
Problem Set 1
CS 579: Computational Complexity

Assigned: February 4, 2014 Due on: Feb 11, 2014

Instructions: Please do not turn in solutions to the practice problems.

Practice Problems

Practice Problem 1. [Closure Properties] Consider languages A,B ⊆ Σ∗.

1. Prove that if A,B ∈ P then A ∪B, A ∩B, AB and A are in P.

2. Prove that if A,B ∈ NP then A ∪B, A ∩B, AB, and A∗ are all in NP.

Practice Problem 2. [Reductions] Recall that we say A ≤P B if there is a function f computable in
polynomial time such that x ∈ A iff f(x) ∈ B.

1. Prove that if A ≤P B and B ≤P C then A ≤P C.

2. Prove that if A ≤P B then A ≤P B.

Practice Problem 3. Let H = {(i, x) |Mi halts on x}, where Mi is the Turing machine whose code is i.
Prove that H is NP-hard. Is H NP-complete?

Practice Problem 4. Consider the problem, where given two graphs G and H, you are asked whether
there is a subgraph of G that is isomorphic to H. Prove that this problem is NP-complete.

Homework Problems

Problem 1. Prove that if L ∈ P then L∗ ∈ P.

Problem 2. Let FSPACE(s(n)) denote the class of all functions computable (by a deterministic Turing
machine) in space s(n); note, that DSPACE(s(n)) introduced in the lectures is the collection of decision
problems computable in space s(n).

1. Prove that FSPACE(log n) is closed under function composition. In other words if f, g ∈ FSPACE(log n)
then f ◦ g ∈ FSPACE(log n). Note that, since in measuring space, we only count the work-tape cells
and not the output tape cells, for an input x, g(x) maybe much longer that log |x|.

2. Consider the function p : {0, 1}∗ → {0, 1,#}∗ given by

p(x) = x#0|x|
2−|x|

Prove that p ∈ FSPACE(n).
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3. For a language L ⊆ {0, 1}∗, define the function fL : {0, 1,#}∗ → {0, 1} as follows.

fL(w) =

{
1 if w = x#0|x|

2−|x|, x ∈ {0, 1}∗, and x ∈ L
0 otherwise

Prove that if L ∈ DSPACE(n2) then fL ∈ FSPACE(n).

4. Prove that FSPACE(n) is not closed under function composition.

Problem 3. Prove that the following problem, called MATCH is NP-complete. Given a finite set S of
strings of length n over the alphabet {0, 1, ∗} determine if there exists a string w of length n over the alphabet
{0, 1} such that for every string s ∈ S, s and w have the same symbol in at least one position. For example,
if S = {001∗, ∗100, 10 ∗ 0, 1010} then w = 0000 is a solution. However, if S = {00, ∗1, 1∗} then there is no
string w that “matches”.

2


