CS 473: Algorithms, Spring 2018
HW 9 (due Wednesday, April 18th at 8pm)
This homework contains three problems. Read the instructions for submitting homework
on the course webpage.
Collaboration Policy: For this home work, each student can work in a group with up to three
members. Only one solution for each group needs to be submitted. Follow the submission instructions carefully.
For problems that ask for a linear-programming formulation of some problem, a full credit
solution requires the following components:
• A list of variables, along with a brief English description of each variable. (Omitting these
English descriptions is a Deadly Sin.)
• A linear objective function (expressed either as minimization or maximization, whichever is
more convenient), along with a brief English description of its meaning.
• A sequence of linear inequalities (expressed using ≤, =, or ≥, whichever is more appropriate
or convenient), along with a brief English description of each constraint.
• A proof that your linear programming formulation is correct, meaning that the optimal solution to the original problem can always be obtained from the optimal solution to the linear
program. This may be very short.
It is not necessary to express the linear program in canonical form, or even in matrix form. Clarity
is much more important than formality.
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1. You are given the following linear program

max
s.t.

10x1 + 5x2 + 7.5x3
6x1 + 4x2 + 10x3 ≤ 55
2x1 + x2 + x3 ≤ 13
x1 + x2 + 3x3 ≤ 15
10x1 + 4x2 + 8x3 ≤ 57
x1 , x2 , x3 ≥ 0

Note that (0, 0, 0) is a feasible vertex of in the above LP. Run the Simplex algorithm on the
above program to calculate its solution. Write the sequence of vertices visited by the Simplex
algorithm, and what inequalities are tight at each step.
2. Let G = (V1 ∪ V2 , E) be a bipartite graph.
(a) Write a linear program for the maximum matching problem in G.
(b) Write the dual program of the above primal program. Can you interpret its solution?
What do the dual variables represent?
3. You are given the following linear program

cT x
Ax ≤ b
x≥0

max
s.t.

and you know that there exists an x that is a feasible solution to the above program. Furthermore, you know that the dual of this program also has a y that is a feasible solution.
(a) Write the dual program to the above primal program.
(b) Design a single linear feasibility formulation that exactly captures all the optimal solutions of both primal and the dual. Show that (x∗ , y ∗ ) is feasible in your formulation if
and only if x∗ is an optimal solution of the primal and y ∗ is an optimal solution of the
dual.
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The remaining problems are for self study. Do NOT submit for grading.
• Suppose we have a linear program max cx, A1 x ≤ b1 , A2 x = b2 , A3 x ≥ b3 , x ≥ 0. What is its
dual?
• See Problem 3 in HW 8 from Jeff’s home work last spring. https://courses.engr.illinois.
edu/cs473/sp2016/hw/hw8.pdf
• See HW 5 from Chandra’s graduate algorithms course in Fall 2011. https://courses.engr.
illinois.edu/cs573/fa2011/Homework/hw5.pdf
• See HW 8 from Sariel’s course in Fall 2015. https://courses.engr.illinois.edu/cs473/
fa2015/w/hw/hw_08.pdf.
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