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CS 374



CS 374

Dijkstra

a.k.a “Closest first search”

Algorithm:

it all w(e) > 0 then

each node leaves priority queue once
< 1 priority queue operation per edge
O(|E|logV)

if there is w(e) < 0 then
O(2M) time
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Every SSSP algorithm

INITSSSP(s):

dist(s) < O

pred(s) « NULL

for all vertices v # s
dist(v) « o0
pred(v) « NULL

GENERICSSSP(s):

INITSSSP(s)
put s in the bag
while the bag is not empty
take u from the bag
for all edges u—v
if u—v is tense
RELAX(u—V)
put v in the bag

Exponential time if weights negative.
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Shimbel-Bellman-Ford
1

SHIMBEL-MOORE-WOODBURY-DANTZIG-BELLMAN-FORD-BROSH:
Relax ALL the tense edges and recurse.

SHIMBELSSSP@

v tlmes
ot every edge u—v
if u—v is tense
RELAX(u—V)

for every edge u—v
if u—v is tense
return “Negative cycle!”

Strong claim:
Worst case O(VE) time

How do | know V times
'S enough”?

Dynamic Programming!



Shimbel-Bellman-Ford

SHIMBELSSSP(s)
INITSSSP(s)
repeat V times:
for every edge u—v
if u—v is tense
ReELAX(u—v)

for every edge u—v
if u—v is tense
return “Negative cycle!”

Problem with SIS
recurrence?
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Dynamic Programming!
Recurrence for shortest path dist’

dist(v) =shortest path distance
form stov

If
V=S

MiNy —v {W(u — v)+dist(u)} o.w
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Shimbel-Bellman-Ford
o

P

if
V=S
dist(v) =

MiNny —v {W(u — v)+dist(u)} o.w
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Shimbel-Bellman-Ford
o

needs dist(d)
needs dist(c)
needs dist(b)

if
V=S

MiNny —v {W(u — v)+dist(u)} o.w
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Shimbel-Bellman-Ford
b

needs dist(d)

©  dist(b)?  needs dist(c)
needs dist(b)
/}Iisti(v):shortest path distance

form s to v using at most | edges

0 if v=s
. o0 1=0,v#S
disti(v) =
min{disti-1(v),

oW
MIiNy—-v{W(u—v)+disti-1 (u)}}
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Shimbel-Bellman-Ford

o0
min -«

\ u—veE

dist;_1(v),
min (dist;_;(u) +w(u-v)) |

ifi=0andv=s

ifi=0andv#s
\

> otherwise

how large can i get?

no larger than |V
True shortest pat

If No negative cycles

N distance is distjvi(v)
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Shimbel-Bellman-Ford

min (dist;_;(u) + w(u-v))

0
) oo
disti(v) = . { dist;_1(v),
min
u—veE
< | >

ifi=0andv=s
ifi=0andv#s

} otherwise

how to memoize it”?
2d array!

number vertices
arbitrarily
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Shimbel-Bellman-Ford

0
dist;(v) >
SLi\V) = ( .
mm{ dlStl I(V)
l uI—I}x}nE(dlStl 1(w) + w(u-v)) |

_ ~
) P M\

ifi=0andv=s
ifi=0andv#s

> otherwise

how to memoize it?
- graph itself

what data structure am |
given
to represent graph?
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Shimbel-Bellman-Ford

>

\4

Adjacency matrix

A
< EV > 1
2 —> —> >
V

.............................................

.............................................

.............................................
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Shimbel-Bellman-Ford

0 ifi=0andv=s
dist:(v) o0 ifi=0andv#s
ISLt;\V) = )
. dlSti—l(v)3 .
min . . otherwise
min (dist;_(u) + w(u-v))

u—veE

< | >

suppose | use 2d array

memorization order?
outer loop from lett to right
any way for inner loop

running time? O(V2)?

O(VE)
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Shimbel-Bellman-Ford

SHIMBELDP(s)

dist[0,s] < O
for every vertex v # s
dist[0,v] « o0
forie—=1toV —1
for every vertex v
dist[i,v] « dist[i— 1, V]
for every edge u—v
if dist[i,v] > dist[i—1,u] + w(u-v)
dist[i,v] « dist[i —1,u] + w(u—v)

2 nested loops.
equivalent to doing something for every edge
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Shimbel-Bellman-Ford

SHIMBELDP2(s)

dist[0,s] < O
for every vertex v # s
dist[0,v] « o0
forie—~1toV-—1
for every vertex v
__distli,v]edistli=1,v]
‘ if dist[i,v] > dist[i,u] +w(u-v) |
dist|i,v] « dist[i,u] + w(u-v) |

It edge is tense, relax it!
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Shimbel-Bellman-Ford

no need for 2d Array,
can store dist(v) on node v

SHIMBELDP3(s)
dist[s] < O
for every vertex v # s
dist[v] « oo
forie—1toV—1
for every edge u—v
if dist[v] > dist{u] + w(u—v)
dist[v] « dist{u] + w(u—-v)

every time we pass through the loop, we consider paths with
more edges. Only need to go up to |V| edge paths.
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Shortest Paths

1 2
@3 » Single source shortest
3 path (one s, all t)
4 * All pairs shortest paths
(4 O dist(u,v) for all u,v
6

Qutput 2d array: dist[u][V]
can’'t hope for tfaster than O(V2) algorithm

All pairs”? BF n times? O(V2E)
There is taster algorithm O(V3) Floyd-Warshall
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Floyd-Warshall

dist(u,v,”?) =shortest path distance
form utov

dist(u,v,?) =

if
v=Uu

O.W
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Floyd-Warshall

dist(u,v,r) =shortest path distance
form u to v using vertices only indexed from 1 tor

r=4

length of shortest path from u=2 to v=5 can only use nodes
1,2,3,4 (at most r=4 intermediate nodes)
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Floyd-Warshall

dist(u,v,r) =shortest path distance
form u to v using vertices only indexed from 1 tor

if

O v=U
dist(u,v,r) = w(u—V) r=0
r>0
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Floyd-Warshall

dist(u,v,r) =shortest path distance
form u to v using vertices only indexed from 1 tor

r=3

shortest path from 1 to 5 using vertices 1,2,3
IS the same as shortest path from 1 to 5 using vertices 1,2
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Floyd-Warshall

dist(u,v,r) =shortest path distance
form u to v using vertices only indexed from 1 tor

If

0 v=u

| w(Uu—V) r=0
dist(u,v,r) =

min{dist(u,v,r-1), ?} r>0
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Floyd-Warshall

dist(u,v,r) =shortest path distance
form u to v using vertices only indexed from 1 tor

o~
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Floyd-Warshall

dist(u,v,r) =shortest path distance
form u to v using vertices only indexed from 1 tor

How to memoize”?

If

O v=U
dist(u,v,r) = W(U-V) =0
min{dist(u,v,r-1),dist(u,r,r-1)+ -0

dist(r,v,r-1) }
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dist(u,v,r) = {

Floyd-Warshall

How to memoize”? 3d array!

w(u-v) ifr=0

min {dist(u, v,r—1), dist(u,r,r — 1) +dist(r,v,r — 1)} otherwise

O(n3) time




