CS 473 ] Spring 2020

Y Homework 9 Z
Due Wednesday, April 22, 2020 at 9pm

1. Every year, Professor Dumbledore assigns the instructors at Hogwarts to various faculty
committees. There are n faculty members and c committees. Each committee member has
submitted a list of their prices for serving on each committee; each price could be positive,
negative, zero, or even infinite. For example, Professor Snape might declare that he would
serve on the Student Recruiting Committee for 1000 Galleons, that he would pay 10000
Galleons to serve on the Defense Against the Dark Arts Course Revision Committee, and
that he would not serve on the Muggle Relations committee for any price.
Conversely, Dumbledore knows how many instructors are needed for each committee,
and he has compiled a list of instructors who would be suitable members for each committee.
(For example: “Dark Arts Revision: 5 members, anyone but Snape.”) If Dumbledore assigns
an instructor to a committee, he must pay that instructor’s price from the Hogwarts treasury.
Dumbledore needs to assign instructors to committees so that (1) each committee is
full, (3) no instructor is assigned to more than three committees, (2) only suitable and
willing instructors are assigned to each committee, and (4) the total cost of the assignment
is as small as possible. Describe and analyze an efficient algorithm that either solves
Dumbledore’s problem, or correctly reports that there is no valid assignment whose total
cost is finite.

2. Let G = (L t R, E) be a bipartite graph, whose left vertices L are indexed `1 , `2 , . . . , `n and
whose right vertices are indexed r1 , r2 , . . . , rn . A matching M in G is non-crossing if, for
every pair of edges `i r j and `i 0 r j 0 in M , we have i < i 0 if and only if j < j 0 . If we place the
vertices of G in index order along two vertical lines and draw the edges of G as straight
line segments, a matching is non-crossing if its edges do not cross.
Describe and analyze an algorithm to find the smallest number of disjoint non-crossing
matchings M1 , M2 , . . . , Mk that cover G, meaning each edge in G lies in exactly one
matching Mi .
[Hint: How would you compute the largest non-crossing matching in G?]

Decomposing a bipartite graph into non-crossing matchings.
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3. An Euler tour in a directed graph G is a closed walk (starting and ending at the same
vertex) that traverses every edge in G exactly once; a directed graph is Eulerian if it has
an Euler tour. Euler tours are named after Leonhard Euler, who was the first person to
systematically study them, starting with the Bridges of Königsberg puzzle.
(a) Prove that a directed graph G with no isolated vertices is Eulerian if and only if
(1) G is strongly connected1 and (2) the in-degree of each vertex of G is equal to its
out-degree.2 [Hint: Flow decomposition!]
(b) Suppose that we are given a strongly connected directed graph G with no isolated
vertices that is not Eulerian, and we want to make G Eulerian by duplicating existing
edges. Each edge e has a duplication cost ((e) ≥ 0. We are allowed to add as many
copies of an existing edge e as we like, but we must pay ((e) for each new copy. On
the other hand, if G does not already have an edge from vertex u to vertex v, we
cannot add a new edge from u to v.
Describe an algorithm that computes the minimum-cost set of edge-duplications
that makes G Eulerian.

Making a directed cube graph Eulerian.

1A directed graph G is strongly connected if, for any two vertices u and v, there is a directed walk in G from u to v
and a directed walk in G from v to u.
2The in-degree of a vertex is its number of incoming edges; the out-degree is its number of outgoing edges.
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