
âɼƨࣽțƨƉʚʯɼƨ ſɼŗǶȳ ʚƨŗʌƨɼ

�ʌʌʯȭƨ � Ƕʌ ŗȳ˦ ɼƨǖʯțŗɼ țŗȳǖʯŗǖƨࣖ �ƨʚऒʌ ƕƨ̇ȳƨ ŗ ȳƨ˝ țŗȳǖʯŗǖƨࣘ

6ƨ̇ȳǶʚǶɄȳ
bțǶɱ(�) = { ¯̱ | ˍ 2 �, ˕ 2 ⌃⇤}

ࡹ

 

Example if 010 is in L lol is in Flip L



,óࣩE,Eࣽࣘࢅ࢑ࢁ �ƨƉʚʯɼƨ ࢍ ࣽ éƨǖʯțŗɼ �ŗȳǖʯŗǖƨʌ ࣽ
,țɄʌʯɼƨ âɼɄɱƨɼʚǶƨʌ

�ƨƉʚʯɼƨɼࣘ ¥ǶƉȕ˙ŗʌǫ �ŗȳǶ
,ǫŗʚ ȭɄƕƨɼŗʚɄɼࣘ óŗȭǶɼ �ǫŗȳ
bƨſɼʯŗɼ˦ ࣗࡹࡹ ࡹࡽࡱࡽ

ĎȳǶ˙ƨɼʌǶʚ˦ ɄǑ yțțǶȳɄǶʌ ŗʚ Ďɼſŗȳŗࣽ,ǫŗȭɱŗǶǖȳ



âɼƨࣽțƨƉʚʯɼƨ ſɼŗǶȳ ʚƨŗʌƨɼ

�ʌʌʯȭƨ � Ƕʌ ŗȳ˦ ɼƨǖʯțŗɼ țŗȳǖʯŗǖƨࣖ �ƨʚऒʌ ƕƨ̇ȳƨ ŗ ȳƨ˝ țŗȳǖʯŗǖƨࣘ

6ƨ̇ȳǶʚǶɄȳ
bțǶɱ(�) = { ¯̱ | ˍ 2 �, ˕ 2 ⌃⇤}

ĸƨʌ ¥ƨ˥ʚ ɱɼɄſțƨȭࣖ

ࡽ

is this language regular
bitwise ITT



âɼƨࣽțƨƉʚʯɼƨ ſɼŗǶȳ ʚƨŗʌƨɼ

�ʌʌʯȭƨ � Ƕʌ ŗȳ˦ ɼƨǖʯțŗɼ țŗȳǖʯŗǖƨࣖ �ƨʚऒʌ ƕƨ̇ȳƨ ŗ ȳƨ˝ țŗȳǖʯŗǖƨࣘ

6ƨ̇ȳǶʚǶɄȳ
bțǶɱ(�) = { ¯̱ | ˍ 2 �, ˕ 2 ⌃⇤}

ĸƨʌ

¥ƨ˥ʚ ɱɼɄſțƨȭࣖ

ࡽ



âɼƨࣽțƨƉʚʯɼƨ ſɼŗǶȳ ʚƨŗʌƨɼ

�ʌʌʯȭƨ � Ƕʌ ŗȳ˦ ɼƨǖʯțŗɼ țŗȳǖʯŗǖƨࣖ �ƨʚऒʌ ƕƨ̇ȳƨ ŗ ȳƨ˝ țŗȳǖʯŗǖƨࣘ

6ƨ̇ȳǶʚǶɄȳ
bțǶɱ(�) = { ¯̱ | ˍ 2 �, ˕ 2 ⌃⇤}

ĸƨʌ ¥ƨ˥ʚ ɱɼɄſțƨȭࣖ

ࡽ



âɼƨࣽțƨƉʚʯɼƨ ſɼŗǶȳ ʚƨŗʌƨɼ

�ʌʌʯȭƨ � Ƕʌ ŗȳ˦ ɼƨǖʯțŗɼ țŗȳǖʯŗǖƨࣖ �ƨʚऒʌ ƕƨ̇ȳƨ ŗ ȳƨ˝ țŗȳǖʯŗǖƨࣘ

6ƨ̇ȳǶʚǶɄȳ
�Þ = {ˍÞ | ˍ 2 �}

�țʌɄ ˦ƨʌࣖ

ࢁ



âɼƨࣽțƨƉʚʯɼƨ ſɼŗǶȳ ʚƨŗʌƨɼ

�ʌʌʯȭƨ � Ƕʌ ŗȳ˦ ɼƨǖʯțŗɼ țŗȳǖʯŗǖƨࣖ �ƨʚऒʌ ƕƨ̇ȳƨ ŗ ȳƨ˝ țŗȳǖʯŗǖƨࣘ

6ƨ̇ȳǶʚǶɄȳ
�Þ = {ˍÞ | ˍ 2 �}

�țʌɄ ˦ƨʌࣖ

ࢁ



,țɄʌʯɼƨ ɱɼɄɱƨʚǶƨʌ

6ƨ̇ȳǶʚǶɄȳ
࣯yȳǑɄɼȭŗțࣱ � ʌƨʚ � Ƕʌ ƉțɄʌƨƕ ʯȳƕƨɼ ŗȳ ɄɱƨɼŗʚǶɄȳ Ʉɱ ǶǑ ŗɱɱț˦Ƕȳǖ
Ʉɱ ʚɄ ŗȳ˦ ƨțƨȭƨȳʚʌ ɄǑ � ɼƨʌʯțʚʌ Ƕȳ ŗȳ ƨțƨȭƨȳʚ ʚǫŗʚ ŗțʌɄ
ſƨțɄȳǖʌ ʚɄ �ࣖ

E˥ŗȭɱțƨʌࣘ

࣢ tȩʋƣǐƣɮɾࣘ ƉțɄʌƨƕ ʯȳƕƨɼ +ࣗ �ࣗ ⇤ࣗ ſʯʚ ȳɄʚ ƕǶ˙ǶʌǶɄȳࣖ
࣢ ×ȹɾǮʋǮˉƣ Ǯȩʋƣǐƣɮɾࣘ ƉțɄʌƨƕ ʯȳƕƨɼ + ſʯʚ ȳɄʚ ʯȳƕƨɼ �
࣢ Þƣǐʠȑŗɮ ȑŗȩǐʠŗǐƣɾࣘ ƉțɄʌƨƕ ʯȳƕƨɼ ʯȳǶɄȳࣗ ǶȳʚƨɼʌƨƉʚǶɄȳࣗ
�țƨƨȳƨ ʌʚŗɼࣗ ƉɄȭɱțƨȭƨȳʚࣗ ƕǶ˽ƨɼƨȳƉƨࣗ ǫɄȭɄȭɄɼɱǫǶʌȭࣗ
Ƕȳ˙ƨɼʌƨ ǫɄȭɄȭɄɼɱǫǶʌȭࣗ ɼƨ˙ƨɼʌƨࣗ . . .

ࢅ



,țɄʌʯɼƨ ɱɼɄɱƨʚǶƨʌ

6ƨ̇ȳǶʚǶɄȳ
࣯yȳǑɄɼȭŗțࣱ � ʌƨʚ � Ƕʌ ƉțɄʌƨƕ ʯȳƕƨɼ ŗȳ ɄɱƨɼŗʚǶɄȳ Ʉɱ ǶǑ ŗɱɱț˦Ƕȳǖ
Ʉɱ ʚɄ ŗȳ˦ ƨțƨȭƨȳʚʌ ɄǑ � ɼƨʌʯțʚʌ Ƕȳ ŗȳ ƨțƨȭƨȳʚ ʚǫŗʚ ŗțʌɄ
ſƨțɄȳǖʌ ʚɄ �ࣖ

E˥ŗȭɱțƨʌࣘ

࣢ tȩʋƣǐƣɮɾࣘ ƉțɄʌƨƕ ʯȳƕƨɼ +ࣗ �ࣗ ⇤ࣗ ſʯʚ ȳɄʚ ƕǶ˙ǶʌǶɄȳࣖ
࣢ ×ȹɾǮʋǮˉƣ Ǯȩʋƣǐƣɮɾࣘ ƉțɄʌƨƕ ʯȳƕƨɼ + ſʯʚ ȳɄʚ ʯȳƕƨɼ �
࣢ Þƣǐʠȑŗɮ ȑŗȩǐʠŗǐƣɾࣘ ƉțɄʌƨƕ ʯȳƕƨɼ ʯȳǶɄȳࣗ ǶȳʚƨɼʌƨƉʚǶɄȳࣗ
�țƨƨȳƨ ʌʚŗɼࣗ ƉɄȭɱțƨȭƨȳʚࣗ ƕǶ˽ƨɼƨȳƉƨࣗ ǫɄȭɄȭɄɼɱǫǶʌȭࣗ
Ƕȳ˙ƨɼʌƨ ǫɄȭɄȭɄɼɱǫǶʌȭࣗ ɼƨ˙ƨɼʌƨࣗ . . .

ࢅ

Ie t z LIR



,țɄʌʯɼƨ ɱɼɄɱƨɼʚǶƨʌ ɄǑ éƨǖʯțŗɼ �ŗȳǖʯŗǖƨʌ

pɄ˝ ƕɄ ˝ƨ ɱɼɄ˙ƨ ʚǫŗʚ ɼƨǖʯțŗɼ țŗȳǖʯŗǖƨʌ ŗɼƨ ƉțɄʌƨƕ ʯȳƕƨɼ
ʌɄȭƨ ȳƨ˝ ɄɱƨɼŗʚǶɄȳࣞ

ÿǫɼƨƨ ſɼɄŗƕ ŗɱɱɼɄŗƉǫƨʌ

࣢ Ďʌƨ ƨ˥ǶʌʚǶȳǖ ƉțɄʌʯɼƨ ɱɼɄɱƨɼʚǶƨʌ
࣢ ,ࡹ� ,ࡽ� ,ࢁ� ࢅ� ɼƨǖʯțŗɼ ǶȭɱțǶƨʌ ࡹ�) � (ࡽ� \ ࢁ̄�) [ ⇤(ࢅ� Ƕʌ ɼƨǖʯțŗɼ

࣢ ÿɼŗȳʌǑɄɼȭ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳʌ
࣢ ÿɼŗȳʌǑɄɼȭ 6b�ʌ ʚɄ ¥b�ʌ ः ˙ƨɼʌŗʚǶțƨ ʚƨƉǫȳǶɸʯƨ ŗȳƕ ʌǫɄ˝ʌ
ʚǫƨ ɱɄ˝ƨɼ ɄǑ ȳɄȳƕƨʚƨɼȭǶȳǶʌȭ

ࢉ



,țɄʌʯɼƨ ɱɼɄɱƨɼʚǶƨʌ ɄǑ éƨǖʯțŗɼ �ŗȳǖʯŗǖƨʌ

pɄ˝ ƕɄ ˝ƨ ɱɼɄ˙ƨ ʚǫŗʚ ɼƨǖʯțŗɼ țŗȳǖʯŗǖƨʌ ŗɼƨ ƉțɄʌƨƕ ʯȳƕƨɼ
ʌɄȭƨ ȳƨ˝ ɄɱƨɼŗʚǶɄȳࣞ

ÿǫɼƨƨ ſɼɄŗƕ ŗɱɱɼɄŗƉǫƨʌ

࣢ Ďʌƨ ƨ˥ǶʌʚǶȳǖ ƉțɄʌʯɼƨ ɱɼɄɱƨɼʚǶƨʌ

࣢ ,ࡹ� ,ࡽ� ,ࢁ� ࢅ� ɼƨǖʯțŗɼ ǶȭɱțǶƨʌ ࡹ�) � (ࡽ� \ ࢁ̄�) [ ⇤(ࢅ� Ƕʌ ɼƨǖʯțŗɼ

࣢ ÿɼŗȳʌǑɄɼȭ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳʌ
࣢ ÿɼŗȳʌǑɄɼȭ 6b�ʌ ʚɄ ¥b�ʌ ः ˙ƨɼʌŗʚǶțƨ ʚƨƉǫȳǶɸʯƨ ŗȳƕ ʌǫɄ˝ʌ
ʚǫƨ ɱɄ˝ƨɼ ɄǑ ȳɄȳƕƨʚƨɼȭǶȳǶʌȭ

ࢉ

For reg lang
union
coucal
Kleene



,țɄʌʯɼƨ ɱɼɄɱƨɼʚǶƨʌ ɄǑ éƨǖʯțŗɼ �ŗȳǖʯŗǖƨʌ

pɄ˝ ƕɄ ˝ƨ ɱɼɄ˙ƨ ʚǫŗʚ ɼƨǖʯțŗɼ țŗȳǖʯŗǖƨʌ ŗɼƨ ƉțɄʌƨƕ ʯȳƕƨɼ
ʌɄȭƨ ȳƨ˝ ɄɱƨɼŗʚǶɄȳࣞ

ÿǫɼƨƨ ſɼɄŗƕ ŗɱɱɼɄŗƉǫƨʌ

࣢ Ďʌƨ ƨ˥ǶʌʚǶȳǖ ƉțɄʌʯɼƨ ɱɼɄɱƨɼʚǶƨʌ
࣢ ,ࡹ� ,ࡽ� ,ࢁ� ࢅ� ɼƨǖʯțŗɼ ǶȭɱțǶƨʌ ࡹ�) � (ࡽ� \ ࢁ̄�) [ ⇤(ࢅ� Ƕʌ ɼƨǖʯțŗɼ

࣢ ÿɼŗȳʌǑɄɼȭ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳʌ
࣢ ÿɼŗȳʌǑɄɼȭ 6b�ʌ ʚɄ ¥b�ʌ ः ˙ƨɼʌŗʚǶțƨ ʚƨƉǫȳǶɸʯƨ ŗȳƕ ʌǫɄ˝ʌ
ʚǫƨ ɱɄ˝ƨɼ ɄǑ ȳɄȳƕƨʚƨɼȭǶȳǶʌȭ

ࢉ



,țɄʌʯɼƨ ɱɼɄɱƨɼʚǶƨʌ ɄǑ éƨǖʯțŗɼ �ŗȳǖʯŗǖƨʌ

pɄ˝ ƕɄ ˝ƨ ɱɼɄ˙ƨ ʚǫŗʚ ɼƨǖʯțŗɼ țŗȳǖʯŗǖƨʌ ŗɼƨ ƉțɄʌƨƕ ʯȳƕƨɼ
ʌɄȭƨ ȳƨ˝ ɄɱƨɼŗʚǶɄȳࣞ

ÿǫɼƨƨ ſɼɄŗƕ ŗɱɱɼɄŗƉǫƨʌ

࣢ Ďʌƨ ƨ˥ǶʌʚǶȳǖ ƉțɄʌʯɼƨ ɱɼɄɱƨɼʚǶƨʌ
࣢ ,ࡹ� ,ࡽ� ,ࢁ� ࢅ� ɼƨǖʯțŗɼ ǶȭɱțǶƨʌ ࡹ�) � (ࡽ� \ ࢁ̄�) [ ⇤(ࢅ� Ƕʌ ɼƨǖʯțŗɼ

࣢ ÿɼŗȳʌǑɄɼȭ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳʌ

࣢ ÿɼŗȳʌǑɄɼȭ 6b�ʌ ʚɄ ¥b�ʌ ः ˙ƨɼʌŗʚǶțƨ ʚƨƉǫȳǶɸʯƨ ŗȳƕ ʌǫɄ˝ʌ
ʚǫƨ ɱɄ˝ƨɼ ɄǑ ȳɄȳƕƨʚƨɼȭǶȳǶʌȭ

ࢉ

R R2 L R Re



,țɄʌʯɼƨ ɱɼɄɱƨɼʚǶƨʌ ɄǑ éƨǖʯțŗɼ �ŗȳǖʯŗǖƨʌ

pɄ˝ ƕɄ ˝ƨ ɱɼɄ˙ƨ ʚǫŗʚ ɼƨǖʯțŗɼ țŗȳǖʯŗǖƨʌ ŗɼƨ ƉțɄʌƨƕ ʯȳƕƨɼ
ʌɄȭƨ ȳƨ˝ ɄɱƨɼŗʚǶɄȳࣞ

ÿǫɼƨƨ ſɼɄŗƕ ŗɱɱɼɄŗƉǫƨʌ

࣢ Ďʌƨ ƨ˥ǶʌʚǶȳǖ ƉțɄʌʯɼƨ ɱɼɄɱƨɼʚǶƨʌ
࣢ ,ࡹ� ,ࡽ� ,ࢁ� ࢅ� ɼƨǖʯțŗɼ ǶȭɱțǶƨʌ ࡹ�) � (ࡽ� \ ࢁ̄�) [ ⇤(ࢅ� Ƕʌ ɼƨǖʯțŗɼ

࣢ ÿɼŗȳʌǑɄɼȭ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳʌ
࣢ ÿɼŗȳʌǑɄɼȭ 6b�ʌ ʚɄ ¥b�ʌ ः ˙ƨɼʌŗʚǶțƨ ʚƨƉǫȳǶɸʯƨ ŗȳƕ ʌǫɄ˝ʌ
ʚǫƨ ɱɄ˝ƨɼ ɄǑ ȳɄȳƕƨʚƨɼȭǶȳǶʌȭ

ࢉ



pɄȭɄȭɄɼɱǫǶʌȭ ƉțɄʌʯɼƨ

�ƨʚऒʌ țɄɄȕ ſŗƉȕ ŗʚ ʚǫƨ ɱɼƨࣽțƨƉʚʯɼƨ ʚƨŗʌƨɼࣖ 6ƨ̇ȳƨ ŗ ǑʯȳƉʚǶɄȳ

ǣ(˕) =
(
ࡹ ˕ = ࡱ
ࡱ ˕ = ࡹ

ÿǫǶʌ Ƕʌ ȕȳɄ˝ȳ ŗʌ ŗ ǫɄȭɄȭɄɼɱǫǶʌȭ ࣽ � ƉǶɱǫƨɼ ʚǫŗʚ Ƕʌ ŗ
ɄȳƨࣽʚɄࣽɄȳƨ ȭŗɱɱǶȳǖ ʚɄ Ʉȳƨ ƉǫŗɼŗƉʚƨɼ ʌƨʚ ʚɄ ŗȳɄʚǫƨɼࣖ

pɄ˝ ƕɄ ˝ƨ ɱɼɄ˙ƨ ǣ(�) Ƕʌ ɼƨǖʯțŗɼ ǶǑ � Ƕʌ ɼƨǖʯțŗɼࣞ

ࢍ

O a

6



pɄȭɄȭɄɼɱǫǶʌȭ ƉțɄʌʯɼƨ

âɼɄɄǑ yƕƨŗࣘ

ࣖࡹ óʯɱɱɄʌƨ Þ Ƕʌ ŗ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳ ǑɄɼ �ࣖ
ࣖࡽ İƨ ƕƨ̇ȳƨ ^ȑǮɤ(�) = �^ ŗʌ ŗ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳ ſŗʌƨƕ Ʉ˽
ʚǫƨ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳ ǑɄɼ � ࣯ʯʌǶȳǖ ŗ ̇ȳǶʚƨ ȳʯȭſƨɼ ɄǑ
ƉɄȳƉŗʚƨȳŗʚǶɄȳʌࣗ ʯȳǶɄȳʌ ŗȳƕ �țƨƨȳƨ óʚŗɼࣱ

ࣖࢁ ÿǫʯʌ �^ Ƕʌ ɼƨǖʯțŗɼ ſƨƉŗʯʌƨ Ƕʚ ǫŗʌ ŗ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳࣖ

ÿǫʯʌ ˝ƨ ɼƨƕʯƉƨ ʚǫƨ ŗɼǖʯȭƨȳʚ ʚɄ �(ǣ(Þ)) = ǣ(�(Þ))

࢑

Regular
Language

cm RF



pɄȭɄȭɄɼɱǫǶʌȭ ƉțɄʌʯɼƨ

�ƨʚऒʌ ƕƨ̇ȳƨ ʚǫƨ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳ ǶȳƕʯƉʚǶ˙ƨț˦ ſ˦ ʚɼŗȳʌǑɄɼȭǶȳǖ
ʚǫƨ ɄɱƨɼŗʚǶɄȳʌ Ƕȳ Þࣖ İƨ ʌƨƨ ʚǫŗʚࣘ

࣢ $ŗʌƨ ,ŗʌƨࣘ ńƨɼɄ ɄɱƨɼŗʚɄɼʌ Ƕȳ Þ ȭƨŗȳʌ ʚǫŗʚ Þ =ࣘ ŗ 2 ⌃ࣗ "ࣗ
;ࣖ yȳ ŗȳ˦ Ɖŗʌƨ ˝ƨ ƕƨ̇ȳƨ Þ^ = ǣ(Þ)

࣢ ¶ʚǫƨɼ˝Ƕʌƨ Þ ǫŗʌ ʚǫɼƨƨ ɱɄʚƨȳʚǶŗț ʚ˦ɱƨʌ ɄǑ ɄɱƨɼŗʚɄɼʌ ʚɄ
ʚɼŗȳʌǑɄɼȭࣖ óɱțǶʚʚǶȳǖ Þ ŗʚ ŗȳ ɄɱƨɼŗʚɄɼ ˝ƨ ʌƨƨࣘ

࣢ ǣ(ÞࡹÞࡽ) = ǣ(Þࡹ) · ǣ(Þࡽ)
࣢ ǣ(Þࡹ [ Þࡽ) = ǣ(Þࡹ) [ ǣ(Þࡽ)
࣢ ǣ(Þ⇤) = (ǣ(Þ))⇤

pƨȳƉƨࣗ ʌǶȳƉƨ ˝ƨ Ɖŗȳ ƕƨ̇ȳƨ �^ ˙Ƕŗ ŗ ɼƨǖʯțŗɼ țŗȳǖʯŗǖƨࣗ �^ Ƕʌ
ɼƨǖʯțŗɼࣖ

࢕

RF

RF 6

RMR R Rik fdF hCR h R2

R R Ukz RF h Rr UkCRz

R R Ukiah RD LCR Ukr HCR 0hG

a



éƨǖʯțŗɼ �ŗȳǖʯŗǖƨʌ

éƨǖʯțŗɼ țŗȳǖʯŗǖƨʌ ǫŗ˙ƨ ʚǫɼƨƨ ƕǶ˽ƨɼƨȳʚ ƉǫŗɼŗƉʚƨɼǶ˲ŗʚǶɄȳʌ

࣢ yȳƕʯƉʚǶ˙ƨ ƕƨ̇ȳǶʚǶɄȳ ˙Ƕŗ ſŗʌƨ Ɖŗʌƨʌ ŗȳƕ ƉțɄʌʯɼƨ ʯȳƕƨɼ
ʯȳǶɄȳࣗ ƉɄȳƉŗʚƨȳŗʚǶɄȳ ŗȳƕ �țƨƨȳƨ ʌʚŗɼ

࣢ �ŗȳǖʯŗǖƨʌ ŗƉƉƨɱʚƨƕ ſ˦ 6b�ʌ
࣢ �ŗȳǖʯŗǖƨʌ ŗƉƉƨɱʚƨƕ ſ˦ ¥b�ʌ

éƨǖʯțŗɼ țŗȳǖʯŗǖƨ ƉțɄʌƨƕ ʯȳƕƨɼ ȭŗȳ˦ ɄɱƨɼŗʚǶɄȳʌࣘ

࣢ ʯȳǶɄȳࣗ ƉɄȳƉŗʚƨȳŗʚǶɄȳࣗ �țƨƨȳƨ ʌʚŗɼ ˙Ƕŗ ǶȳƕʯƉʚǶ˙ƨ ƕƨ̇ȳǶʚǶɄȳ
Ʉɼ ¥b�ʌ

࣢ ƉɄȭɱțƨȭƨȳʚࣗ ʯȳǶɄȳࣗ ǶȳʚƨɼʌƨƉʚǶɄȳ ˙Ƕŗ 6b�ʌ
࣢ ǫɄȭɄȭɄɼɱǫǶʌȭࣗ Ƕȳ˙ƨɼʌƨ ǫɄȭɄȭɄɼɱǫǶʌȭࣗ ɼƨ˙ƨɼʌƨࣗ . . .

6Ƕ˽ƨɼƨȳʚ ɼƨɱɼƨʌƨȳʚŗʚǶɄȳʌ ŗțțɄ˝ ǑɄɼ ̈ƨ˥ǶſǶțǶʚ˦ Ƕȳ ɱɼɄɄǑʌࣖ

࢙

Just done



éƨǖʯțŗɼ �ŗȳǖʯŗǖƨʌ

éƨǖʯțŗɼ țŗȳǖʯŗǖƨʌ ǫŗ˙ƨ ʚǫɼƨƨ ƕǶ˽ƨɼƨȳʚ ƉǫŗɼŗƉʚƨɼǶ˲ŗʚǶɄȳʌ

࣢ yȳƕʯƉʚǶ˙ƨ ƕƨ̇ȳǶʚǶɄȳ ˙Ƕŗ ſŗʌƨ Ɖŗʌƨʌ ŗȳƕ ƉțɄʌʯɼƨ ʯȳƕƨɼ
ʯȳǶɄȳࣗ ƉɄȳƉŗʚƨȳŗʚǶɄȳ ŗȳƕ �țƨƨȳƨ ʌʚŗɼ

࣢ �ŗȳǖʯŗǖƨʌ ŗƉƉƨɱʚƨƕ ſ˦ 6b�ʌ
࣢ �ŗȳǖʯŗǖƨʌ ŗƉƉƨɱʚƨƕ ſ˦ ¥b�ʌ

éƨǖʯțŗɼ țŗȳǖʯŗǖƨ ƉțɄʌƨƕ ʯȳƕƨɼ ȭŗȳ˦ ɄɱƨɼŗʚǶɄȳʌࣘ

࣢ ʯȳǶɄȳࣗ ƉɄȳƉŗʚƨȳŗʚǶɄȳࣗ �țƨƨȳƨ ʌʚŗɼ ˙Ƕŗ ǶȳƕʯƉʚǶ˙ƨ ƕƨ̇ȳǶʚǶɄȳ
Ʉɼ ¥b�ʌ

࣢ ƉɄȭɱțƨȭƨȳʚࣗ ʯȳǶɄȳࣗ ǶȳʚƨɼʌƨƉʚǶɄȳ ˙Ƕŗ 6b�ʌ
࣢ ǫɄȭɄȭɄɼɱǫǶʌȭࣗ Ƕȳ˙ƨɼʌƨ ǫɄȭɄȭɄɼɱǫǶʌȭࣗ ɼƨ˙ƨɼʌƨࣗ . . .

6Ƕ˽ƨɼƨȳʚ ɼƨɱɼƨʌƨȳʚŗʚǶɄȳʌ ŗțțɄ˝ ǑɄɼ ̈ƨ˥ǶſǶțǶʚ˦ Ƕȳ ɱɼɄɄǑʌࣖ
࢙



,țɄʌʯɼƨ ɱɼɄſțƨȭ ࣽ éƨ˙ƨɼʌƨ



E˥ŗȭɱțƨࣘ éEĬEéóE

eǶ˙ƨȳ ʌʚɼǶȳǖ ˍࣗ ˍÞ Ƕʌ ɼƨ˙ƨɼʌƨ ɄǑ ˍࣖ

bɄɼ ŗ țŗȳǖʯŗǖƨ � ƕƨ̇ȳƨ �Þ = {ˍÞ | ˍ 2 �} ŗʌ ɼƨ˙ƨɼʌƨ ɄǑ �ࣖ

ÿǫƨɄɼƨȭ
�Þ Ǯɾ ɮƣǐʠȑŗɮ Ǯǋ � Ǯɾ ɮƣǐʠȑŗɮࣖ

yȳ̇ȳǶʚƨț˦ ȭŗȳ˦ ɼƨǖʯțŗɼ țŗȳǖʯŗǖƨʌࣛ

âɼɄɄǑ ʚƨƉǫȳǶɸʯƨࣘ

࣢ ʚŗȕƨ ʌɄȭƨ ̇ȳǶʚƨ ɼƨɱɼƨʌƨȳʚŗʚǶɄȳ ɄǑ � ʌʯƉǫ ŗʌ ɼƨǖʯțŗɼ
ƨ˥ɱɼƨʌʌǶɄȳ ɮ

࣢ 6ƨʌƉɼǶſƨ ŗȳ ŗțǖɄɼǶʚǫȭ � ʚǫŗʚ ʚŗȕƨʌ ɮ ŗʌ Ƕȳɱʯʚ ŗȳƕ Ʉʯʚɱʯʚʌ
ŗ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳ ɮ0 ʌʯƉǫ ʚǫŗʚ �(ɮ0) = (�(ɮ))Þࣖ

࣢ ,Ʉȭƨ ʯɱ ˝Ƕʚǫ � ŗȳƕ ɱɼɄ˙ƨ Ƕʚʌ ƉɄɼɼƨƉʚȳƨʌʌࣖ

ࡱࡹ



E˥ŗȭɱțƨࣘ éEĬEéóE

eǶ˙ƨȳ ʌʚɼǶȳǖ ˍࣗ ˍÞ Ƕʌ ɼƨ˙ƨɼʌƨ ɄǑ ˍࣖ

bɄɼ ŗ țŗȳǖʯŗǖƨ � ƕƨ̇ȳƨ �Þ = {ˍÞ | ˍ 2 �} ŗʌ ɼƨ˙ƨɼʌƨ ɄǑ �ࣖ

ÿǫƨɄɼƨȭ
�Þ Ǯɾ ɮƣǐʠȑŗɮ Ǯǋ � Ǯɾ ɮƣǐʠȑŗɮࣖ

yȳ̇ȳǶʚƨț˦ ȭŗȳ˦ ɼƨǖʯțŗɼ țŗȳǖʯŗǖƨʌࣛ

âɼɄɄǑ ʚƨƉǫȳǶɸʯƨࣘ

࣢ ʚŗȕƨ ʌɄȭƨ ̇ȳǶʚƨ ɼƨɱɼƨʌƨȳʚŗʚǶɄȳ ɄǑ � ʌʯƉǫ ŗʌ ɼƨǖʯțŗɼ
ƨ˥ɱɼƨʌʌǶɄȳ ɮ

࣢ 6ƨʌƉɼǶſƨ ŗȳ ŗțǖɄɼǶʚǫȭ � ʚǫŗʚ ʚŗȕƨʌ ɮ ŗʌ Ƕȳɱʯʚ ŗȳƕ Ʉʯʚɱʯʚʌ
ŗ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳ ɮ0 ʌʯƉǫ ʚǫŗʚ �(ɮ0) = (�(ɮ))Þࣖ

࣢ ,Ʉȭƨ ʯɱ ˝Ƕʚǫ � ŗȳƕ ɱɼɄ˙ƨ Ƕʚʌ ƉɄɼɼƨƉʚȳƨʌʌࣖ

ࡱࡹ



éEĬEéóE ˙Ƕŗ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳʌ

óʯɱɱɄʌƨ ɮ Ƕʌ ŗ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳ ǑɄɼ �ࣖ pɄ˝ ƕɄ ˝ƨ Ɖɼƨŗʚƨ ŗ
ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳ ɮ0 ǑɄɼ �Þࣞ

yȳƕʯƉʚǶ˙ƨț˦ ſŗʌƨƕ Ʉȳ ɼƨƉʯɼʌǶ˙ƨ
ƕƨ̇ȳǶʚǶɄȳ ɄǑ ɮࣖ

࣢ ɮ = ; Ʉɼ ɮ = ŗ ǑɄɼ ʌɄȭƨ ŗ 2 ⌃

࣢ ɮ = ɮࡹ + ɮࡽ
࣢ ɮ = ɮࡹ · ɮࡽ
࣢ ɮ = (ɮࡹ)⇤

ࡹࡹ



éEĬEéóE ˙Ƕŗ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳʌ

óʯɱɱɄʌƨ ɮ Ƕʌ ŗ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳ ǑɄɼ �ࣖ pɄ˝ ƕɄ ˝ƨ Ɖɼƨŗʚƨ ŗ
ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳ ɮ0 ǑɄɼ �Þࣞ yȳƕʯƉʚǶ˙ƨț˦ ſŗʌƨƕ Ʉȳ ɼƨƉʯɼʌǶ˙ƨ
ƕƨ̇ȳǶʚǶɄȳ ɄǑ ɮࣖ

࣢ ɮ = ; Ʉɼ ɮ = ŗ ǑɄɼ ʌɄȭƨ ŗ 2 ⌃

࣢ ɮ = ɮࡹ + ɮࡽ
࣢ ɮ = ɮࡹ · ɮࡽ
࣢ ɮ = (ɮࡹ)⇤

ࡹࡹ

Base Case

operators Define r in terms

of using closed

operators



éEĬEéóE ˙Ƕŗ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳʌ

࣢ ɮ = ; Ʉɼ ɮ = ŗ ǑɄɼ ʌɄȭƨ ŗ 2 ⌃

ɮ0 =
࣢ ɮ = ɮࡹ + ɮࣖࡽ
yǑ ɮ0ࡹ, ɮ0ࡽ ŗɼƨ ɼƨǖ ƨ˥ɱɼƨʌʌǶɄȳʌ ǑɄɼ (�(ɮࡹ))Þ, (�(ɮࡽ))Þ ʚǫƨȳ
ɮ0 =

࣢ ɮ = ɮࡹ · ɮࣖࡽ
yǑ ɮ0ࡹ, ɮ0ࡽ ŗɼƨ ɼƨǖ ƨ˥ɱɼƨʌʌǶɄȳʌ ǑɄɼ (�(ɮࡹ))Þ, (�(ɮࡽ))Þ ʚǫƨȳ
ɮ0 =

࣢ ɮ = (ɮࡹ)⇤ࣖ
yǑ ɮ0ࡹ Ƕʌ ɼƨǖ ƨ˥ɱɼƨʌʌǶɄȳʌ ǑɄɼ (�(ɮࡹ))Þ ʚǫƨȳ
ɮ0 =

ɮ = +ࡱ) +ࡹࡱࡱ)⇤(ࡱࡹ ࡹ(ࡹࡱ ʚǫƨȳ ɮ0 =
ࡽࡹ

Base Carse
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éEĬEéóE ˙Ƕŗ ȭŗƉǫǶȳƨ ʚɼŗȳʌǑɄɼȭŗʚǶɄȳ

eǶ˙ƨȳ 6b� � = (Ü,⌃, �, ɾ,�) ˝ŗȳʚ ¥b� � ʌʯƉǫ ʚǫŗʚ
�(�) = (�(�))Þࣖ

� ʌǫɄʯțƕ ŗƉƉƨɱʚ ˍÞ Ƕ˽ � ŗƉƉƨɱʚʌ ˍ

� ŗƉƉƨɱʚʌ ˍ Ƕ˽ �⇤�(ɾ,ˍ) 2 �

yƕƨŗࣘ

ࢁࡹ

b ur
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éEĬEéóE ˙Ƕŗ ȭŗƉǫǶȳƨ ʚɼŗȳʌǑɄɼȭŗʚǶɄȳ

q1

q2

q3

q4

q1

q2

q3

q4

s0

✏

✏

,ŗ˙ƨŗʚࣘ éƨ˙ƨɼʌǶȳǖ ʚɼŗȳʌǶʚǶɄȳʌ ȭŗ˦ Ɖɼƨŗʚƨ ŗȳ ¥b�ࣖ
ࢅࡹ

w

LK



éEĬEéóE ˙Ƕŗ ȭŗƉǫǶȳƨ ʚɼŗȳʌǑɄɼȭŗʚǶɄȳ

Models of Computation Lecture �: Nondeterministic Automata [Sp’��]

• Suppose R = A+ B. The inductive hypothesis implies that there are regular expressions
A
0 and B

0 such that L(A0) = L(A)R and L(B0) = L(B)R. Let R
0 = A

0 + B
0. Then L(R0) =

L(A0)[ L(B0) = L(A)R [ L(B)R = (L(A)[ L(B))R = L
R.

• Suppose R = A• B. The inductive hypothesis implies that there are regular expressions
A
0 and B

0 such that L(A0) = L(A)R and L(B0) = L(B)R. Let R
0 = B

0 • A
0. Then L(R0) =

L(B0) • L(A0) = L(B)R • L(A)R = (L(A) • L(B))R = L
R.

• Finally, supposeR= A
⇤. The inductive hypothesis implies that there is a regular expressionA

0

such that L(A0) = L(A)R. Let R
0 = (A0)⇤. Then L(R0) = L(A0)⇤ = (L(A)R)⇤ = (L(A)⇤)R = L

R.

In all cases, we have constructed a regular expression R
0 such that L(R0) = L

R. We conclude that
L

R is regular. É

Careful readers may be unsatisfied with the previous proof, because it assumes several
“obvious” properties of string and language reversal. Specifically, for all strings x and y and all
languages L and L

0, we assumed the following:

• (x • y)R = y
R • x

R

• (L · L0)R = (L0)R · LR.
• (L [ L

0)R = L
R [ (L0)R.

• (L⇤)R = (LR)⇤.

All of these claims are all easy to prove by inductive definition-chasing.

Proof (DFA to NFA): Let M = (⌃,Q, s, A,�) be an arbitrary DFA that accepts L. We construct
an NFA M

R = (⌃,QR, s
R, A

R,�R) with "-transitions that accepts L
R, intuitively by reversing every

transition in M , and swapping the roles of the start state and the accepting states. Because
M does not have a unique accepting state, we need to introduce a special start state s

R, with
"-transitions to each accepting state in M . These are the only "-transitions in M

R.

Q
R =Q [ {sR}

A
R = {s}

�R(sR,") = A

�R(sR, a) = ? for all a 2 ⌃
�R(q,") = ? for all q 2Q

�R(q, a) =
�

p

�� q 2 �(p, a)
 

for all q 2Q and a 2 ⌃

Routine inductive definition-chasing now implies that the reversal of any sequence q0�q1� · · ·�q`

of transitions in M is a valid sequence q`�q`�1� · · ·�q0 of transitions in M
R. Because the

transitions retain their labels (but reverse directions), it follows that M accepts any string w if
and only if M

R accepts w
R.

We conclude that the NFA M
R accepts L

R, so L
R must be regular. É

Lemma �.�. For any regular language L, the language half(L) := {w | ww 2 L} is also regular.

Proof: Let M = (⌃,Q, s, A,�) be an arbitrary DFA that accepts L.
Intuitively, we construct an NFA M

0 that reads its input string w and simulates the original
DFA M reading the input string ww. Our overall strategy has three parts:

��

ࢉࡹ

µn
accent

i



éEĬEéóE ˙Ƕŗ ȭŗƉǫǶȳƨ ʚɼŗȳʌǑɄɼȭŗʚǶɄȳ

bɄɼȭŗț ɱɼɄɄǑࣘ ʚ˝Ʉ ƕǶɼƨƉʚǶɄȳʌ

࣢ ˍ 2 �(�) ǶȭɱțǶƨʌ ˍÞ 2 �(�)ࣖ óȕƨʚƉǫࣖ �ƨʚ �⇤�(ɾ,ˍ) = ɪ ˝ǫƨɼƨ
ɪ 2 �ࣖ ¶ȳ Ƕȳɱʯʚ ˍÞ � ȳɄȳࣽƕƨʚƨɼȭǶȳǶʌʚǶƉŗțț˦ ʚɼŗȳʌǶʚǶɄȳʌ
ǑɼɄȭ Ƕʚʌ ʌʚŗɼʚ ʌʚŗʚƨ ɾ0 ʚɄ ɪ Ʉȳ ŗȳ ✏ ʚɼŗȳʌǶʚǶɄȳࣗ ŗȳƕ ʚɼŗƉƨʌ ʚǫƨ
ɼƨ˙ƨɼʌƨ ɄǑ ʚǫƨ ˝ŗțȕ ɄǑ � Ʉȳ ˍÞ ŗȳƕ ǫƨȳƉƨ ɼƨŗƉǫƨʌ ɾ ˝ǫǶƉǫ
Ƕʌ ŗȳ ŗƉƉƨɱʚǶȳǖ ʌʚŗʚƨ ɄǑ �ࣖ ÿǫʯʌ � ŗƉƉƨɱʚʌ ˍÞ

࣢ ʠ 2 �(�) ǶȭɱțǶƨʌ ʠÞ 2 �(�)ࣖ óȕƨʚƉǫࣖ yǑ ʠ 2 � Ƕʚ ǶȭɱțǶƨʌ ʚǫŗʚ
ɾ0 ʚɼŗȳʌǶʚǶɄȳƨƕ ʚɄ ʌɄȭƨ ɪ 2 � Ʉȳ ✏ ʚɼŗȳʌǶʚǶɄȳ ŗȳƕ

ࢍࡹ



,țɄʌʯɼƨ âɼɄſțƨȭ ࣽ ,˦Ɖțƨ



� ȭɄɼƨ ƉɄȭɱțǶƉŗʚƨƕ ƨ˥ŗȭɱțƨࣘ ,ĸ,�E

*Ī*�B(�) = {˖˕ | ˕, ˖ 2 ⌃⇤, ˕˖ 2 �}

ÿǫƨɄɼƨȭ
*Ī*�B(�) Ǯɾ ɮƣǐʠȑŗɮ Ǯǋ � Ǯɾ ɮƣǐʠȑŗɮࣖ

E˥ŗȭɱțƨࣘ � = {ŗŻƅ, {ŗࢅ࢑ࢁ

*Ī*�B(�) =

࢑ࡹ

cab bca abc 374 a a 374,4 a 37 74 is



� ȭɄɼƨ ƉɄȭɱțǶƉŗʚƨƕ ƨ˥ŗȭɱțƨࣘ ,ĸ,�E

*Ī*�B(�) = {˖˕ | ˕, ˖ 2 ⌃⇤, ˕˖ 2 �}

ÿǫƨɄɼƨȭ
*Ī*�B(�) Ǯɾ ɮƣǐʠȑŗɮ Ǯǋ � Ǯɾ ɮƣǐʠȑŗɮࣖ

eǶ˙ƨȳ 6b� � ǑɄɼ � Ɖɼƨŗʚƨ ¥b� � ʚǫŗʚ ŗƉƉƨɱʚʌ *Ī*�B(�)ࣖ

࣢ � Ƕʌ ŗ ̇ȳǶʚƨ ʌʚŗʚƨ ȭŗƉǫǶȳƨࣗ ƉŗȳȳɄʚ ȕȳɄ˝ ʌɱțǶʚ ɄǑ ˍ ǶȳʚɄ ˕˖
ŗȳƕ ˦ƨʚ ǫŗʌ ʚɄ ʌǶȭʯțŗʚƨ � Ʉȳ ˕ ŗȳƕ ˖ࣖ

࣢ E˥ɱțɄǶʚ ǑŗƉʚ ʚǫŗʚ � Ƕʌ ǶʚʌƨțǑ ŗ ̇ȳǶʚƨ ʌʚŗʚƨ ȭŗƉǫǶȳƨࣖ � Ʉȳț˦
ȳƨƨƕʌ ʚɄ एȕȳɄ˝ऐ ʚǫƨ ʌʚŗʚƨ �⇤�(ɾ, ˕) ŗȳƕ ʚǫƨɼƨ ŗɼƨ Ʉȳț˦ ̇ȳǶʚƨ
ȳʯȭſƨɼ ɄǑ ʌʚŗʚƨʌ Ƕȳ �

࢕ࡹ
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� ȭɄɼƨ ƉɄȭɱțǶƉŗʚƨƕ ƨ˥ŗȭɱțƨࣘ ,ĸ,�E

*Ī*�B(�) = {˖˕ | ˕, ˖ 2 ⌃⇤, ˕˖ 2 �}

ÿǫƨɄɼƨȭ
*Ī*�B(�) Ǯɾ ɮƣǐʠȑŗɮ Ǯǋ � Ǯɾ ɮƣǐʠȑŗɮࣖ

eǶ˙ƨȳ 6b� � ǑɄɼ � Ɖɼƨŗʚƨ ¥b� � ʚǫŗʚ ŗƉƉƨɱʚʌ *Ī*�B(�)ࣖ

࣢ � Ƕʌ ŗ ̇ȳǶʚƨ ʌʚŗʚƨ ȭŗƉǫǶȳƨࣗ ƉŗȳȳɄʚ ȕȳɄ˝ ʌɱțǶʚ ɄǑ ˍ ǶȳʚɄ ˕˖
ŗȳƕ ˦ƨʚ ǫŗʌ ʚɄ ʌǶȭʯțŗʚƨ � Ʉȳ ˕ ŗȳƕ ˖ࣖ

࣢ E˥ɱțɄǶʚ ǑŗƉʚ ʚǫŗʚ � Ƕʌ ǶʚʌƨțǑ ŗ ̇ȳǶʚƨ ʌʚŗʚƨ ȭŗƉǫǶȳƨࣖ � Ʉȳț˦
ȳƨƨƕʌ ʚɄ एȕȳɄ˝ऐ ʚǫƨ ʌʚŗʚƨ �⇤�(ɾ, ˕) ŗȳƕ ʚǫƨɼƨ ŗɼƨ Ʉȳț˦ ̇ȳǶʚƨ
ȳʯȭſƨɼ ɄǑ ʌʚŗʚƨʌ Ƕȳ �

࢕ࡹ



,ɄȳʌʚɼʯƉʚǶɄȳ ǑɄɼ ,ĸ,�E

�ƨʚ ˍ = ˕˖ ŗȳƕ ˍ0 = ˖˕ࣖ

࣢ � ǐʠƣɾɾƣɾ ʌʚŗʚƨ ɪ = �⇤�(ɾ, ˕) ŗȳƕ ʌǶȭʯțŗʚƨʌ � Ʉȳ ˍ0 ˝Ƕʚǫ
ʌʚŗɼʚ ʌʚŗʚƨ ɪࣖ

࣢ � ǐʠƣɾɾƣɾ ˝ǫƨȳ ˖ ƨȳƕʌ ࣯ŗʚ ʚǫŗʚ ɱɄǶȳʚ � ȭʯʌʚ ſƨ Ƕȳ ŗȳ
ŗƉƉƨɱʚ ʌʚŗʚƨࣱ ŗȳƕ ʚɼŗȳʌǶʚǶɄȳʌ ʚɄ ŗ ƉɄɱ˦ ɄǑ � ʚɄ ʌǶȭʯțŗʚƨ �
Ʉȳ ɼƨȭŗǶȳǶȳǖ ɱŗɼʚ ɄǑ ˍ0 ࣯˝ǫǶƉǫ Ƕʌ ˕ࣱ

࣢ � ŗƉƉƨɱʚʌ ˍ0 ǶǑ ŗǑʚƨɼ ʌƨƉɄȳƕ ƉɄɱ˦ ɄǑ � Ʉȳ ˕ Ƕʚ ƨȳƕʌ ʯɱ Ƕȳ
ʚǫƨ ǖʯƨʌʌƨƕ ʌʚŗʚƨ ɪ

࢙ࡹ



,ɄȳʌʚɼʯƉʚǶɄȳ ǑɄɼ ,ĸ,�E
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ࡱࡽ



âɼɄ˙Ƕȳǖ ƉɄɼɼƨƉʚȳƨʌʌ

E˥ƨɼƉǶʌƨࣘ İɼǶʚƨ ƕɄ˝ȳ ǑɄɼȭŗț ƕƨʌƉɼǶɱʚǶɄȳ ɄǑ � Ƕȳ ʚʯɱțƨ ȳɄʚŗʚǶɄȳ
ʌʚŗɼʚǶȳǖ ˝Ƕʚǫ � = (Ü,⌃, �, ɾ,�)ࣖ

¥ƨƨƕ ʚɄ ŗɼǖʯƨ ʚǫŗʚ �(�) = *Ī*�B(�(�))

࣢ yǑ ˍ = ˕˖ ŗƉƉƨɱʚƨƕ ſ˦ � ʚǫƨȳ ŗɼǖʯƨ ʚǫŗʚ ˖˕ Ƕʌ ŗƉƉƨɱʚƨƕ ſ˦
�

࣢ yǑ � ŗƉƉƨɱʚʌ ˍ0 ʚǫƨȳ ŗɼǖʯƨ ʚǫŗʚ ˍ0 = ˖˕ ʌʯƉǫ ʚǫŗʚ ˕˖
ŗƉƉƨɱʚƨƕ ſ˦ �ࣖ

ࡹࡽ



,țɄʌʯɼƨ âɼɄſțƨȭ ࣽ âɼƨ̇˥



E˥ŗȭɱțƨࣘ âéEbyķ

�ƨʚ � ſƨ ŗ țŗȳǖʯŗǖƨ Ʉ˙ƨɼ ⌃ࣖ

6ƨ̇ȳǶʚǶɄȳ
âéEbyķ(�) = {ˍ | ˍ˕ 2 �, ˕ 2 ⌃⇤}

ÿǫƨɄɼƨȭ
tǋ � Ǯɾ ɮƣǐʠȑŗɮ ʋǣƣȩ ×ÞB^tĩ(�) Ǯɾ ɮƣǐʠȑŗɮࣖ

�ƨʚ � = (Ü,⌃, �, ɾ,�) ſƨ ŗ 6b� ʚǫŗʚ ɼƨƉɄǖȳǶ˲ƨʌ �

ĩ = {ɪ 2 Ü | ɾ Ɖŗȳ ɼƨŗƉǫ ɪ Ƕȳ �}
Ī = {ɪ 2 Ü | ɪ Ɖŗȳ ɼƨŗƉǫ ʌɄȭƨ ʌʚŗʚƨ Ƕȳ �}
Ķ = ĩ \ Ī

,ɼƨŗʚƨ ȳƨ˝ 6b� �0 = (Ü,⌃, �, ɾ, Ķ)

,țŗǶȭࣘ �(�0) = âéEbyķ(�)ࣖ

ࡽࡽ



E˥ŗȭɱțƨࣘ âéEbyķ

�ƨʚ � ſƨ ŗ țŗȳǖʯŗǖƨ Ʉ˙ƨɼ ⌃ࣖ

6ƨ̇ȳǶʚǶɄȳ
âéEbyķ(�) = {ˍ | ˍ˕ 2 �, ˕ 2 ⌃⇤}

ÿǫƨɄɼƨȭ
tǋ � Ǯɾ ɮƣǐʠȑŗɮ ʋǣƣȩ ×ÞB^tĩ(�) Ǯɾ ɮƣǐʠȑŗɮࣖ

�ƨʚ � = (Ü,⌃, �, ɾ,�) ſƨ ŗ 6b� ʚǫŗʚ ɼƨƉɄǖȳǶ˲ƨʌ �

ĩ = {ɪ 2 Ü | ɾ Ɖŗȳ ɼƨŗƉǫ ɪ Ƕȳ �}
Ī = {ɪ 2 Ü | ɪ Ɖŗȳ ɼƨŗƉǫ ʌɄȭƨ ʌʚŗʚƨ Ƕȳ �}
Ķ = ĩ \ Ī

,ɼƨŗʚƨ ȳƨ˝ 6b� �0 = (Ü,⌃, �, ɾ, Ķ)

,țŗǶȭࣘ �(�0) = âéEbyķ(�)ࣖ

ࡽࡽ



E˥ŗȭɱțƨࣘ âéEbyķ

�ƨʚ � ſƨ ŗ țŗȳǖʯŗǖƨ Ʉ˙ƨɼ ⌃ࣖ

6ƨ̇ȳǶʚǶɄȳ
âéEbyķ(�) = {ˍ | ˍ˕ 2 �, ˕ 2 ⌃⇤}

ÿǫƨɄɼƨȭ
tǋ � Ǯɾ ɮƣǐʠȑŗɮ ʋǣƣȩ ×ÞB^tĩ(�) Ǯɾ ɮƣǐʠȑŗɮࣖ

�ƨʚ � = (Ü,⌃, �, ɾ,�) ſƨ ŗ 6b� ʚǫŗʚ ɼƨƉɄǖȳǶ˲ƨʌ �

ĩ = {ɪ 2 Ü | ɾ Ɖŗȳ ɼƨŗƉǫ ɪ Ƕȳ �}
Ī = {ɪ 2 Ü | ɪ Ɖŗȳ ɼƨŗƉǫ ʌɄȭƨ ʌʚŗʚƨ Ƕȳ �}
Ķ = ĩ \ Ī

,ɼƨŗʚƨ ȳƨ˝ 6b� �0 = (Ü,⌃, �, ɾ, Ķ)

,țŗǶȭࣘ �(�0) = âéEbyķ(�)ࣖ

ࡽࡽ



E˥ŗȭɱțƨࣘ âéEbyķ

�ƨʚ � ſƨ ŗ țŗȳǖʯŗǖƨ Ʉ˙ƨɼ ⌃ࣖ

6ƨ̇ȳǶʚǶɄȳ
âéEbyķ(�) = {ˍ | ˍ˕ 2 �, ˕ 2 ⌃⇤}

ÿǫƨɄɼƨȭ
tǋ � Ǯɾ ɮƣǐʠȑŗɮ ʋǣƣȩ ×ÞB^tĩ(�) Ǯɾ ɮƣǐʠȑŗɮࣖ

�ƨʚ � = (Ü,⌃, �, ɾ,�) ſƨ ŗ 6b� ʚǫŗʚ ɼƨƉɄǖȳǶ˲ƨʌ �

ĩ = {ɪ 2 Ü | ɾ Ɖŗȳ ɼƨŗƉǫ ɪ Ƕȳ �}

Ī = {ɪ 2 Ü | ɪ Ɖŗȳ ɼƨŗƉǫ ʌɄȭƨ ʌʚŗʚƨ Ƕȳ �}
Ķ = ĩ \ Ī

,ɼƨŗʚƨ ȳƨ˝ 6b� �0 = (Ü,⌃, �, ɾ, Ķ)

,țŗǶȭࣘ �(�0) = âéEbyķ(�)ࣖ

ࡽࡽ
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E˥ŗȭɱțƨࣘ âéEbyķ

�ƨʚ � ſƨ ŗ țŗȳǖʯŗǖƨ Ʉ˙ƨɼ ⌃ࣖ

6ƨ̇ȳǶʚǶɄȳ
âéEbyķ(�) = {ˍ | ˍ˕ 2 �, ˕ 2 ⌃⇤}

ÿǫƨɄɼƨȭ
tǋ � Ǯɾ ɮƣǐʠȑŗɮ ʋǣƣȩ ×ÞB^tĩ(�) Ǯɾ ɮƣǐʠȑŗɮࣖ

�ƨʚ � = (Ü,⌃, �, ɾ,�) ſƨ ŗ 6b� ʚǫŗʚ ɼƨƉɄǖȳǶ˲ƨʌ �

ĩ = {ɪ 2 Ü | ɾ Ɖŗȳ ɼƨŗƉǫ ɪ Ƕȳ �}
Ī = {ɪ 2 Ü | ɪ Ɖŗȳ ɼƨŗƉǫ ʌɄȭƨ ʌʚŗʚƨ Ƕȳ �}

Ķ = ĩ \ Ī

,ɼƨŗʚƨ ȳƨ˝ 6b� �0 = (Ü,⌃, �, ɾ, Ķ)

,țŗǶȭࣘ �(�0) = âéEbyķ(�)ࣖ

ࡽࡽ
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E˥ŗȭɱțƨࣘ âéEbyķ

�ƨʚ � ſƨ ŗ țŗȳǖʯŗǖƨ Ʉ˙ƨɼ ⌃ࣖ

6ƨ̇ȳǶʚǶɄȳ
âéEbyķ(�) = {ˍ | ˍ˕ 2 �, ˕ 2 ⌃⇤}

ÿǫƨɄɼƨȭ
tǋ � Ǯɾ ɮƣǐʠȑŗɮ ʋǣƣȩ ×ÞB^tĩ(�) Ǯɾ ɮƣǐʠȑŗɮࣖ

�ƨʚ � = (Ü,⌃, �, ɾ,�) ſƨ ŗ 6b� ʚǫŗʚ ɼƨƉɄǖȳǶ˲ƨʌ �

ĩ = {ɪ 2 Ü | ɾ Ɖŗȳ ɼƨŗƉǫ ɪ Ƕȳ �}
Ī = {ɪ 2 Ü | ɪ Ɖŗȳ ɼƨŗƉǫ ʌɄȭƨ ʌʚŗʚƨ Ƕȳ �}
Ķ = ĩ \ Ī

,ɼƨŗʚƨ ȳƨ˝ 6b� �0 = (Ü,⌃, �, ɾ, Ķ)

,țŗǶȭࣘ �(�0) = âéEbyķ(�)ࣖ

ࡽࡽ
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E˥ŗȭɱțƨࣘ âéEbyķ

�ƨʚ � ſƨ ŗ țŗȳǖʯŗǖƨ Ʉ˙ƨɼ ⌃ࣖ

6ƨ̇ȳǶʚǶɄȳ
âéEbyķ(�) = {ˍ | ˍ˕ 2 �, ˕ 2 ⌃⇤}

ÿǫƨɄɼƨȭ
tǋ � Ǯɾ ɮƣǐʠȑŗɮ ʋǣƣȩ ×ÞB^tĩ(�) Ǯɾ ɮƣǐʠȑŗɮࣖ

�ƨʚ � = (Ü,⌃, �, ɾ,�) ſƨ ŗ 6b� ʚǫŗʚ ɼƨƉɄǖȳǶ˲ƨʌ �

ĩ = {ɪ 2 Ü | ɾ Ɖŗȳ ɼƨŗƉǫ ɪ Ƕȳ �}
Ī = {ɪ 2 Ü | ɪ Ɖŗȳ ɼƨŗƉǫ ʌɄȭƨ ʌʚŗʚƨ Ƕȳ �}
Ķ = ĩ \ Ī

,ɼƨŗʚƨ ȳƨ˝ 6b� �0 = (Ü,⌃, �, ɾ, Ķ)

,țŗǶȭࣘ �(�0) = âéEbyķ(�)ࣖ

ࡽࡽ

Explained



E˥ƨɼƉǶʌƨࣘ óĎbbyķ

�ƨʚ � ſƨ ŗ țŗȳǖʯŗǖƨ Ʉ˙ƨɼ ⌃ࣖ

6ƨ̇ȳǶʚǶɄȳ
óĎbbyķ(�) = {ˍ | ˕ˍ 2 �, ˕ 2 ⌃⇤}

âɼɄ˙ƨ ʚǫƨ ǑɄțțɄ˝Ƕȳǖࣘ

ÿǫƨɄɼƨȭ
tǋ � Ǯɾ ɮƣǐʠȑŗɮ ʋǣƣȩ çā^^tĩ(�) Ǯɾ ɮƣǐʠȑŗɮࣖ

óŗȭƨ Ƕƕƨŗ ŗʌ âéEbyķ(�)

ĩ = {ɪ 2 Ü | ɾ Ɖŗȳ ɼƨŗƉǫ ɪ Ƕȳ �}
Ī = {ɪ 2 Ü | ɪ Ɖŗȳ ɼƨŗƉǫ ʌɄȭƨ ʌʚŗʚƨ Ƕȳ �}
Ķ = ĩ \ Ī

İǶʚǫ Ʉȳƨ ȭŗȍɄɼ ƕǶ˽ƨɼƨȳƉƨࣘ

ࢁࡽ
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E˥ƨɼƉǶʌƨࣘ óĎbbyķ

�ƨʚ � ſƨ ŗ țŗȳǖʯŗǖƨ Ʉ˙ƨɼ ⌃ࣖ

6ƨ̇ȳǶʚǶɄȳ
óĎbbyķ(�) = {ˍ | ˕ˍ 2 �, ˕ 2 ⌃⇤}

âɼɄ˙ƨ ʚǫƨ ǑɄțțɄ˝Ƕȳǖࣘ

ÿǫƨɄɼƨȭ
tǋ � Ǯɾ ɮƣǐʠȑŗɮ ʋǣƣȩ çā^^tĩ(�) Ǯɾ ɮƣǐʠȑŗɮࣖ

óŗȭƨ Ƕƕƨŗ ŗʌ âéEbyķ(�)

ĩ = {ɪ 2 Ü | ɾ Ɖŗȳ ɼƨŗƉǫ ɪ Ƕȳ �}
Ī = {ɪ 2 Ü | ɪ Ɖŗȳ ɼƨŗƉǫ ʌɄȭƨ ʌʚŗʚƨ Ƕȳ �}
Ķ = ĩ \ Ī

İǶʚǫ Ʉȳƨ ȭŗȍɄɼ ƕǶ˽ƨɼƨȳƉƨࣘ

ࢁࡽ
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�ɱɱțǶƉŗʚǶɄȳ ɄǑ ƉțɄʌʯɼƨ ɱɼɄɱƨɼʚǶƨʌ ʚɄ ȳɄȳࣽɼƨǖʯțŗɼǶʚ˦

İƨ Ɖŗȳ ŗțʌɄ ɱɼɄ˙ƨ ȳɄȳࣽɼƨǖʯțŗɼǶʚ˦ ʯʌǶȳǖ ʚǫƨ ʚƨƉǫȳǶɸʯƨʌ ŗſɄ˙ƨࣖ
bɄɼ ǶȳʌʚŗȳƉƨࣘ

ࡹ� = ȩࡹȩࡱ} | ȩ � {ࡱ

ࡽ� = {ˍ 2 ,ࡱ} ⇤{ࡹ | (ˍ)ࡱ# = {(ˍ)ࡹ#

ࢁ� = ȃࡹǮࡱ} | Ǯ 6= ȃ}

ࡹ� Ƕʌ ȳɄʚ ɼƨǖʯțŗɼࣖ ,ŗȳ ˝ƨ ʯʌƨ ʚǫŗʚ ǑŗƉʚ ʚɄ ɱɼɄ˙ƨ ࡽ� ŗȳƕ ࡽ� ŗɼƨ ȳɄʚ
ɼƨǖʯțŗɼ ˝ǶʚǫɄʯʚ ǖɄǶȳǖ ʚǫɼɄʯǖǫ ʚǫƨ ǑɄɄțǶȳǖ ʌƨʚ ŗɼǖʯȭƨȳʚࣞ

ࡹ� = ࡽ� \ ⇤ࡹ⇤ࡱ ǫƨȳƉƨ ǶǑ ࡽ� Ƕʌ ɼƨǖʯțŗɼ ʚǫƨȳ ࡹ� Ƕʌ ɼƨǖʯțŗɼࣗ ŗ
ƉɄȳʚɼŗƕǶƉʚǶɄȳࣖ

ࡹ� = ࢁ̄� \ ⇤ࡹ⇤ࡱ ǫƨȳƉƨ ǶǑ ࢁ� Ƕʌ ɼƨǖʯțŗɼ ʚǫƨȳ ࡹ� Ƕʌ ɼƨǖʯțŗɼࣗ ŗ
ƉɄȳʚɼŗƕǶƉʚǶɄȳ

ࢅࡽ



�ɱɱțǶƉŗʚǶɄȳ ɄǑ ƉțɄʌʯɼƨ ɱɼɄɱƨɼʚǶƨʌ ʚɄ ȳɄȳࣽɼƨǖʯțŗɼǶʚ˦

İƨ Ɖŗȳ ŗțʌɄ ɱɼɄ˙ƨ ȳɄȳࣽɼƨǖʯțŗɼǶʚ˦ ʯʌǶȳǖ ʚǫƨ ʚƨƉǫȳǶɸʯƨʌ ŗſɄ˙ƨࣖ
bɄɼ ǶȳʌʚŗȳƉƨࣘ

ࡹ� = ȩࡹȩࡱ} | ȩ � {ࡱ

ࡽ� = {ˍ 2 ,ࡱ} ⇤{ࡹ | (ˍ)ࡱ# = {(ˍ)ࡹ#

ࢁ� = ȃࡹǮࡱ} | Ǯ 6= ȃ}

ࡹ� Ƕʌ ȳɄʚ ɼƨǖʯțŗɼࣖ ,ŗȳ ˝ƨ ʯʌƨ ʚǫŗʚ ǑŗƉʚ ʚɄ ɱɼɄ˙ƨ ࡽ� ŗȳƕ ࡽ� ŗɼƨ ȳɄʚ
ɼƨǖʯțŗɼ ˝ǶʚǫɄʯʚ ǖɄǶȳǖ ʚǫɼɄʯǖǫ ʚǫƨ ǑɄɄțǶȳǖ ʌƨʚ ŗɼǖʯȭƨȳʚࣞ

ࡹ� = ࡽ� \ ⇤ࡹ⇤ࡱ ǫƨȳƉƨ ǶǑ ࡽ� Ƕʌ ɼƨǖʯțŗɼ ʚǫƨȳ ࡹ� Ƕʌ ɼƨǖʯțŗɼࣗ ŗ
ƉɄȳʚɼŗƕǶƉʚǶɄȳࣖ

ࡹ� = ࢁ̄� \ ⇤ࡹ⇤ࡱ ǫƨȳƉƨ ǶǑ ࢁ� Ƕʌ ɼƨǖʯțŗɼ ʚǫƨȳ ࡹ� Ƕʌ ɼƨǖʯțŗɼࣗ ŗ
ƉɄȳʚɼŗƕǶƉʚǶɄȳ

ࢅࡽ



�ɱɱțǶƉŗʚǶɄȳ ɄǑ ƉțɄʌʯɼƨ ɱɼɄɱƨɼʚǶƨʌ ʚɄ ȳɄȳࣽɼƨǖʯțŗɼǶʚ˦

İƨ Ɖŗȳ ŗțʌɄ ɱɼɄ˙ƨ ȳɄȳࣽɼƨǖʯțŗɼǶʚ˦ ʯʌǶȳǖ ʚǫƨ ʚƨƉǫȳǶɸʯƨʌ ŗſɄ˙ƨࣖ
bɄɼ ǶȳʌʚŗȳƉƨࣘ

ࡹ� = ȩࡹȩࡱ} | ȩ � {ࡱ

ࡽ� = {ˍ 2 ,ࡱ} ⇤{ࡹ | (ˍ)ࡱ# = {(ˍ)ࡹ#

ࢁ� = ȃࡹǮࡱ} | Ǯ 6= ȃ}

ࡹ� Ƕʌ ȳɄʚ ɼƨǖʯțŗɼࣖ ,ŗȳ ˝ƨ ʯʌƨ ʚǫŗʚ ǑŗƉʚ ʚɄ ɱɼɄ˙ƨ ࡽ� ŗȳƕ ࡽ� ŗɼƨ ȳɄʚ
ɼƨǖʯțŗɼ ˝ǶʚǫɄʯʚ ǖɄǶȳǖ ʚǫɼɄʯǖǫ ʚǫƨ ǑɄɄțǶȳǖ ʌƨʚ ŗɼǖʯȭƨȳʚࣞ

ࡹ� = ࡽ� \ ⇤ࡹ⇤ࡱ ǫƨȳƉƨ ǶǑ ࡽ� Ƕʌ ɼƨǖʯțŗɼ ʚǫƨȳ ࡹ� Ƕʌ ɼƨǖʯțŗɼࣗ ŗ
ƉɄȳʚɼŗƕǶƉʚǶɄȳࣖ

ࡹ� = ࢁ̄� \ ⇤ࡹ⇤ࡱ ǫƨȳƉƨ ǶǑ ࢁ� Ƕʌ ɼƨǖʯțŗɼ ʚǫƨȳ ࡹ� Ƕʌ ɼƨǖʯțŗɼࣗ ŗ
ƉɄȳʚɼŗƕǶƉʚǶɄȳ

ࢅࡽ

regular



�ɱɱțǶƉŗʚǶɄȳ ɄǑ ƉțɄʌʯɼƨ ɱɼɄɱƨɼʚǶƨʌ ʚɄ ȳɄȳࣽɼƨǖʯțŗɼǶʚ˦

İƨ Ɖŗȳ ŗțʌɄ ɱɼɄ˙ƨ ȳɄȳࣽɼƨǖʯțŗɼǶʚ˦ ʯʌǶȳǖ ʚǫƨ ʚƨƉǫȳǶɸʯƨʌ ŗſɄ˙ƨࣖ
bɄɼ ǶȳʌʚŗȳƉƨࣘ

ࡹ� = ȩࡹȩࡱ} | ȩ � {ࡱ

ࡽ� = {ˍ 2 ,ࡱ} ⇤{ࡹ | (ˍ)ࡱ# = {(ˍ)ࡹ#

ࢁ� = ȃࡹǮࡱ} | Ǯ 6= ȃ}

ࡹ� Ƕʌ ȳɄʚ ɼƨǖʯțŗɼࣖ ,ŗȳ ˝ƨ ʯʌƨ ʚǫŗʚ ǑŗƉʚ ʚɄ ɱɼɄ˙ƨ ࡽ� ŗȳƕ ࡽ� ŗɼƨ ȳɄʚ
ɼƨǖʯțŗɼ ˝ǶʚǫɄʯʚ ǖɄǶȳǖ ʚǫɼɄʯǖǫ ʚǫƨ ǑɄɄțǶȳǖ ʌƨʚ ŗɼǖʯȭƨȳʚࣞ

ࡹ� = ࡽ� \ ⇤ࡹ⇤ࡱ ǫƨȳƉƨ ǶǑ ࡽ� Ƕʌ ɼƨǖʯțŗɼ ʚǫƨȳ ࡹ� Ƕʌ ɼƨǖʯțŗɼࣗ ŗ
ƉɄȳʚɼŗƕǶƉʚǶɄȳࣖ

ࡹ� = ࢁ̄� \ ⇤ࡹ⇤ࡱ ǫƨȳƉƨ ǶǑ ࢁ� Ƕʌ ɼƨǖʯțŗɼ ʚǫƨȳ ࡹ� Ƕʌ ɼƨǖʯțŗɼࣗ ŗ
ƉɄȳʚɼŗƕǶƉʚǶɄȳ

ࢅࡽ

regular if Lz was regular then Liq has to be regular
if Lz is not rregatar then L doesn't have to be

0th regular



�ɱɱțǶƉŗʚǶɄȳ ɄǑ ƉțɄʌʯɼƨ ɱɼɄɱƨɼʚǶƨʌ ʚɄ ȳɄȳࣽɼƨǖʯțŗɼǶʚ˦

İƨ Ɖŗȳ ŗțʌɄ ɱɼɄ˙ƨ ȳɄȳࣽɼƨǖʯțŗɼǶʚ˦ ʯʌǶȳǖ ʚǫƨ ʚƨƉǫȳǶɸʯƨʌ ŗſɄ˙ƨࣖ
bɄɼ ǶȳʌʚŗȳƉƨࣘ

ࡹ� = ȩࡹȩࡱ} | ȩ � {ࡱ

ࡽ� = {ˍ 2 ,ࡱ} ⇤{ࡹ | (ˍ)ࡱ# = {(ˍ)ࡹ#

ࢁ� = ȃࡹǮࡱ} | Ǯ 6= ȃ}

ࡹ� Ƕʌ ȳɄʚ ɼƨǖʯțŗɼࣖ ,ŗȳ ˝ƨ ʯʌƨ ʚǫŗʚ ǑŗƉʚ ʚɄ ɱɼɄ˙ƨ ࡽ� ŗȳƕ ࡽ� ŗɼƨ ȳɄʚ
ɼƨǖʯțŗɼ ˝ǶʚǫɄʯʚ ǖɄǶȳǖ ʚǫɼɄʯǖǫ ʚǫƨ ǑɄɄțǶȳǖ ʌƨʚ ŗɼǖʯȭƨȳʚࣞ

ࡹ� = ࡽ� \ ⇤ࡹ⇤ࡱ ǫƨȳƉƨ ǶǑ ࡽ� Ƕʌ ɼƨǖʯțŗɼ ʚǫƨȳ ࡹ� Ƕʌ ɼƨǖʯțŗɼࣗ ŗ
ƉɄȳʚɼŗƕǶƉʚǶɄȳࣖ

ࡹ� = ࢁ̄� \ ⇤ࡹ⇤ࡱ ǫƨȳƉƨ ǶǑ ࢁ� Ƕʌ ɼƨǖʯțŗɼ ʚǫƨȳ ࡹ� Ƕʌ ɼƨǖʯțŗɼࣗ ŗ
ƉɄȳʚɼŗƕǶƉʚǶɄȳ ࢅࡽ


