
Solving Linear System of Equations
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Recall that we can also write , - = . as a linear combination of the columns of ,

Backward substitution
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Forward-substitution for lower-triangular systems:
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Triangular Matrices

same procedure for the forward
substitution



Backward substitution

Xi = bi - IEE ,
Vij XI ish ,

n- I , n
- 2

,
- . .

,
I

-

Vii TOTAL

# divisions - - n

¥:÷:÷÷:÷I
"

na.

Inch-D

fam i - tzmlmtl) -7 {Cn-Dcn-ith) - Inch- t)
Total = ht Nn - i ) →Computational Complexity any

( n→ a )



Cost of solving triangular systems
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/ divisions
/ / − 1 /2 subtractions/additions
/ / − 1 /2 multiplications

Computational complexity is 4(/6)
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/ / − 1 /2 subtractions/additions
/ / − 1 /2 multiplications

Computational complexity is 4(/6)
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Demo “Coding Back-substitution”



LU Factorization
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Assuming the LU factorization is know, we can solve the general system

① A = LU - I

LIE -- b

② Ly = b →
solve for y

OCD

③ Ux =L → solve for x O(NZ)



Iclicker question
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Assume the  . = -! factorization is known, yielding:

Determine the solution / that satisfies ./ = 0, when 0 =
2
2
1
4

First, solve the lower-triangular 
system - 1 = 0 for the variable 1

- !/ = 0
1

Then, solve the upper-triangular 
system ! / = 1 for the variable /
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① First row of U is the first row of A

Un = An Uk = Ak

corresponding② Au = Laun → Lu - AIT =Af÷ (column of A )
③Azz -- LuU2 +UZI divdiidldgoabodaeeentrg
Use = Azz- LaUtz = AZZ -AfAn



2x2 LU Factorization (simple example)
!"" !"#
!#" !## = 1 0

'#" 1
("" ("#
0 (##

!"" !"#
!#" !## = ("" ("#

'#"("" '#"("# + (##
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Seems quite simple! Can we generalize this for a ,×, matrix .? 
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Iclicker question

1)
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A)1 and 2
B)1 and 3
C)2 and 3
D)2 and 4
E)3 and 4

Which of the following statements about the ! = #$
factorization are true?
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Iclicker question

0.5
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4 - NII = 2.5
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• All =U u , Giz = Eliz → 1strow of tf is the first

row of IA !

• AT = Un fu ⇒ fu =÷ Ay →
take column of AE
Chot includingdiagonal
entry) and divide by

• Azz ⇐ fu Kia t Izz Izz diagonal entry of It .

Lau Ku = Aau - fu Ilie → what next ? Repeat
the

same process for
this

smaller matrix
! Recursion



LU Factorization
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)"": scalar
*"#: row vector (1×(6 − 1))
*#": column vector (6 − 1)×1
+##: matrix (6 − 1)×(6 − 1)

)"" *"#
*#" +## = 0"" 1"#

0"" .#" .#"1"# + /##2##

1) First row of 2 is 
the first row of +

2) .#" = "
:;;
*#"

3) < = /##2## = +## − .#"1"#
Need another factorization!

Known!

First column of / is the first 
column of +/ 0""
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LU Algorithm

Demo “LU-Factorization”



LU Algorithm

For ! = # + 1: ' − 1
) !, # = ) !, # /) #, #

For ! = # + 1: ' − 1
For , = # + 1: ' − 1
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Cost of LU factorization
!
"#$

%
& = 1

2* * + 1

!
"#$

%
&, = 1

6* * + 1 2* + 1

Side note:



Iclicker question

1)
2)
3)
4)

5)

A)1,2,3
B)1,2,3,5
C)1,3
D)1,2,3,4,5
E)4,5
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Solving linear systems
In general, we can solve a linear system of equations following the steps:

1) Factorize the matrix ! : ! = #$ (complexity %('())

2) Solve # * = + (complexity %(',))

3) Solve $ - = * (complexity %(',))

But why should we decouple the factorization from the actual solve?
(Remember from Linear Algebra, Gaussian Elimination does not 
decouple these two steps…)



Iclicker question
Let’s assume that when solving the system of equations !" = $, we observe the 
following:

• When the matrix ! has dimensions (100,100), computing the LU factorization takes 
about 1 second and each solve (forward + backward substitution) takes about 0.01 
seconds. 

Estimate the total time it will take to find the response " corresponding to 10 different 
vectors $ when the matrix ! has dimensions (1000,1000)?
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What can go wrong with the previous 
algorithm?
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The next update for the lower triangular matrix will result in a 
division by zero! LU factorization fails.

What can we do to get something like an LU factorization?

Demo “Little c”



Pivoting
Approach:
1. Swap rows if there is a zero entry in the diagonal
2. Even better idea: Find the largest entry (by absolute value) and 

swap it to the top row.

The entry we divide by is called the pivot.

Swapping rows to get a bigger pivot is called (partial) pivoting.

!"" #"$
#$" %$$ = '"" ("$

'"" )$" )$"("$ + +$$,$$

Find the largest entry (in magnitude)


