
Problem Set 1Spring 10Due: Tuesday Feb 9 in lass before the leture.Please follow the homework format guidelines posted on the lass web page:http://www.s.uiu.edu/lass/sp10/s373/1. DFA building [Category: Constrution, Points: 20℄Let Σ = {a, b}. Let L be the set of strings s in Σ∗ suh that s has an even number of
a's and exatly two b's. Construt a deterministi �nite automaton for L that has atmost 7 states. Make sure that your DFA is omplete.If you �nd this hard, you an also give a DFA with more states that aepts L forpartial redit.Solution:Consider the number of a's and b's of the urrent read pre�x of s. We denote even a's by

E, odd a's by O. Similarly, the number of b's oured is denoted by 0, 1 and 2, respetively.Combining the two states for a's and the three states for b's yields six states. Moreover, Fstands for the error state.
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2. [Category: Constrution, Points: 20℄Your goal is to design an automati lights ontrol system. The system has a sensor thatdetets motion in the room and sends the data to ontroller every 2 seonds; ontrollerturns the lights on when somebody enters the room, and turns o� when nobody isin the room. However, due to some unertainty in the sensor, it may not detet themotion sometimes. That is why we do not want the lights to turn o� immediatly afterthe sensor tells that there's nobody in the room. We want our ontroller to wait foradditional 2 seonds (till the next signal from the sensor), and only then turn the lightso�, if the sensor still thinks that the room is empty. We want to ensure that the systemworks as desired. Your task is to build an automaton to verify the behaviour of thesystem. Assume that the system starts with the light beign o�. Your automaton isgiven a sequene of events and ations in the alphabet Σ = {on, off, yes, no}, whereevery odd event is either no when the sensor thinks that the room is empty, or yesotherwise. Every even event is the response from ontroller: on, if it deides to turn the1
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lights on, and off otherwise. The given sequene is of even length. Your automatonshould deide whether or not the behaviour is legitimate.Examples of good sequenes:(a) no, off, yes, on(b) yes, on, yes, on, no, on, yes, on() no, off, yes, on, yes, on, no, on, no, off, yes, onExamples of bad sequenes:(a) yes, on, no, off(b) no, off, yes, on, yes, offSolution:
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In addition to these states, automaton has a "trap" state q7, where automata goes if it �ndsan enexpeted event in the sequene. The full δ funtion is:
δ on off yes no
q0 q7 q7 q1 q4
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q7 q7 q7 q7 q73. [Category: Analysis, Points: 20℄What is the language of the following DFA. Try to desribe its language learly and assimple as you an (for example in one short sentene).2
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Solution:It aepts the set of binary strings that either start with a 0 and have an even numberof transitions (from 0 to 1 or from 1 to 0) or start with a 1 and have an odd number oftransitions. Note how state q1 keeps trak of a run starting with a 0 while q2 keeps trak ofa run starting with a 1.4. [Category: Notation, Points: 20℄Write down the DFA in the previous problem using formal notation (make sure tolearly desribe all �ve important piees of a DFA).Solution:It is the 5-tupe (Q, Σ, δ, q0, F ) where:
Σ = {0, 1}
Q = {q0, q1, q2}
F = {q1}

δ 0 1
q0 q1 q2

q1 q1 q2

q2 q1 q25. [Category: Notation, Points: 10℄Draw the state-diagram of the DFA desribed below.DFA A = (Q, Σ, δ, q0, F ) where
• Σ = {a, b, c}

• Q = {q0, (a, p0, q0), (b, p0, q0), (c, p0, q0), somnambulist, {a, p0, q0}, ∅}

• F = {∅}

• δ is de�ned as follows:� For every d ∈ Σ, δ({a, p0, q0}, d) = (d, p0, q0).� For every e, d ∈ Σ, δ((e, p0, q0), d) = (d, p0, q0).� For every q ∈ {q0, somnambulist, ∅}, δ(q, c) = {}.3



� For every q ∈ {q0, somnambulist, ∅}, δ(q, a) = {a, p0, q0}.� For every q ∈ {q0, somnambulist, ∅}, δ(q, b) = q.
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6. [Category: Constrution, Points: 20℄Present a DFA over Σ = {0, 1} that aepts the set of all strings that, when interpretedin reverse as a binary number, is divisible by 3. Examples: 011 (110 = 6), 0, 0011 (1100= 12), 01001 (10010 = 18), et. Prove, that your DFA aepts exatly this language.Solution:First Solution: A = (Σ, Q, δ, qs, F ), Q = {qs, q
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δ(qs, b) = q1

b

δ(qt
r, b) = qm

k , where k = (r + b ∗ 2t) mod 3 and m = (t + 1) mod 2Lemma 1: δ∗(qs, w) = qm
k where m = |w| mod 2Proof by indution on the length of w.(a) Base ase (|w| = 1): δ∗(qs, b) = δ(qs, b) = q1

b for b ∈ Σ, we have that m = 1 = 1 mod 2 =
|w| mod 2(b) Indutive hypothesis: the statement holds for |w| = n − 1() Indutive step: w = w′b, |w′| = n − 1. δ∗(qs, w) = δ(δ∗(qs, w

′), b) = δ(qt
r, b) where

t = |w′| mod 2 = (n − 1) mod 2. By de�nition of δ: δ(qt
r, b) = qm

k where m =
(t+1) mod 2 = ((n−1) mod 2+1) mod 2 = (n−1+1) mod 2 = n mod 2 = |w| mod 24



Lemma 2: δ∗(qs, w) = qm
k where k = wR mod 3Proof by indution on the length of w.(a) Base ase (|w| = 1, w = b): δ∗(qs, b) = δ(qs, b) = q1

b where b = b mod 3 = bR mod 3 =
wR mod 3 = k(b) Indutive hypothesis: the statement holds for |w| = n − 1() Indutive step (w = w′b, |w′| = n − 1):i. w = w′0. Let δ∗(qs, w

′) = qt
r and δ∗(qs, w

′) = δ(qt
r, 0) = qm

k .By de�nition of δ: k = (r + 0 ∗ 2t) mod 3 = r mod 3 = w′R mod 3. Sine
wR = (w′0)R = 0w′R, and wR and w′R are the same in binary k = w′R mod 3 =
wR mod 3.ii. w = w′1. Let δ∗(w′, qs) = qt

r and δ∗(w, qs) = δ(qt
r, 1) = qm

k .By de�nition of δ: k = (r + 1 ∗ 2t) mod 3 = ((r mod 3) + (2t mod 3)) mod 3,whih is equal to (|w′R| mod 3) + (2t mod 3)) mod 3, by indutive hypothesis.Sine wR = 1w′R is equal to 2n−1+w′R in binary, wR mod 3 = (2n−1+w′R) mod 3 =
((w′R mod 3) + (2n−1 mod 3)) mod 3.We have two ases: n is even and n is odd. When n is even, 2n−1 mod 3 = 2 and,by Lemma1, t = |w′| mod 2 = (n − 1) mod 2 = 1, and hene (2t mod 3) is alsoequal to 2. When n is odd, 2n−1 mod 3 = 1 and, by Lemma1, t = |w′| mod 2 =
(n − 1) mod 2 = 0, and hene (2t mod 3) is also equal to 1.
k = (|w′R| mod 3) + (2t mod 3)) mod 3 = ((w′R mod 3) + (2n−1 mod 3)) mod 3 =
wR mod 3By Lemma2 and de�nition of DFA (F = {q0

0
, q1

0
}), A aepts w i� wR mod 3 = 0, thatis wR is divisible by 3.Note: this is not the smallest DFA that aepts the desired language.Seond Solution:Assume a number t is given in binary (and not in reverse binary). Let t's representation inbinary be bnbn−1 . . . b0, i.e. n = Σn

i=0
bi2

i.Let x%3 represent the least number k, with 0 ≤ k < 3 with the property that there is anumber n ∈ N suh that 3n + k = x. (In other words, k is the remainder when x is dividedby 3.)Now assume that we have read a binary representation bn . . . bj , and the number that or-responds to this is r. Then, when we read the next bit bj−1, the number represented by
bn . . . bj−1 is learly r′ = 2r + bj−1. Assume that we have alulated already k = r%3. Thenlearly r′%3 = (2r + bj−1)%3 = ((2r%3) + bj−1)%3 = (2 ∗ (r%3) + bj−1)%3 = (2k + 1)%3.Hene an automaton an ompute the remainder as it reads the word: when reading a binaryrepresentation of a number t, say bnbn−1 . . . b0, it an keep trak of the number representedby the pre�x read so far mod 3, by updating the remainder using the above rule. The above5



rule says that if the urrent remainder is k (k = 0/1/2) and the automaton reads i (i = 0/1),then the new value of the remainder is (2k + i)%3. We hene get the following automaton:
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1Now, we want to reverse this automaton to aept the reversal of the binary strings. So letus reverse all the edges. Usually, doing this for a DFA gives an NFA, but we are luky asthe reversal of the above gives a DFA. In fat, it's the same DFA!Now, we need to handle the border ases. We need to rejet ǫ, as it does not orrespond toany number. So we add a new initial state that is not �nal, suh that on reading any letter,it goes to the state q0 goes to on reading the same letter.Hene we get the required DFA:
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1Aside: Given that the automaton onstruted above (without handling ǫ) is its own reversalin fat proves the following fat: any number written in binary is divisible by three i� thenumber orresponding to the reversal of the binary string is also divisible by three!
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