
âɼƨࣽțƨƉʚʯɼƨ ſɼŗǶȳ ʚƨŗʌƨɼ

bǶȳƕ ʚǫƨ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳ ǑɄɼ ʚǫƨ țŗȳǖʯŗǖƨ ƉɄȳʚŗǶȳǶȳǖ ŗțț
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ࡹ
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âɼƨࣽțƨƉʚʯɼƨ ſɼŗǶȳ ʚƨŗʌƨɼ

bǶȳƕ ʚǫƨ ɼƨǖʯțŗɼ ƨ˥ɱɼƨʌʌǶɄȳ ǑɄɼ ʚǫƨ țŗȳǖʯŗǖƨ ƉɄȳʚŗǶȳǶȳǖ ŗțț
ſǶȳŗɼ˦ ʌʚɼǶȳǖʌ ʚǫŗʚ ƕɄ ȳɄʚ ƉɄȳʚŗǶȳ ʚǫƨ ʌʯſʌƨɸʯƨȳƉƨ ࡱࡱࡱࡹࡹࡹ
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óǶȭɱțǶǑ˦Ƕȳǖ 6b�ʌ

ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ ɪࢅ ɪࢉ ɪࢍ

ࡱ ࡱ ࡱ ࡹ ࡹ ࡹ ࣗࡹࡱ

ࡹ ࡹ ࡹ ࡱ ࡱ ࡱ

İǫŗʚ ǶǑ ˝ƨ ƕɼŗ˝ ʚǫƨ ŗſɄ˙ƨ ̇ǖʯɼƨ ŗʌࣘ

ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ ɪࢅ ɪࢉ ɪࡹࢍ ࡹ ࡹ ࡱ ࡱ ࡱ

İǫŗʚ ƕɄƨʌ ʚǫǶʌ ȭƨŗȳࣞ

ࢁ



óǶȭɱțǶǑ˦Ƕȳǖ 6b�ʌ

ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ ɪࢅ ɪࢉ ɪࢍ

ࡱ ࡱ ࡱ ࡹ ࡹ ࡹ ࣗࡹࡱ

ࡹ ࡹ ࡹ ࡱ ࡱ ࡱ

İǫŗʚ ǶǑ ˝ƨ ƕɼŗ˝ ʚǫƨ ŗſɄ˙ƨ ̇ǖʯɼƨ ŗʌࣘ

ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ ɪࢅ ɪࢉ ɪࡹࢍ ࡹ ࡹ ࡱ ࡱ ࡱ

İǫŗʚ ƕɄƨʌ ʚǫǶʌ ȭƨŗȳࣞ

ࢁ



óǶȭɱțǶǑ˦Ƕȳǖ 6b�ʌ

ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ ɪࢅ ɪࢉ ɪࢍ

ࡱ ࡱ ࡱ ࡹ ࡹ ࡹ ࣗࡹࡱ

ࡹ ࡹ ࡹ ࡱ ࡱ ࡱ

İǫŗʚ ǶǑ ˝ƨ ƕɼŗ˝ ʚǫƨ ŗſɄ˙ƨ ̇ǖʯɼƨ ŗʌࣘ

ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ ɪࢅ ɪࢉ ɪࡹࢍ ࡹ ࡹ ࡱ ࡱ ࡱ

İǫŗʚ ƕɄƨʌ ʚǫǶʌ ȭƨŗȳࣞ

ࢁ
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¥ɄȳࣽƕƨʚƨɼȭǶȳǶʌʚǶƉ ̇ȳǶʚƨ ŗʯʚɄȭŗʚŗ
࣯¥b�ࣱ yȳʚɼɄƕʯƉʚǶɄȳ



¥ɄȳࣽƕƨʚƨɼȭǶȳǶʌʚǶƉ bǶȳǶʚƨ óʚŗʚƨ �ʯʚɄȭŗʚŗ ſ˦ ƨ˥ŗȭɱțƨ

İǫƨȳ ˦Ʉʯ ƉɄȭƨ ʚɄ ŗ ǑɄɼȕ Ƕȳ ʚǫƨ ɼɄŗƕࣗ ʚŗȕƨ Ƕʚࣖ

ÿɄƕŗ˦ ˝ƨऒțț ʚŗțȕ ŗſɄʯʚ ŗʯʚɄȭŗʚŗ ˝ǫɄʌƨ țɄǖǶƉ Ƕʌ ȳɄʚ
ƕƨʚƨɼȭǶȳǶʌʚǶƉࣖ

ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

$ʯʚ ̇ɼʌʚࣖࣖࣖࣖ ˝ǫŗʚ ʚǫƨ ǫƨƉȕ Ƕʌ ȳɄȳࣽƕƨʚƨɼȭǶȳǶʌȭࣞ

ࢅ



¥ɄȳࣽƕƨʚƨɼȭǶȳǶʌʚǶƉ bǶȳǶʚƨ óʚŗʚƨ �ʯʚɄȭŗʚŗ ſ˦ ƨ˥ŗȭɱțƨ

İǫƨȳ ˦Ʉʯ ƉɄȭƨ ʚɄ ŗ ǑɄɼȕ Ƕȳ ʚǫƨ ɼɄŗƕࣗ ʚŗȕƨ Ƕʚࣖ

ÿɄƕŗ˦ ˝ƨऒțț ʚŗțȕ ŗſɄʯʚ ŗʯʚɄȭŗʚŗ ˝ǫɄʌƨ țɄǖǶƉ Ƕʌ ȳɄʚ
ƕƨʚƨɼȭǶȳǶʌʚǶƉࣖ

ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

$ʯʚ ̇ɼʌʚࣖࣖࣖࣖ ˝ǫŗʚ ʚǫƨ ǫƨƉȕ Ƕʌ ȳɄȳࣽƕƨʚƨɼȭǶȳǶʌȭࣞ

ࢅ



¥ɄȳࣽƕƨʚƨɼȭǶȳǶʌʚǶƉ bǶȳǶʚƨ óʚŗʚƨ �ʯʚɄȭŗʚŗ ſ˦ ƨ˥ŗȭɱțƨ

İǫƨȳ ˦Ʉʯ ƉɄȭƨ ʚɄ ŗ ǑɄɼȕ Ƕȳ ʚǫƨ ɼɄŗƕࣗ ʚŗȕƨ Ƕʚࣖ

ÿɄƕŗ˦ ˝ƨऒțț ʚŗțȕ ŗſɄʯʚ ŗʯʚɄȭŗʚŗ ˝ǫɄʌƨ țɄǖǶƉ Ƕʌ ȳɄʚ
ƕƨʚƨɼȭǶȳǶʌʚǶƉࣖ

ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

$ʯʚ ̇ɼʌʚࣖࣖࣖࣖ ˝ǫŗʚ ʚǫƨ ǫƨƉȕ Ƕʌ ȳɄȳࣽƕƨʚƨɼȭǶȳǶʌȭࣞ

ࢅ



¥ɄȳࣽƕƨʚƨɼȭǶȳǶʌȭ Ƕȳ ƉɄȭɱʯʚǶȳǖ

¥ɄȳࣽƕƨʚƨɼȭǶȳǶʌȭ Ƕʌ ŗ ʌɱƨƉǶŗț
ɱɼɄɱƨɼʚ˦ ɄǑ ŗțǖɄɼǶʚǫȭʌࣖ

�ȳ ŗțǖɄɼǶʚǫȭ ʚǫŗʚ Ƕʌ Ɖŗɱŗſțƨ ɄǑ
ʚŗȕǶȳǖ ȭʯțʚǶɱțƨ ʌʚŗʚƨʌ
ƉɄȳƉʯɼɼƨȳʚț ࣖ˦ İǫƨȳƨ˙ƨɼ Ƕʚ
ɼƨŗƉǫƨʌ ŗ ƉǫɄǶƉƨࣗ Ƕʚ ʚŗȕƨʌ ſɄʚǫ
ɱŗʚǫʌࣖ

yǑ ʚǫƨɼƨ Ƕʌ ŗ ɱŗʚǫ ǑɄɼ ʚǫƨ ʌʚɼǶȳǖ
ʚɄ ſƨ ŗƉƉƨɱʚƨƕ ſ˦ ʚǫƨ ȭŗƉǫǶȳƨࣗ
ʚǫƨȳ ʚǫƨ ʌʚɼǶȳǖ Ƕʌ ɱŗɼʚ ɄǑ ʚǫƨ
țŗȳǖʯŗǖƨࣖ

ࢉ



¥b� ŗƉƉƨɱʚŗȳƉƨࣘ yȳǑɄɼȭŗț

ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

yȳǑɄɼȭŗț ƕƨ̇ȳǶʚǶɄȳࣘ �ȳ ¥b� � ŗƉƉƨɱʚʌ ŗ ʌʚɼǶȳǖ ˍ Ƕ˽ ʌɄȭƨ
ŗƉƉƨɱʚǶȳǖ ʌʚŗʚƨ Ƕʌ ɼƨŗƉǫƨƕ ſ˦ � ǑɼɄȭ ʚǫƨ ʌʚŗɼʚ ʌʚŗʚƨ Ʉȳ Ƕȳɱʯʚ ˍࣖ

ÿǫƨ țŗȳǖʯŗǖƨ ŗƉƉƨɱʚƨƕ ࣯Ʉɼ ɼƨƉɄǖȳǶ˲ƨƕࣱ ſ˦ ŗ ¥b� � Ƕʌ ƕƨȳɄʚƨ ſ˦
�(�) ŗȳƕ ƕƨ̇ȳƨƕ ŗʌࣘ �(�) = {ˍ | � ŗƉƉƨɱʚʌ ˍ}.

ࢍ



¥b� ŗƉƉƨɱʚŗȳƉƨࣘ yȳǑɄɼȭŗț

ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

yȳǑɄɼȭŗț ƕƨ̇ȳǶʚǶɄȳࣘ �ȳ ¥b� � ŗƉƉƨɱʚʌ ŗ ʌʚɼǶȳǖ ˍ Ƕ˽ ʌɄȭƨ
ŗƉƉƨɱʚǶȳǖ ʌʚŗʚƨ Ƕʌ ɼƨŗƉǫƨƕ ſ˦ � ǑɼɄȭ ʚǫƨ ʌʚŗɼʚ ʌʚŗʚƨ Ʉȳ Ƕȳɱʯʚ ˍࣖ

ÿǫƨ țŗȳǖʯŗǖƨ ŗƉƉƨɱʚƨƕ ࣯Ʉɼ ɼƨƉɄǖȳǶ˲ƨƕࣱ ſ˦ ŗ ¥b� � Ƕʌ ƕƨȳɄʚƨ ſ˦
�(�) ŗȳƕ ƕƨ̇ȳƨƕ ŗʌࣘ �(�) = {ˍ | � ŗƉƉƨɱʚʌ ˍ}.

ࢍ



¥b� ŗƉƉƨɱʚŗȳƉƨࣘ E˥ŗȭɱțƨ

ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

࣢ yʌ ࡱࡹࡹࡱࡹࡱ ŗƉƉƨɱʚƨƕࣞ

࢑

1 0
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¥b� ŗƉƉƨɱʚŗȳƉƨࣘ E˥ŗȭɱțƨ

ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

yʌ ࡱࡹࡹࡱࡹࡱ ŗƉƉƨɱʚƨƕࣞ

࢕



¥b� ŗƉƉƨɱʚŗȳƉƨࣘ E˥ŗȭɱțƨ

ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

࣢ yʌ ࡱࡹࡹࡱࡹࡱ ŗƉƉƨɱʚƨƕࣞ

࣢ yʌ ࡱࡹࡱ ŗƉƉƨɱʚƨƕࣞ
࣢ yʌ ࡹࡱࡹ ŗƉƉƨɱʚƨƕࣞ
࣢ yʌ ࡹࡹࡱࡱࡹ ŗƉƉƨɱʚƨƕࣞ
࣢ İǫŗʚ Ƕʌ ʚǫƨ țŗȳǖʯŗǖƨ ŗƉƉƨɱʚƨƕ ſ˦ �ࣞ

,Ʉȭȭƨȳʚࣘ ĎȳțǶȕƨ 6b�ʌࣗ Ƕʚ Ƕʌ ƨŗʌǶƨɼ Ƕȳ ¥b�ʌ ʚɄ ʌǫɄ˝ ʚǫŗʚ ŗ ʌʚɼǶȳǖ
Ƕʌ ŗƉƉƨɱʚƨƕ ʚǫŗȳ ʚɄ ʌǫɄ˝ ʚǫŗʚ ŗ ʌʚɼǶȳǖ Ƕʌ ȳɄʚ ŗƉƉƨɱʚƨƕࣖ

࢙

Yes



¥b� ŗƉƉƨɱʚŗȳƉƨࣘ E˥ŗȭɱțƨ

ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

࣢ yʌ ࡱࡹࡹࡱࡹࡱ ŗƉƉƨɱʚƨƕࣞ
࣢ yʌ ࡱࡹࡱ ŗƉƉƨɱʚƨƕࣞ

࣢ yʌ ࡹࡱࡹ ŗƉƉƨɱʚƨƕࣞ
࣢ yʌ ࡹࡹࡱࡱࡹ ŗƉƉƨɱʚƨƕࣞ
࣢ İǫŗʚ Ƕʌ ʚǫƨ țŗȳǖʯŗǖƨ ŗƉƉƨɱʚƨƕ ſ˦ �ࣞ

,Ʉȭȭƨȳʚࣘ ĎȳțǶȕƨ 6b�ʌࣗ Ƕʚ Ƕʌ ƨŗʌǶƨɼ Ƕȳ ¥b�ʌ ʚɄ ʌǫɄ˝ ʚǫŗʚ ŗ ʌʚɼǶȳǖ
Ƕʌ ŗƉƉƨɱʚƨƕ ʚǫŗȳ ʚɄ ʌǫɄ˝ ʚǫŗʚ ŗ ʌʚɼǶȳǖ Ƕʌ ȳɄʚ ŗƉƉƨɱʚƨƕࣖ

࢙

No



¥b� ŗƉƉƨɱʚŗȳƉƨࣘ E˥ŗȭɱțƨ

ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

࣢ yʌ ࡱࡹࡹࡱࡹࡱ ŗƉƉƨɱʚƨƕࣞ
࣢ yʌ ࡱࡹࡱ ŗƉƉƨɱʚƨƕࣞ
࣢ yʌ ࡹࡱࡹ ŗƉƉƨɱʚƨƕࣞ

࣢ yʌ ࡹࡹࡱࡱࡹ ŗƉƉƨɱʚƨƕࣞ
࣢ İǫŗʚ Ƕʌ ʚǫƨ țŗȳǖʯŗǖƨ ŗƉƉƨɱʚƨƕ ſ˦ �ࣞ

,Ʉȭȭƨȳʚࣘ ĎȳțǶȕƨ 6b�ʌࣗ Ƕʚ Ƕʌ ƨŗʌǶƨɼ Ƕȳ ¥b�ʌ ʚɄ ʌǫɄ˝ ʚǫŗʚ ŗ ʌʚɼǶȳǖ
Ƕʌ ŗƉƉƨɱʚƨƕ ʚǫŗȳ ʚɄ ʌǫɄ˝ ʚǫŗʚ ŗ ʌʚɼǶȳǖ Ƕʌ ȳɄʚ ŗƉƉƨɱʚƨƕࣖ

࢙

Yes



¥b� ŗƉƉƨɱʚŗȳƉƨࣘ E˥ŗȭɱțƨ

ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

࣢ yʌ ࡱࡹࡹࡱࡹࡱ ŗƉƉƨɱʚƨƕࣞ
࣢ yʌ ࡱࡹࡱ ŗƉƉƨɱʚƨƕࣞ
࣢ yʌ ࡹࡱࡹ ŗƉƉƨɱʚƨƕࣞ
࣢ yʌ ࡹࡹࡱࡱࡹ ŗƉƉƨɱʚƨƕࣞ

࣢ İǫŗʚ Ƕʌ ʚǫƨ țŗȳǖʯŗǖƨ ŗƉƉƨɱʚƨƕ ſ˦ �ࣞ

,Ʉȭȭƨȳʚࣘ ĎȳțǶȕƨ 6b�ʌࣗ Ƕʚ Ƕʌ ƨŗʌǶƨɼ Ƕȳ ¥b�ʌ ʚɄ ʌǫɄ˝ ʚǫŗʚ ŗ ʌʚɼǶȳǖ
Ƕʌ ŗƉƉƨɱʚƨƕ ʚǫŗȳ ʚɄ ʌǫɄ˝ ʚǫŗʚ ŗ ʌʚɼǶȳǖ Ƕʌ ȳɄʚ ŗƉƉƨɱʚƨƕࣖ

࢙

A

Yes



¥b� ŗƉƉƨɱʚŗȳƉƨࣘ E˥ŗȭɱțƨ

ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

࣢ yʌ ࡱࡹࡹࡱࡹࡱ ŗƉƉƨɱʚƨƕࣞ
࣢ yʌ ࡱࡹࡱ ŗƉƉƨɱʚƨƕࣞ
࣢ yʌ ࡹࡱࡹ ŗƉƉƨɱʚƨƕࣞ
࣢ yʌ ࡹࡹࡱࡱࡹ ŗƉƉƨɱʚƨƕࣞ
࣢ İǫŗʚ Ƕʌ ʚǫƨ țŗȳǖʯŗǖƨ ŗƉƉƨɱʚƨƕ ſ˦ �ࣞ

,Ʉȭȭƨȳʚࣘ ĎȳțǶȕƨ 6b�ʌࣗ Ƕʚ Ƕʌ ƨŗʌǶƨɼ Ƕȳ ¥b�ʌ ʚɄ ʌǫɄ˝ ʚǫŗʚ ŗ ʌʚɼǶȳǖ
Ƕʌ ŗƉƉƨɱʚƨƕ ʚǫŗȳ ʚɄ ʌǫɄ˝ ʚǫŗʚ ŗ ʌʚɼǶȳǖ Ƕʌ ȳɄʚ ŗƉƉƨɱʚƨƕࣖ

࢙

All w with II or lol as substriag



¥b� ŗƉƉƨɱʚŗȳƉƨࣘ E˥ŗȭɱțƨ

ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

࣢ yʌ ࡱࡹࡹࡱࡹࡱ ŗƉƉƨɱʚƨƕࣞ
࣢ yʌ ࡱࡹࡱ ŗƉƉƨɱʚƨƕࣞ
࣢ yʌ ࡹࡱࡹ ŗƉƉƨɱʚƨƕࣞ
࣢ yʌ ࡹࡹࡱࡱࡹ ŗƉƉƨɱʚƨƕࣞ
࣢ İǫŗʚ Ƕʌ ʚǫƨ țŗȳǖʯŗǖƨ ŗƉƉƨɱʚƨƕ ſ˦ �ࣞ

,Ʉȭȭƨȳʚࣘ ĎȳțǶȕƨ 6b�ʌࣗ Ƕʚ Ƕʌ ƨŗʌǶƨɼ Ƕȳ ¥b�ʌ ʚɄ ʌǫɄ˝ ʚǫŗʚ ŗ ʌʚɼǶȳǖ
Ƕʌ ŗƉƉƨɱʚƨƕ ʚǫŗȳ ʚɄ ʌǫɄ˝ ʚǫŗʚ ŗ ʌʚɼǶȳǖ Ƕʌ ȳɄʚ ŗƉƉƨɱʚƨƕࣖ

࢙



¥b� ŗƉƉƨɱʚŗȳƉƨࣘ E˥ŗȭɱțƨ

ɪࡱʌʚŗɼʚ ɪࡹ ɪࡽ ɪࢁ

ࣗࡹࡱ

ࡹ ࡱ

"

ࡹ

ࣗࡹࡱ

࣢ yʌ ࡱࡹࡹࡱࡹࡱ ŗƉƉƨɱʚƨƕࣞ
࣢ yʌ ࡱࡹࡱ ŗƉƉƨɱʚƨƕࣞ
࣢ yʌ ࡹࡱࡹ ŗƉƉƨɱʚƨƕࣞ
࣢ yʌ ࡹࡹࡱࡱࡹ ŗƉƉƨɱʚƨƕࣞ
࣢ İǫŗʚ Ƕʌ ʚǫƨ țŗȳǖʯŗǖƨ ŗƉƉƨɱʚƨƕ ſ˦ �ࣞ

,Ʉȭȭƨȳʚࣘ ĎȳțǶȕƨ 6b�ʌࣗ Ƕʚ Ƕʌ ƨŗʌǶƨɼ Ƕȳ ¥b�ʌ ʚɄ ʌǫɄ˝ ʚǫŗʚ ŗ ʌʚɼǶȳǖ
Ƕʌ ŗƉƉƨɱʚƨƕ ʚǫŗȳ ʚɄ ʌǫɄ˝ ʚǫŗʚ ŗ ʌʚɼǶȳǖ Ƕʌ ȳɄʚ ŗƉƉƨɱʚƨƕࣖ

࢙



bɄɼȭŗț ƕƨ̇ȳǶʚǶɄȳ ɄǑ ¥b�



bɄɼȭŗț ÿʯɱțƨ ¥ɄʚŗʚǶɄȳ

6ƨ̇ȳǶʚǶɄȳ
� ȳɄȳࣽƕƨʚƨɼȭǶȳǶʌʚǶƉ ̇ȳǶʚƨ ŗʯʚɄȭŗʚŗ ࣯¥b�ࣱ � = (Ü,⌃, �, ɾ,�) Ƕʌ ŗ
̇˙ƨ ʚʯɱțƨ ˝ǫƨɼƨ

࣢ Ü Ƕʌ ŗ ̇ȳǶʚƨ ʌƨʚ ˝ǫɄʌƨ ƨțƨȭƨȳʚʌ ŗɼƨ Ɖŗțțƨƕ ʌʚŗʚƨʌࣗ
࣢ ⌃ Ƕʌ ŗ ̇ȳǶʚƨ ʌƨʚ Ɖŗțțƨƕ ʚǫƨ Ƕȳɱʯʚ ŗțɱǫŗſƨʚࣗ
࣢ � : Ü⇥ ⌃ [ {"} ! P(Ü) Ƕʌ ʚǫƨ ʚɼŗȳʌǶʚǶɄȳ ǑʯȳƉʚǶɄȳ ࣯ǫƨɼƨ
P(Ü) Ƕʌ ʚǫƨ ɱɄ˝ƨɼ ʌƨʚ ɄǑ Üࣱࣗ

P(Ü)ࣞ

ࡱࡹ



bɄɼȭŗț ÿʯɱțƨ ¥ɄʚŗʚǶɄȳ

6ƨ̇ȳǶʚǶɄȳ
� ȳɄȳࣽƕƨʚƨɼȭǶȳǶʌʚǶƉ ̇ȳǶʚƨ ŗʯʚɄȭŗʚŗ ࣯¥b�ࣱ � = (Ü,⌃, �, ɾ,�) Ƕʌ ŗ
̇˙ƨ ʚʯɱțƨ ˝ǫƨɼƨ

࣢ Ü Ƕʌ ŗ ̇ȳǶʚƨ ʌƨʚ ˝ǫɄʌƨ ƨțƨȭƨȳʚʌ ŗɼƨ Ɖŗțțƨƕ ʌʚŗʚƨʌࣗ

࣢ ⌃ Ƕʌ ŗ ̇ȳǶʚƨ ʌƨʚ Ɖŗțțƨƕ ʚǫƨ Ƕȳɱʯʚ ŗțɱǫŗſƨʚࣗ
࣢ � : Ü⇥ ⌃ [ {"} ! P(Ü) Ƕʌ ʚǫƨ ʚɼŗȳʌǶʚǶɄȳ ǑʯȳƉʚǶɄȳ ࣯ǫƨɼƨ
P(Ü) Ƕʌ ʚǫƨ ɱɄ˝ƨɼ ʌƨʚ ɄǑ Üࣱࣗ

P(Ü)ࣞ

ࡱࡹ



bɄɼȭŗț ÿʯɱțƨ ¥ɄʚŗʚǶɄȳ

6ƨ̇ȳǶʚǶɄȳ
� ȳɄȳࣽƕƨʚƨɼȭǶȳǶʌʚǶƉ ̇ȳǶʚƨ ŗʯʚɄȭŗʚŗ ࣯¥b�ࣱ � = (Ü,⌃, �, ɾ,�) Ƕʌ ŗ
̇˙ƨ ʚʯɱțƨ ˝ǫƨɼƨ

࣢ Ü Ƕʌ ŗ ̇ȳǶʚƨ ʌƨʚ ˝ǫɄʌƨ ƨțƨȭƨȳʚʌ ŗɼƨ Ɖŗțțƨƕ ʌʚŗʚƨʌࣗ
࣢ ⌃ Ƕʌ ŗ ̇ȳǶʚƨ ʌƨʚ Ɖŗțțƨƕ ʚǫƨ Ƕȳɱʯʚ ŗțɱǫŗſƨʚࣗ

࣢ � : Ü⇥ ⌃ [ {"} ! P(Ü) Ƕʌ ʚǫƨ ʚɼŗȳʌǶʚǶɄȳ ǑʯȳƉʚǶɄȳ ࣯ǫƨɼƨ
P(Ü) Ƕʌ ʚǫƨ ɱɄ˝ƨɼ ʌƨʚ ɄǑ Üࣱࣗ

P(Ü)ࣞ

ࡱࡹ



bɄɼȭŗț ÿʯɱțƨ ¥ɄʚŗʚǶɄȳ

6ƨ̇ȳǶʚǶɄȳ
� ȳɄȳࣽƕƨʚƨɼȭǶȳǶʌʚǶƉ ̇ȳǶʚƨ ŗʯʚɄȭŗʚŗ ࣯¥b�ࣱ � = (Ü,⌃, �, ɾ,�) Ƕʌ ŗ
̇˙ƨ ʚʯɱțƨ ˝ǫƨɼƨ

࣢ Ü Ƕʌ ŗ ̇ȳǶʚƨ ʌƨʚ ˝ǫɄʌƨ ƨțƨȭƨȳʚʌ ŗɼƨ Ɖŗțțƨƕ ʌʚŗʚƨʌࣗ
࣢ ⌃ Ƕʌ ŗ ̇ȳǶʚƨ ʌƨʚ Ɖŗțțƨƕ ʚǫƨ Ƕȳɱʯʚ ŗțɱǫŗſƨʚࣗ
࣢ � : Ü⇥ ⌃ [ {"} ! P(Ü) Ƕʌ ʚǫƨ ʚɼŗȳʌǶʚǶɄȳ ǑʯȳƉʚǶɄȳ ࣯ǫƨɼƨ
P(Ü) Ƕʌ ʚǫƨ ɱɄ˝ƨɼ ʌƨʚ ɄǑ Üࣱࣗ

P(Ü)ࣞ

ࡱࡹ



bɄɼȭŗț ÿʯɱțƨ ¥ɄʚŗʚǶɄȳ

6ƨ̇ȳǶʚǶɄȳ
� ȳɄȳࣽƕƨʚƨɼȭǶȳǶʌʚǶƉ ̇ȳǶʚƨ ŗʯʚɄȭŗʚŗ ࣯¥b�ࣱ � = (Ü,⌃, �, ɾ,�) Ƕʌ ŗ
̇˙ƨ ʚʯɱțƨ ˝ǫƨɼƨ

࣢ Ü Ƕʌ ŗ ̇ȳǶʚƨ ʌƨʚ ˝ǫɄʌƨ ƨțƨȭƨȳʚʌ ŗɼƨ Ɖŗțțƨƕ ʌʚŗʚƨʌࣗ
࣢ ⌃ Ƕʌ ŗ ̇ȳǶʚƨ ʌƨʚ Ɖŗțțƨƕ ʚǫƨ Ƕȳɱʯʚ ŗțɱǫŗſƨʚࣗ
࣢ � : Ü⇥ ⌃ [ {"} ! P(Ü) Ƕʌ ʚǫƨ ʚɼŗȳʌǶʚǶɄȳ ǑʯȳƉʚǶɄȳ ࣯ǫƨɼƨ
P(Ü) Ƕʌ ʚǫƨ ɱɄ˝ƨɼ ʌƨʚ ɄǑ Üࣱࣗ

P(Ü)ࣞ

ࡱࡹ



éƨȭǶȳƕƨɼࣘ âɄ˝ƨɼ ʌƨʚ

Üࣘ ŗ ʌƨʚࣖ âɄ˝ƨɼ ʌƨʚ ɄǑ Ü Ƕʌࣘ P(Ü) = Üࡽ = {ĩ | ĩ ✓ Ü} Ƕʌ ʌƨʚ ɄǑ ŗțț
ʌʯſʌƨʚʌ ɄǑ Üࣖ

E˥ŗȭɱțƨ
Ü = ,ࡹ} ,ࡽ ,ࢁ {ࢅ

P(Ü) =

8
>>>>>><

>>>>>>:

,ࡹ} ,ࡽ ,ࢁ {ࢅ ,
,ࡽ} ,ࢁ {ࢅ , ,ࡹ} ,ࢁ {ࢅ , ,ࡹ} ,ࡽ {ࢅ , ,ࡹ} ,ࡽ {ࢁ ,

,ࡹ} {ࡽ , ,ࡹ} {ࢁ , ,ࡹ} {ࢅ , ,ࡽ} {ࢁ , ,ࡽ} {ࢅ , ,ࢁ} {ࢅ ,
{ࡹ} , {ࡽ} , {ࢁ} , {ࢅ} ,

{}

9
>>>>>>=

>>>>>>;

ࡹࡹ



bɄɼȭŗț ÿʯɱțƨ ¥ɄʚŗʚǶɄȳ

6ƨ̇ȳǶʚǶɄȳ
� ȳɄȳࣽƕƨʚƨɼȭǶȳǶʌʚǶƉ ̇ȳǶʚƨ ŗʯʚɄȭŗʚŗ ࣯¥b�ࣱ � = (Ü,⌃, �, ɾ,�) Ƕʌ ŗ
̇˙ƨ ʚʯɱțƨ ˝ǫƨɼƨ

࣢ Ü Ƕʌ ŗ ̇ȳǶʚƨ ʌƨʚ ˝ǫɄʌƨ ƨțƨȭƨȳʚʌ ŗɼƨ Ɖŗțțƨƕ ʌʚŗʚƨʌࣗ
࣢ ⌃ Ƕʌ ŗ ̇ȳǶʚƨ ʌƨʚ Ɖŗțțƨƕ ʚǫƨ Ƕȳɱʯʚ ŗțɱǫŗſƨʚࣗ
࣢ � : Ü⇥ ⌃ [ {"} ! P(Ü) Ƕʌ ʚǫƨ ʚɼŗȳʌǶʚǶɄȳ ǑʯȳƉʚǶɄȳ ࣯ǫƨɼƨ
P(Ü) Ƕʌ ʚǫƨ ɱɄ˝ƨɼ ʌƨʚ ɄǑ Üࣱࣗ

࣢ ɾ 2 Ü Ƕʌ ʚǫƨ ʌʚŗɼʚ ʌʚŗʚƨࣗ
࣢ � ✓ Ü Ƕʌ ʚǫƨ ʌƨʚ ɄǑ ŗƉƉƨɱʚǶȳǖࣩ̇ȳŗț ʌʚŗʚƨʌࣖ

�(ɪ,ŗ) ǑɄɼ ŗ 2 ⌃ [ {"} Ƕʌ ŗ ʌʯſʌƨʚ ɄǑ Ü ः ŗ ʌƨʚ ɄǑ ʌʚŗʚƨʌࣖ

ࡽࡹ

GCq as
is
character IF



bɄɼȭŗț ÿʯɱțƨ ¥ɄʚŗʚǶɄȳ

6ƨ̇ȳǶʚǶɄȳ
� ȳɄȳࣽƕƨʚƨɼȭǶȳǶʌʚǶƉ ̇ȳǶʚƨ ŗʯʚɄȭŗʚŗ ࣯¥b�ࣱ � = (Ü,⌃, �, ɾ,�) Ƕʌ ŗ
̇˙ƨ ʚʯɱțƨ ˝ǫƨɼƨ

࣢ Ü Ƕʌ ŗ ̇ȳǶʚƨ ʌƨʚ ˝ǫɄʌƨ ƨțƨȭƨȳʚʌ ŗɼƨ Ɖŗțțƨƕ ʌʚŗʚƨʌࣗ
࣢ ⌃ Ƕʌ ŗ ̇ȳǶʚƨ ʌƨʚ Ɖŗțțƨƕ ʚǫƨ Ƕȳɱʯʚ ŗțɱǫŗſƨʚࣗ
࣢ � : Ü⇥ ⌃ [ {"} ! P(Ü) Ƕʌ ʚǫƨ ʚɼŗȳʌǶʚǶɄȳ ǑʯȳƉʚǶɄȳ ࣯ǫƨɼƨ
P(Ü) Ƕʌ ʚǫƨ ɱɄ˝ƨɼ ʌƨʚ ɄǑ Üࣱࣗ

࣢ ɾ 2 Ü Ƕʌ ʚǫƨ ʌʚŗɼʚ ʌʚŗʚƨࣗ

࣢ � ✓ Ü Ƕʌ ʚǫƨ ʌƨʚ ɄǑ ŗƉƉƨɱʚǶȳǖࣩ̇ȳŗț ʌʚŗʚƨʌࣖ

�(ɪ,ŗ) ǑɄɼ ŗ 2 ⌃ [ {"} Ƕʌ ŗ ʌʯſʌƨʚ ɄǑ Ü ः ŗ ʌƨʚ ɄǑ ʌʚŗʚƨʌࣖ

ࡽࡹ



bɄɼȭŗț ÿʯɱțƨ ¥ɄʚŗʚǶɄȳ

6ƨ̇ȳǶʚǶɄȳ
� ȳɄȳࣽƕƨʚƨɼȭǶȳǶʌʚǶƉ ̇ȳǶʚƨ ŗʯʚɄȭŗʚŗ ࣯¥b�ࣱ � = (Ü,⌃, �, ɾ,�) Ƕʌ ŗ
̇˙ƨ ʚʯɱțƨ ˝ǫƨɼƨ

࣢ Ü Ƕʌ ŗ ̇ȳǶʚƨ ʌƨʚ ˝ǫɄʌƨ ƨțƨȭƨȳʚʌ ŗɼƨ Ɖŗțțƨƕ ʌʚŗʚƨʌࣗ
࣢ ⌃ Ƕʌ ŗ ̇ȳǶʚƨ ʌƨʚ Ɖŗțțƨƕ ʚǫƨ Ƕȳɱʯʚ ŗțɱǫŗſƨʚࣗ
࣢ � : Ü⇥ ⌃ [ {"} ! P(Ü) Ƕʌ ʚǫƨ ʚɼŗȳʌǶʚǶɄȳ ǑʯȳƉʚǶɄȳ ࣯ǫƨɼƨ
P(Ü) Ƕʌ ʚǫƨ ɱɄ˝ƨɼ ʌƨʚ ɄǑ Üࣱࣗ

࣢ ɾ 2 Ü Ƕʌ ʚǫƨ ʌʚŗɼʚ ʌʚŗʚƨࣗ
࣢ � ✓ Ü Ƕʌ ʚǫƨ ʌƨʚ ɄǑ ŗƉƉƨɱʚǶȳǖࣩ̇ȳŗț ʌʚŗʚƨʌࣖ

�(ɪ,ŗ) ǑɄɼ ŗ 2 ⌃ [ {"} Ƕʌ ŗ ʌʯſʌƨʚ ɄǑ Ü ः ŗ ʌƨʚ ɄǑ ʌʚŗʚƨʌࣖ

ࡽࡹ



E˥ŗȭɱțƨ
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E˥ʚƨȳƕǶȳǖ ʚǫƨ ʚɼŗȳʌǶʚǶɄȳ ǑʯȳƉʚǶɄȳ ʚɄ
ʌʚɼǶȳǖʌ



E˥ʚƨȳƕǶȳǖ ʚǫƨ ʚɼŗȳʌǶʚǶɄȳ ǑʯȳƉʚǶɄȳ ʚɄ ʌʚɼǶȳǖʌ

࣢ ¥b� � = (Ü,⌃, �, ɾ,�)

࣢ �(ɪ,ŗ)ࣘ ʌƨʚ ɄǑ ʌʚŗʚƨʌ ʚǫŗʚ � Ɖŗȳ ǖɄ ʚɄ ǑɼɄȭ ɪ Ʉȳ ɼƨŗƕǶȳǖ
ŗ 2 ⌃ [ {"}ࣖ

࣢ İŗȳʚ ʚɼŗȳʌǶʚǶɄȳ ǑʯȳƉʚǶɄȳ �⇤ : Ü⇥ ⌃⇤ ! P(Ü)
࣢ �⇤(ɪ,ˍ)ࣘ ʌƨʚ ɄǑ ʌʚŗʚƨʌ ɼƨŗƉǫŗſțƨ Ʉȳ Ƕȳɱʯʚ ˍ ʌʚŗɼʚǶȳǖ Ƕȳ
ʌʚŗʚƨ ɪࣖ

ࢅࡹ



E˥ʚƨȳƕǶȳǖ ʚǫƨ ʚɼŗȳʌǶʚǶɄȳ ǑʯȳƉʚǶɄȳ ʚɄ ʌʚɼǶȳǖʌ

࣢ ¥b� � = (Ü,⌃, �, ɾ,�)
࣢ �(ɪ,ŗ)ࣘ ʌƨʚ ɄǑ ʌʚŗʚƨʌ ʚǫŗʚ � Ɖŗȳ ǖɄ ʚɄ ǑɼɄȭ ɪ Ʉȳ ɼƨŗƕǶȳǖ
ŗ 2 ⌃ [ {"}ࣖ

࣢ İŗȳʚ ʚɼŗȳʌǶʚǶɄȳ ǑʯȳƉʚǶɄȳ �⇤ : Ü⇥ ⌃⇤ ! P(Ü)
࣢ �⇤(ɪ,ˍ)ࣘ ʌƨʚ ɄǑ ʌʚŗʚƨʌ ɼƨŗƉǫŗſțƨ Ʉȳ Ƕȳɱʯʚ ˍ ʌʚŗɼʚǶȳǖ Ƕȳ
ʌʚŗʚƨ ɪࣖ

ࢅࡹ



E˥ʚƨȳƕǶȳǖ ʚǫƨ ʚɼŗȳʌǶʚǶɄȳ ǑʯȳƉʚǶɄȳ ʚɄ ʌʚɼǶȳǖʌ

࣢ ¥b� � = (Ü,⌃, �, ɾ,�)
࣢ �(ɪ,ŗ)ࣘ ʌƨʚ ɄǑ ʌʚŗʚƨʌ ʚǫŗʚ � Ɖŗȳ ǖɄ ʚɄ ǑɼɄȭ ɪ Ʉȳ ɼƨŗƕǶȳǖ
ŗ 2 ⌃ [ {"}ࣖ

࣢ İŗȳʚ ʚɼŗȳʌǶʚǶɄȳ ǑʯȳƉʚǶɄȳ �⇤ : Ü⇥ ⌃⇤ ! P(Ü)

࣢ �⇤(ɪ,ˍ)ࣘ ʌƨʚ ɄǑ ʌʚŗʚƨʌ ɼƨŗƉǫŗſțƨ Ʉȳ Ƕȳɱʯʚ ˍ ʌʚŗɼʚǶȳǖ Ƕȳ
ʌʚŗʚƨ ɪࣖ

ࢅࡹ



E˥ʚƨȳƕǶȳǖ ʚǫƨ ʚɼŗȳʌǶʚǶɄȳ ǑʯȳƉʚǶɄȳ ʚɄ ʌʚɼǶȳǖʌ

࣢ ¥b� � = (Ü,⌃, �, ɾ,�)
࣢ �(ɪ,ŗ)ࣘ ʌƨʚ ɄǑ ʌʚŗʚƨʌ ʚǫŗʚ � Ɖŗȳ ǖɄ ʚɄ ǑɼɄȭ ɪ Ʉȳ ɼƨŗƕǶȳǖ
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the NFA somehow chose a path to an accept state still exist. One slight disadvantage of this
metaphor is that if an NFA reads a string that is not in its language, it destroys all universes.

Proofs/oracles. Finally, we can treat NFAs not as a mechanism for computing something, but as
a mechanism for verifying proofs. If we want to prove that a string w contains one of the suffixes
00 or 11, it suffices to demonstrate a single walk in our example NFA that starts at s and ends
at c, and whose edges are labeled with the symbols in w. Equivalently, whenever the NFA faces a
nontrivial choice, the prover can simply tell the NFA which state to move to next.

This intuition can be formalized as follows. Consider a deterministic finite state machine
whose input alphabet is the product ⌃⇥⌦ of an input alphabet ⌃ and an oracle alphabet ⌦.
Equivalently, we can imagine that this DFA reads simultaneously from two strings of the same
length: the input string w and the oracle string !. In either formulation, the transition function
has the form � : Q⇥ (⌃⇥⌦)! Q. As usual, this DFA accepts the pair (w,!) 2 (⌃⇥⌦)⇤ if and
only if �⇤(s, (w,!)) 2 A. Finally, M nondeterministically accepts the string w 2 ⌃⇤ if there is
an oracle string ! 2 ⌦⇤ with |!|= |w| such that (w,!) 2 L(M).

�.� "-Transitions

It is fairly common for NFAs to include so-called "-transitions, which allow the machine to
change state without reading an input symbol. An NFA with "-transitions accepts a string w

if and only if there is a sequence of transitions s
a1�! q1

a2�! q2
a3�! · · · a`�! q` where the final

state q` is accepting, each ai is either " or a symbol in ⌃, and a1a2 · · · a` = w.
For example, consider the following NFA with "-transitions. (For this example, we indicate

the "-transitions using large red arrows; we won’t normally do that.) This NFA deliberately has
more "-transitions than necessary.

0 0

1 1

1,0 1,0s

b

g

e
ε

ε

εε
ε

c

f

a

d
ε

An NFA with "-transitions

The NFA starts as usual in state s. If the input string is 100111, the the machine might
non-deterministically choose the following transitions and then accept.

s
1�! s

"�! d
"�! a

0�! b
0�! c

"�! d
1�! e

1�! f
"�! e

1�! f
"�! c

"�! g

More formally, the transition function in an NFA with "-transitions has a slightly larger
domain � : Q⇥ (⌃[ {"})! 2Q. The "-reach of a state q 2Q consists of all states r that satisfy
one of the following conditions:

• either r = q,

• or r 2 �(q0,") for some state q
0 in the "-reach of q.

In other words, r is in the "-reach of q if there is a (possibly empty) sequence of "-transitions
leading from q to r. For example, in the example NFA above, the "-reach of state f is {a, c, d, f , g}.
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the NFA somehow chose a path to an accept state still exist. One slight disadvantage of this
metaphor is that if an NFA reads a string that is not in its language, it destroys all universes.

Proofs/oracles. Finally, we can treat NFAs not as a mechanism for computing something, but as
a mechanism for verifying proofs. If we want to prove that a string w contains one of the suffixes
00 or 11, it suffices to demonstrate a single walk in our example NFA that starts at s and ends
at c, and whose edges are labeled with the symbols in w. Equivalently, whenever the NFA faces a
nontrivial choice, the prover can simply tell the NFA which state to move to next.

This intuition can be formalized as follows. Consider a deterministic finite state machine
whose input alphabet is the product ⌃⇥⌦ of an input alphabet ⌃ and an oracle alphabet ⌦.
Equivalently, we can imagine that this DFA reads simultaneously from two strings of the same
length: the input string w and the oracle string !. In either formulation, the transition function
has the form � : Q⇥ (⌃⇥⌦)! Q. As usual, this DFA accepts the pair (w,!) 2 (⌃⇥⌦)⇤ if and
only if �⇤(s, (w,!)) 2 A. Finally, M nondeterministically accepts the string w 2 ⌃⇤ if there is
an oracle string ! 2 ⌦⇤ with |!|= |w| such that (w,!) 2 L(M).

�.� "-Transitions

It is fairly common for NFAs to include so-called "-transitions, which allow the machine to
change state without reading an input symbol. An NFA with "-transitions accepts a string w

if and only if there is a sequence of transitions s
a1�! q1

a2�! q2
a3�! · · · a`�! q` where the final

state q` is accepting, each ai is either " or a symbol in ⌃, and a1a2 · · · a` = w.
For example, consider the following NFA with "-transitions. (For this example, we indicate

the "-transitions using large red arrows; we won’t normally do that.) This NFA deliberately has
more "-transitions than necessary.
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The NFA starts as usual in state s. If the input string is 100111, the the machine might
non-deterministically choose the following transitions and then accept.
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More formally, the transition function in an NFA with "-transitions has a slightly larger
domain � : Q⇥ (⌃[ {"})! 2Q. The "-reach of a state q 2Q consists of all states r that satisfy
one of the following conditions:

• either r = q,

• or r 2 �(q0,") for some state q
0 in the "-reach of q.

In other words, r is in the "-reach of q if there is a (possibly empty) sequence of "-transitions
leading from q to r. For example, in the example NFA above, the "-reach of state f is {a, c, d, f , g}.
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Models of Computation Lecture �: Nondeterministic Automata [Fa’��]

the NFA somehow chose a path to an accept state still exist. One slight disadvantage of this
metaphor is that if an NFA reads a string that is not in its language, it destroys all universes.

Proofs/oracles. Finally, we can treat NFAs not as a mechanism for computing something, but as
a mechanism for verifying proofs. If we want to prove that a string w contains one of the suffixes
00 or 11, it suffices to demonstrate a single walk in our example NFA that starts at s and ends
at c, and whose edges are labeled with the symbols in w. Equivalently, whenever the NFA faces a
nontrivial choice, the prover can simply tell the NFA which state to move to next.

This intuition can be formalized as follows. Consider a deterministic finite state machine
whose input alphabet is the product ⌃⇥⌦ of an input alphabet ⌃ and an oracle alphabet ⌦.
Equivalently, we can imagine that this DFA reads simultaneously from two strings of the same
length: the input string w and the oracle string !. In either formulation, the transition function
has the form � : Q⇥ (⌃⇥⌦)! Q. As usual, this DFA accepts the pair (w,!) 2 (⌃⇥⌦)⇤ if and
only if �⇤(s, (w,!)) 2 A. Finally, M nondeterministically accepts the string w 2 ⌃⇤ if there is
an oracle string ! 2 ⌦⇤ with |!|= |w| such that (w,!) 2 L(M).

�.� "-Transitions

It is fairly common for NFAs to include so-called "-transitions, which allow the machine to
change state without reading an input symbol. An NFA with "-transitions accepts a string w

if and only if there is a sequence of transitions s
a1�! q1

a2�! q2
a3�! · · · a`�! q` where the final

state q` is accepting, each ai is either " or a symbol in ⌃, and a1a2 · · · a` = w.
For example, consider the following NFA with "-transitions. (For this example, we indicate

the "-transitions using large red arrows; we won’t normally do that.) This NFA deliberately has
more "-transitions than necessary.

0 0

1 1

1,0 1,0s

b

g

e
ε

ε

εε
ε

c

f

a

d
ε

An NFA with "-transitions

The NFA starts as usual in state s. If the input string is 100111, the the machine might
non-deterministically choose the following transitions and then accept.

s
1�! s

"�! d
"�! a

0�! b
0�! c

"�! d
1�! e

1�! f
"�! e

1�! f
"�! c

"�! g

More formally, the transition function in an NFA with "-transitions has a slightly larger
domain � : Q⇥ (⌃[ {"})! 2Q. The "-reach of a state q 2Q consists of all states r that satisfy
one of the following conditions:

• either r = q,

• or r 2 �(q0,") for some state q
0 in the "-reach of q.

In other words, r is in the "-reach of q if there is a (possibly empty) sequence of "-transitions
leading from q to r. For example, in the example NFA above, the "-reach of state f is {a, c, d, f , g}.
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the NFA somehow chose a path to an accept state still exist. One slight disadvantage of this
metaphor is that if an NFA reads a string that is not in its language, it destroys all universes.

Proofs/oracles. Finally, we can treat NFAs not as a mechanism for computing something, but as
a mechanism for verifying proofs. If we want to prove that a string w contains one of the suffixes
00 or 11, it suffices to demonstrate a single walk in our example NFA that starts at s and ends
at c, and whose edges are labeled with the symbols in w. Equivalently, whenever the NFA faces a
nontrivial choice, the prover can simply tell the NFA which state to move to next.

This intuition can be formalized as follows. Consider a deterministic finite state machine
whose input alphabet is the product ⌃⇥⌦ of an input alphabet ⌃ and an oracle alphabet ⌦.
Equivalently, we can imagine that this DFA reads simultaneously from two strings of the same
length: the input string w and the oracle string !. In either formulation, the transition function
has the form � : Q⇥ (⌃⇥⌦)! Q. As usual, this DFA accepts the pair (w,!) 2 (⌃⇥⌦)⇤ if and
only if �⇤(s, (w,!)) 2 A. Finally, M nondeterministically accepts the string w 2 ⌃⇤ if there is
an oracle string ! 2 ⌦⇤ with |!|= |w| such that (w,!) 2 L(M).

�.� "-Transitions

It is fairly common for NFAs to include so-called "-transitions, which allow the machine to
change state without reading an input symbol. An NFA with "-transitions accepts a string w

if and only if there is a sequence of transitions s
a1�! q1

a2�! q2
a3�! · · · a`�! q` where the final

state q` is accepting, each ai is either " or a symbol in ⌃, and a1a2 · · · a` = w.
For example, consider the following NFA with "-transitions. (For this example, we indicate

the "-transitions using large red arrows; we won’t normally do that.) This NFA deliberately has
more "-transitions than necessary.
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An NFA with "-transitions

The NFA starts as usual in state s. If the input string is 100111, the the machine might
non-deterministically choose the following transitions and then accept.

s
1�! s

"�! d
"�! a

0�! b
0�! c

"�! d
1�! e

1�! f
"�! e

1�! f
"�! c

"�! g

More formally, the transition function in an NFA with "-transitions has a slightly larger
domain � : Q⇥ (⌃[ {"})! 2Q. The "-reach of a state q 2Q consists of all states r that satisfy
one of the following conditions:

• either r = q,

• or r 2 �(q0,") for some state q
0 in the "-reach of q.

In other words, r is in the "-reach of q if there is a (possibly empty) sequence of "-transitions
leading from q to r. For example, in the example NFA above, the "-reach of state f is {a, c, d, f , g}.
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the NFA somehow chose a path to an accept state still exist. One slight disadvantage of this
metaphor is that if an NFA reads a string that is not in its language, it destroys all universes.

Proofs/oracles. Finally, we can treat NFAs not as a mechanism for computing something, but as
a mechanism for verifying proofs. If we want to prove that a string w contains one of the suffixes
00 or 11, it suffices to demonstrate a single walk in our example NFA that starts at s and ends
at c, and whose edges are labeled with the symbols in w. Equivalently, whenever the NFA faces a
nontrivial choice, the prover can simply tell the NFA which state to move to next.

This intuition can be formalized as follows. Consider a deterministic finite state machine
whose input alphabet is the product ⌃⇥⌦ of an input alphabet ⌃ and an oracle alphabet ⌦.
Equivalently, we can imagine that this DFA reads simultaneously from two strings of the same
length: the input string w and the oracle string !. In either formulation, the transition function
has the form � : Q⇥ (⌃⇥⌦)! Q. As usual, this DFA accepts the pair (w,!) 2 (⌃⇥⌦)⇤ if and
only if �⇤(s, (w,!)) 2 A. Finally, M nondeterministically accepts the string w 2 ⌃⇤ if there is
an oracle string ! 2 ⌦⇤ with |!|= |w| such that (w,!) 2 L(M).

�.� "-Transitions

It is fairly common for NFAs to include so-called "-transitions, which allow the machine to
change state without reading an input symbol. An NFA with "-transitions accepts a string w

if and only if there is a sequence of transitions s
a1�! q1

a2�! q2
a3�! · · · a`�! q` where the final

state q` is accepting, each ai is either " or a symbol in ⌃, and a1a2 · · · a` = w.
For example, consider the following NFA with "-transitions. (For this example, we indicate

the "-transitions using large red arrows; we won’t normally do that.) This NFA deliberately has
more "-transitions than necessary.
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An NFA with "-transitions

The NFA starts as usual in state s. If the input string is 100111, the the machine might
non-deterministically choose the following transitions and then accept.

s
1�! s

"�! d
"�! a

0�! b
0�! c

"�! d
1�! e

1�! f
"�! e

1�! f
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More formally, the transition function in an NFA with "-transitions has a slightly larger
domain � : Q⇥ (⌃[ {"})! 2Q. The "-reach of a state q 2Q consists of all states r that satisfy
one of the following conditions:

• either r = q,

• or r 2 �(q0,") for some state q
0 in the "-reach of q.

In other words, r is in the "-reach of q if there is a (possibly empty) sequence of "-transitions
leading from q to r. For example, in the example NFA above, the "-reach of state f is {a, c, d, f , g}.
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Models of Computation Lecture �: Nondeterministic Automata [Fa’��]

the NFA somehow chose a path to an accept state still exist. One slight disadvantage of this
metaphor is that if an NFA reads a string that is not in its language, it destroys all universes.

Proofs/oracles. Finally, we can treat NFAs not as a mechanism for computing something, but as
a mechanism for verifying proofs. If we want to prove that a string w contains one of the suffixes
00 or 11, it suffices to demonstrate a single walk in our example NFA that starts at s and ends
at c, and whose edges are labeled with the symbols in w. Equivalently, whenever the NFA faces a
nontrivial choice, the prover can simply tell the NFA which state to move to next.

This intuition can be formalized as follows. Consider a deterministic finite state machine
whose input alphabet is the product ⌃⇥⌦ of an input alphabet ⌃ and an oracle alphabet ⌦.
Equivalently, we can imagine that this DFA reads simultaneously from two strings of the same
length: the input string w and the oracle string !. In either formulation, the transition function
has the form � : Q⇥ (⌃⇥⌦)! Q. As usual, this DFA accepts the pair (w,!) 2 (⌃⇥⌦)⇤ if and
only if �⇤(s, (w,!)) 2 A. Finally, M nondeterministically accepts the string w 2 ⌃⇤ if there is
an oracle string ! 2 ⌦⇤ with |!|= |w| such that (w,!) 2 L(M).

�.� "-Transitions

It is fairly common for NFAs to include so-called "-transitions, which allow the machine to
change state without reading an input symbol. An NFA with "-transitions accepts a string w

if and only if there is a sequence of transitions s
a1�! q1

a2�! q2
a3�! · · · a`�! q` where the final

state q` is accepting, each ai is either " or a symbol in ⌃, and a1a2 · · · a` = w.
For example, consider the following NFA with "-transitions. (For this example, we indicate

the "-transitions using large red arrows; we won’t normally do that.) This NFA deliberately has
more "-transitions than necessary.

0 0

1 1

1,0 1,0s

b

g

e
ε

ε

εε
ε

c

f

a

d
ε

An NFA with "-transitions

The NFA starts as usual in state s. If the input string is 100111, the the machine might
non-deterministically choose the following transitions and then accept.
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"�! d
"�! a

0�! b
0�! c

"�! d
1�! e

1�! f
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More formally, the transition function in an NFA with "-transitions has a slightly larger
domain � : Q⇥ (⌃[ {"})! 2Q. The "-reach of a state q 2Q consists of all states r that satisfy
one of the following conditions:

• either r = q,

• or r 2 �(q0,") for some state q
0 in the "-reach of q.

In other words, r is in the "-reach of q if there is a (possibly empty) sequence of "-transitions
leading from q to r. For example, in the example NFA above, the "-reach of state f is {a, c, d, f , g}.
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ɪࡹࡱࡱ ɪࡹࡱࡹ ɪࡹࡹࡱ ɪࡹࡹࡹ

ࡱ

ࡹ

ࡱ

ࡹ

ࡱ

ࡹ

ࡱ

ࡱࡹ

ࡹ

ࡱ

ࡹ

ࡱ

ࡹ

ࡱ
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