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Learning Objectives

Compare Kruskal and Prim MST Algorithms Q
Introduce Single-Source Shortest Path Problem

Discuss Dijkstra’s Algorithm
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Kruskal’s Algorithm
/

Priority Queue:
Total Running Time
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KruskalMST (G) :
DisjointSets forest

foreach (Vertex v : G): ] 6/}/))

forest.makeSet (v)

PriorityQueue Q
Q.buildFromGraph (G)

// min edge weight

Graph T = (V, {})
while |T.edges ()| < n-1:
Vertex (u, v) = Q.removeMin ()
if forest.find(u) '= forest.find(v):
T .addEdge (u, v)
forest.union( forest.find(u),
forest.find(v) )

return T




Prim’s Algorithm
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PrimMST (G, s):
Input: G, Graph;
s, vertex in G, starting vertex
Output: T, a minimum spanning tree (MST) of G

foreach (Vertex v : G.vertices()): Op'{:-":l‘j
d[v] = +inf flentte-
p[v] = NULL

d[s] =0

PriorityQueue Q // min distance, defined by d[v]
Q.buildHeap (G.vertices())
Graph T // "labeled set"

repeat n times:ég;”’ﬁ

Vertex m = Q.removeMin ()

T.add (m)

foreach (Vertex v :
if cost(v, m) < d[v]:

neighbors of m not in T):

d[v] = cost(v, m) L,m}%jc (L‘S’f‘v'/{s
Plvl =m
return T




Prim’s Algorithm
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PrimMST (G, s):
Input: G, Graph;
s, vertex in G, starting vertex
Output: T, a minimum spanning tree (MST) of G

foreach (Vertex v : G.vertices()):

d[v] = +inf
p[v] = NULL
d[s] = O

PriorityQueue Q // min distance, defined by d[v]
Q.buildHeap (G.vertices())
Graph T // "labeled set"

repeat n times:
Vertex m = Q.removeMin ()
T.add (m)
foreach (Vertex v : neighbors of m not in T):
if cost(v, m) < d[v]:
d[v] = cost(v, m)
plv] = m

return T
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PrimMST (G, s):

foreach (Vertex v : G.vertices()):

d[v] = +inf
plv] = NULL
d[s] = O

PriorityQueue Q // min distance, defined by d[v]

133 Q.buildHeap (G.vertices())

-__”’/,/%7

// "labeled set"

repeat n times: 4/\
Vertex m Q.removeMin ()
T.add (m) A
foreach (Vertex v : neighbors of m not in T):
if cost(v, m) < d[v]:
d[v] cost (v, m)
plv] m

Graph T




6 | PrimMST (G, s):
7 foreach (Vertex v : G.vertices()):
8 d[v] = +inf >{
9 plv] = NULL Q (/])
10 d[s] = 0
11
12 PriorityQueue Q // min distance, defined by d[v]
13 Q.buildHeap (G.vertices ()) é_\
14 Graph T // "labeled set
15
16 |Z)repeat n times:
17 Vertex m = Q.removeMin ()
18 T .add (m) L/
19 | <> foreach (Vertex v : neighbors of m not in T):
20 if cost(v, m) < d[v]: ) h‘*ﬁ( |
21 ‘,7d[v] = cost (v, m) \ ( et D('\
22 plvl =m heey'Py &
D 1 23 - ) hes oy, Oflsy
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6 | PrimMST (G, s):
7 foreach (Vertex v : G.vertices()):
8 d[v] = +inf )
9 p[v] = NULL J IV\qP,
10 d[s] =0
11
12 PriorityQueue Q // min distanc defined by d[v]
13 Q.buildHeap (G.vertices()) b( -\ G ,S
14 Graph T // "labeled set" 'S
15 hojp |
16 repeat n times: '
17 Vertex m = Q.removeMin ()
18 T .add (m) A
19 foreach (Vertex v : neighbors of m not in T):
20 if cost(v, m) < d[v] (
\>@L’ i 21 How —>d[v] = cost(v m) <\)T A ‘\g* ATy
J (W 22 '\-~5 plv] =
" | N heap
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6 | PrimMST (G, s):
(A, 0) 7 foreach (Vertex v : G.vertices()):
(D, oo) 8 d[V] = +inf
9 plv] = NULL
(C, 2) 10| d[s] =0
11
(B, 5) 12 PriorityQueue Q // min distance, defined by d[v]
13 Q.buildHeap (G.vertices ()) 0(1\5
14 Graph T // "labeled set"
15
. b3 16 repeat n times:
qgﬂ"‘? l‘,:‘\ 17 Vertex m = Q.removeMin() J (’\ "
's n 18 T.add (m) =)
( I9 - foreach (Vertex v : neighbors of m not in T):
< if cost(v, m) < d[v]:
M 21 d[v] = cost(v, m) O(\)
22 plvl] = m
23
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Heap O(n2 + m Ig(n)) O(n Ig(n) + m Ig(n))
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6 | PrimMST (G, s):
7 foreach (Vertex v : G.vertices()):
Prim’s Algorlthmc bs| et
<Q,‘, an/ 9 plv] = NULL
Sparse Graph: O‘ | 10| dls] =0
> /‘,\ /N )O(q Id? 4 12 PriorityQueue Q // min distance, defined by d[v]
13 Q.buildHeap (G.vertices())
é/7 Q& 151‘ }\Qﬂ’ 5 l>‘-°$.\. 14 Graph T // "labeled set"
15
S 16 repeat n times:
N~ 17 Vertex m = Q.removeMin ()
Dense Graph: m  » 18 T.add (m)
L 19 foreach (Vertex v : neighbors of m not in T):
el Ofcay He 20 if cost(v, m) < d[v]:
7 was o k y e \D\ 21 d[v] = cost(v, m)
Yhee heap o dage grapl. | 22 plvl =m
23
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MST Algorithm Runtime: J/

Kruskal’s Algorithm: S Prim’s Algorithm:
O(n+ mlog(n)) ( K O(nlog(n) + mlog (n))

Sparse Graph: M v
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Suppose | have a new heap: [N RS

Remove O(lg(n)) O( lg(n))
Min

Decrease O(lg(n))
Key f

What'’s the updated running time?

‘ ) PrimMST (G, s):
M.
/O &

6 foreach (Vertex v : G.vertices()):
7 =

8 plv] = NULL

9 d[s] =0

10

d[v] +inf
11 PriorityQueue Q // min distance, defined by d[v]

\ + /‘/\ 12 Q.buildHeap (G.vertices())
13 Graph T // "labeled set"
N 05 A 12
/ \ 15 repeat n times:
/(/ V4 16 Vertex m = Q.removeMin ()
N 17 T.add (m)
18 foreach (Vertex v : neighbors of m not in T):
/\ N 19 if cost(v, m) < d[v]: ()
20 d[v] = cost(v, m) 0 ) (
21 plv] = m & 0“9‘“ VSO
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Dijkstra’s Algorithm (SSSP) % Peim bl -

DijkstraSSSP (G, s):

-_-\\, 6 foreach (Vertex v : G.vertices()):
10 B 7 d[v] = +inf
8 p[v] = NULL
e LB S
» 10
~\\?g\\\'(:) 11 PriorityQueue Q // min distance, defined by d[v]
P] 12 Q.buildHeap (G.vertices())
13 Graph T // "labeled set"
14
15 repeat n times:
16 Vertex u = Q.removeMin ()
17 T.add (u)
18 foreach (Vertex v : neighbors of u not in T):
19
20 ¢ Cot (“'.") ‘+ ACL_’D < d[v]:
21 d[v] = sostfwv) €d[%)
22 plv] = u

e
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Dijkstra’s Algorithm (SSSP)

DijkstraSSSP (G, s):

7 6 foreach (Vertex v : G.vertices()):
10 B 7 d[v] = +inf
> @ 8 pl[v] = NULL
A 5 ‘ 9| d[s] =0
3 ¥ 6 |4 | . o .
<:> 11 PriorityQueue Q // min distance, defined by d[v]
3 L 12 Q.buildHeap (G.vertices())
@ ii Graph T // "labeled set" T&V\‘\'\{f:ﬁ Nbd-
15 repeat n times: S“'h“"’s" !
5 16 Vertex u = Q.removeMin () Afﬁ*
17 T.add (u) i
18 foreach (Vertex v : neighbors of u not in T):
19 if cost(u, v) + d[u] < d[v]:
20 d[v] = cost(u, v) + d[u]
21 plv] = u
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Dijkstra’s Algorithm (SSSP) Dl Predy

~ 0 5
When we will visit B in the following graph? G e 0% bha Sl S
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Dijkstra’s Algorithm (SSSP)

When we will visit B in the following graph?
Hoe B
Q / G
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Dijkstra’s Algorithm (SSSP) meﬂj s @

e po!
What is the running time of Dijkstra’s Algorithm? ",

DijkstraSSSP (G, s):

6 foreach (Vertex v : G):

7 d[v] = +inf

8 plv] = NULL

9 d[s] =0
10
11 PriorityQueue Q // min distance, defined by d[v]
12 Q.buildHeap (G.vertices())
13 Graph T // "labeled set"
14
15 repeat n times:
16 Vertex u = Q.removeMin ()
17 T.add (u)
18 foreach (Vertex v : neighbors of u not in T):
19 if cost(u, v) + d[u] < d[v]:
20 d[v] = cost(u, v) + d[u]
21 plv] = m
22

23 return T




