙∙
−𝒖𝑙 𝑝 𝑥𝒖𝑙 𝜋 𝒖 , 𝑺

−𝒖𝑙 , 𝚯) 

  

Inference with Gibbs Sampling 



IKN: interpolated Kneser-Ney  

MKN: modified Kneser-Ney 

HPYLM: Pitman-Yor using Gibbs sampler 

HPYCV: parameters obtained by cross-validaion  

Experimental Results 


