Eigenvalues and Eigenvectors
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Eigenvalue problem

Let A be an n XN matrix:

X # 0isan eigenvector of A if there exists a scalar A such that

Ax=1x
/ - u‘%u\vzd'o rs

where A is called an eigenvalue. uauwa\% M%&?ﬂifs

If X is an eigenvector, then QX is also an eigenvector. Therefore, we will

usually seek for normalized eigenvectors, so that

X=0oW -]
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\_ Note: When using Python, numpy.linalg.eig will normalize using p=2 norm. /




e
How do we find eigenvalues?

Linear algebra approach:

Ax=Ax
(A -1Dx=0

Therefore the matrix (A — A T) is singular = det(A — A1) =0 l

p(1) = det(A — A1) is the characteristic polynomial of degree .

In most cases, there is no analytical formula for the eigenvalues of a
matrix (Abel proved in 1824 that there can be no formula for the roots
of a polynomial of degree 5 or higher) = Approximate the
eigenvalues numerically!
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Diagonalizable Matrices

A NXn matrix 4 with n linearlz indeEendent eigenvectors U is said to be

diagonalizable.
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Example |4=(

i 2)

Solution of characteristic polynomial gives: 4; = 4,4, =0

To get the eigenvectors, we solve Ax=Ax —

O, 1)E0-0

4~ 2-4))\x 0

@, -0

4 2—(0)) \xz 0

F—

X =

(5) =

\\C

W

W

T0.443
0.8349
L

—

4
0

x=7) -I-—) X = (00;2:)

™~
2—2 1\ _
det( 4 5 /1) =0
ornchoed
/’f&xl/a—/
finecer |
>
-0.44%
X:(o%‘w v u ,
¢ Jhui%
~0.443
)
O
0




e

\
_(-26)-63 o
Example (- 22 -(36) ’
—5 NOT SINGULAR
The eigenvalues of the matrix: < A ) 2\ 1)* _o
3 —18 -\ Y ©
4= 3-(.3) | (

(

are /11 — AZ —_ _3 0
¢ -u))-(2)

Select the Incorrect statement:

Atk (U, -8 =9 }/""‘

A) Matrix 4 is dlagonahzable 20 - 6 U = ="
B) The matrix A has only one elgenvalue with multlphcrcy 2 -—9%
C) Matrix A has only one linearly independent eigenvector > [rue

D) Matrix A is not singular —> (
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Let's look back at diagonalization...

1) IfanXn matrix A hasn linearly independent eigenvectors X then A is
diagonalizable, i.e.,

A=UDU1

where the columns of U are the linearly independent normalized
cigenvectors X of A (which guarantees that U -1 exists) and D is a diagonal

matrix with the eigenvalues of A.

2) If a nXn matrix A has less then 1 linearly independent eigenvectors, the

matrix is called defective (and therefore not diagonalizable).

3) IfanXnsymmetric matrix A has n distinct eigenvalues then A4 is
diagonalizable.
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AnxXn symmetrlc matrix 4 with n distinct elgenvalues 1S
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Some things to remember about eigenvalues:

* Eigenvalues can have zero value

* Eigenvalues can be negative

* Eigenvalues can be real or complex numbers

* A NXnreal matrix can have complex eigenvalues

* The eigenvalues of a X7 matrix are not necessarily unique. In fact,
we can define the multiplicity of an eigenvalue.

* If a nX7 matrix has 1 linearly independent eigenvectors, then the

matrix is diagonalizable
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How can we get eigenvalues numerically?
Abaxn — &, W, - Uun =3 L.T.

Assume that A is diagonalizable (i.e., it has 1 linearly independent eigenvectors

™

U). We can propose a vector X which is a linear combination o(_Lhé& ?\
eigenvectors: - = N Uh
g Au, = AW ]
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Power lteration X, = _
o x‘ - ——
Our goal is to find an eigenvectoniui of A. LWe will use an iterative process,wﬂ%

where we start with an initial vector, where here we assume that it can be

written as a linear combination of the eigenvectors ofléd_,d.ia%am\twh(e
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Power Iteration
2
x = (A)" [“1“1 + a; (
Assume that @1 # 0, the term &1U1 dominates the others when Kk is
very large. \ \l'}\.\>\}\z\>\)‘3\ -_.\(Xn‘
dev\lvxo.wt
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Since [A1|> |A5], we have (i—z) &« 1 when k is large
1
Hence, as k increases, X}, converges to a multiple of the first
eigenvector Uq, i.e.,
A
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