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Median of medians is a good median
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Median of Medians: Proof of Lemma

Proposition
There are at least 3n/10 − 6 elements smaller than the median of medians b .�. R��������

Figure �.8. Visualizing the median of medians

Figure �.�. Discarding approximately �/�� of the array

second key insight is that the total size of the two recursive subproblems is a constant
factor smaller than the size of the original input array. The worst-case running time of
the algorithm obeys the recurrence

T (n) O(n) + T (n/5) + T (7n/10).

The recursion tree method implies the solution T (n) = O(n); the total work at each level
of level of the recursion tree is at most 9/10 the total work at the previous level. If we
had used blocks of size � instead of �, the running time recurrence would have been

T (n) O(n) + T (n/3) + T (2n/3),

whose solution is O(n log n)—no better than sorting!

Finer analysis reveals that the constant hidden by the O() is quite large, even if
we count only comparisons. Selecting the median of 5 elements requires at most 6

comparisons, so we need at most 6n/5 comparisons to set up the recursive subproblem.
We need another n� 1 comparisons to partition the array after the recursive call returns.
So a more accurate recurrence for the worst-case number of comparisons is

T (n) 11n/5+ T (n/5) + T (7n/10).

The recursion tree method implies the upper bound
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This algorithm isn’t as awful in practice as this worst-case analysis predicts—getting a
worst-case partition at every level of recursion is incredibly unlikely—but it is still worse
than sorting for even moderately large arrays..
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Median of Medians: Proof of Lemma

Proposition
There are at least 3n/10 − 6 elements smaller than the median of medians b .

Proof.
At least half of the bn/5c groups have at least 3 elements smaller than b , except for
the group containing b which has 2 elements smaller than b . Hence number of
elements smaller than b is:

3b
bn/5c + 1

2
c − 1 ≥ 3n/10 − 6
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Median of Medians: Proof of Lemma

Proposition
There are at least 3n/10 − 6 elements smaller than the median of medians b .

Corollary
|Agreater| ≤ 7n/10 + 6.

Via symmetric argument,

Corollary
|Aless| ≤ 7n/10 + 6.
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THE END
...

(for now)

Har-Peled (UIUC) CS374 51 Fall 2020 51 / 58


