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Sorting

Input Given an array of n elements
Goal Rearrange them in ascending order
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Merge Sort [von Neumann]
MergeSort

1 Input: Array A[1 . . . n]
A L G O R I T H M S
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Merging Sorted Arrays

1 Use a new array C to store the merged array
2 Scan A and B from left-to-right, storing elements in C in order

A G L O R H I M S T
A G H I L M O R S T
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Merging Sorted Arrays

1 Use a new array C to store the merged array
2 Scan A and B from left-to-right, storing elements in C in order

A G L O R H I M S T
A G H I L M O R S T

3 Merge two arrays using only constantly more extra space (in-place merge sort):
doable but complicated and typically impractical.
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Formal Code
Algorithms Lecture �: Recursion [Fa’��]

M����S���(A[1 .. n]):
if n> 1

m bn/2c
M����S���(A[1 .. m])
M����S���(A[m+ 1 .. n])
M����(A[1 .. n], m)

M����(A[1 .. n], m):
i 1; j m+ 1

for k 1 to n
if j > n

B[k] A[i]; i i + 1

else if i > m
B[k] A[ j]; j j + 1

else if A[i]< A[ j]
B[k] A[i]; i i + 1

else
B[k] A[ j]; j j + 1

for k 1 to n
A[k] B[k]

To prove that this algorithm is correct, we apply our old friend induction twice, first to the
M���� subroutine then to the top-level M�������� algorithm.

• We prove M���� is correct by induction on n� k + 1, which is the total size of the two
sorted subarrays A[i .. m] and A[ j .. n] that remain to be merged into B[k .. n] when the kth
iteration of the main loop begins. There are five cases to consider. Yes, five.

– If k > n, the algorithm correctly merges the two empty subarrays by doing absolutely
nothing. (This is the base case of the inductive proof.)

– If i  m and j > n, the subarray A[ j .. n] is empty. Because both subarrays are sorted,
the smallest element in the union of the two subarrays is A[i]. So the assignment
B[k] A[i] is correct. The inductive hypothesis implies that the remaining subarrays
A[i + 1 .. m] and A[ j .. n] are correctly merged into B[k+ 1 .. n].

– Similarly, if i > m and j  n, the assignment B[k]  A[ j] is correct, and The
Recursion Fairy correctly merges—sorry, I mean the inductive hypothesis implies
that the M���� algorithm correctly merges—the remaining subarrays A[i .. m] and
A[ j + 1 .. n] into B[k+ 1 .. n].

– If i  m and j  n and A[i]< A[ j], then the smallest remaining element is A[i]. So
B[k] is assigned correctly, and the Recursion Fairy correctly merges the rest of the
subarrays.

– Finally, if i  m and j  n and A[i] � A[ j], then the smallest remaining element is
A[ j]. So B[k] is assigned correctly, and the Recursion Fairy correctly does the rest.

• Now we prove M����S��� correct by induction; there are two cases to consider. Yes, two.

– If n 1, the algorithm correctly does nothing.

– Otherwise, the Recursion Fairy correctly sorts—sorry, I mean the induction hypothesis
implies that our algorithm correctly sorts—the two smaller subarrays A[1 .. m] and
A[m+1 .. n], after which they are correctly M����d into a single sorted array (by the
previous argument).

What’s the running time? Because the M����S��� algorithm is recursive, its running
time will be expressed by a recurrence. M���� clearly takes linear time, because it’s a simple
for-loop with constant work per iteration. We immediately obtain the following recurrence for
M����S���:

T (n) = T
�
dn/2e
�
+ T
�
bn/2c
�
+O(n).

�
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THE END
...

(for now)
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