Algorithms & Models of Computation
CS/ECE 374, Fall 2020

24.2.3
Reduction from CSAT to SAT
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Converting a circuit into a CNF formula
Label the nodes

Output:

Inputs Inputs

(A) Input circuit (B) Label the nodes.
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Converting a circuit into a CNF formula

Introduce a variable for each node

Inputs Inputs

(B) Label the nodes. (C) Introduce var for each node.
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Converting a circuit into a CNF formula

Write a sub-formula for each variable that is true if the var is computed correctly.

Xk (Demand a sat’ assignment!)
Xk = X; N\ Xj

Xj = Xg /\ Xp

Xj = TXf

Xp = Xq V Xe

Xg = Xp V Xc

Xf = Xa /\ Xp

Xd = 0

Inputs Xa = 1

(D) Write a sub-formula for each vari-
(C) Introduce var for each node. able that is true if the var is computed
correctly.
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Converting a circuit into a CNF formula

Convert each sub-formula to an equivalent CNF formula

Xk Xk
X = X; N\ Xj (_IXk Vv X,‘) A\ (_IXk Vv Xj) A\ (Xk V —x; V _|Xj)
Xi=Xg A Xp || (X V Xg) A (X V xn) A (X5 V 2xg V Xp)
X; = —\Xf (xi V x¢) A (—xi V 2x¢)
Xp=Xg V Xe || (xpV xg4) A (Xp V 2xe) A (5Xn V Xg V Xe)
Xg =Xp V Xc || (Xg V 2xp) A (Xg V 2xc) A (5Xg V Xp V Xc)
Xr = Xa A Xp || (5% V X2) A (5xr V Xp) A (Xr V —1Xa V —1Xp)
Xd — 0 —Xd
x; =1 X,
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Converting a circuit into a CNF formula

Convert each sub-formula to an equivalent CNF formula

Xk Xk

X = X; N\ Xj (—IXk Vv X,') A\ (—|xk Vv Xj) A\ (Xk V —x; V _IXj)

Xi=Xg A Xp || (X V Xg) A (X V xn) A (X5 V 2xg V Xp)

X; = —Xf (xi V x¢) A (—x;i V —xr)

Xp=Xg V Xe || (xpV xg4) A (Xp V 2xe) A (5Xn V Xg V Xe)

Xg =Xp V Xc || (Xg V 2xp) A (Xg V 2xc) A (5Xg V Xp V Xc)

Xr = Xa A Xp || (5% V X2) A (5xr V Xp) A (Xr V —1Xa V —1Xp)

Xqg = 0 —Xd

x, =1 X,

From Lemma 24.8 :

l.z=X = (zV x)N(ZVX)

2. (z=xVy) = (zVY)AN(zVX)AN(zZV xVYy)
3.(z=xAy) = (zVXVY)ANZVX)AN(ZVYy)
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Converting a circuit into a CNF formula

Take the conjunction of all the CNF sub-formulas

Inputs

Xk A\ (7xk V xi) A (—xk V Xj)

A (X V X V xi) A (x5 Vo xg)
A (7x V xp) A (X5 V —xg V —Xp)
(xi V x¢) A (—x; V —xr)

(Xh Vv _le) VAN (Xh Vv _IXe)

(—xn V Xg V Xe) A (Xg V —1Xp)
(xg V 7xc) A (mxg V Xp V X)
(=xr V X3) A (—Xr V Xp)
A(xrV —=x, V oixp) A (5xg) A X,

We got a CNF formula that is satisfiable if and only if the original circuit is satisfiable.
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Correctness of Reduction

Need to show circuit C is satisfiable if and only if ¢¢ is satisfiable

=> Consider a satisfying assignment a for C

1. Find values of all gates in C under a
2. Give value of gate v to variable x,; call this assignment a’
3. a’ satisfies ¢ (exercise)

<= Consider a satisfying assignment a for ¢

1. Let a’ be the restriction of a to only the input variables
2. Value of gate v under a’ is the same as value of x, in a
3. Thus, a’ satisfies C
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The result

Lemma 24.9.
CSAT <p SAT <p 3SAT. J
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The result

Lemma 24.9.
CSAT <p SAT <p 3SAT.

Theorem 24.10.
CSAT is NP-Complete.
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THE END

(for now)



