
CS 476 Homework #9 Due 10:45am on 10/31

Note: Answers to the exercises listed below should be handed to the instructor in hardcopy and in typewritten
form (latex formatting preferred) by the deadline mentioned above. You should also email the relevant Maude code
for Problem 1 to hildenb2@illinois.edu (as explained below).

1. The following module defines natural number addition by “counting with one’s fingers.” That is, three fingers
are the list 1+1+1 (note that instead of + we could have used a more usual list concatenation operator syntax
like , so three fingers would look like 1 1 1, but the choice of syntax is immaterial). Therefore, adding three
and four is just: (1 + 1 + 1) + (1 + 1 + 1 + 1) = 1 + 1 + 1 + 1 + 1 + 1 + 1, which follows directly from the assoc

attribute. Note that, beyond the axioms implicit in the assoc and id: 0 equational attributes, there are no
equation in this module. That is, in this representation the natural numbers are an algebra of free constructors
(+ is here also a constructor) modulo associativity and identity.

fmod NAT-AU is

sort Nat* .

op 0 : -> Nat* [ctor] .

op 1 : -> Nat* [ctor] .

op _+_ : Nat* Nat* -> Nat* [ctor assoc id: 0] .

endfm

Use the Maude-ITP to prove that this functional module (that is, its initial algebra) satisfies the commutativity
equation:

x + y = y + x

Include in your answer a screenshot of your interaction with the ITP. Also, send to hildenb2@illinois.edu

a file with the list of commands you have given to the ITP to prove this theorem.

Hint: Make sure to check the Maude ITP documentation available at http://maude.cs.uiuc.edu/tools/itp/. In
particular, section 2 of the ITP tutorial lists the commands available in the Maude ITP. On the course webpage
is a worked-out example of using the ITP along with explanation of some of the pertinent commands.

2. (2.1) Let (Σ, E) be an equational theory and G a set of Σ-equations. Prove that if TΣ/E |= G, then we have a
Σ-algebra isomorphism:

TΣ/E
∼= TΣ/E∪G

Hint: Use initiality!

(2.2) Answer the following very simple question: are the initial algebras of NAT-AU above and of NAT-ACU below
isomorphic? Justify your answer.

fmod NAT-ACU is

sort Nat* .

op 0 : -> Nat* [ctor] .

op 1 : -> Nat* [ctor] .

op _+_ : Nat* Nat* -> Nat* [ctor assoc comm id: 0] .

endfm
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(2.3) Let (Σ, E) and Let (Σ, E′) be two equational theories. You are asked to answer a very simple question:
Suppose TΣ/E

∼= TΣ/E′ . Does this imply that (Σ, E) ≡ (Σ, E′)? Give a precise justification for your answer.

Hints: (i) Recall that the definition of theory equivalence (Σ, E) ≡ (Σ, E′) was given in Homework#8. (ii)
Your answers to (2.1) and (2.2) above should give you plenty of food for thought in answering (2.3).
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