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Origin of Maxflow Problem
��. M������ F���� & M������ C���

Figure ��.�. Harris and Ross’s map of the Warsaw Pact rail network. (See Image Credits at the end of
the book.)

This one of the first recorded applications of the maximum flow and
minimum cut problems. For both problems, the input is a directed graph
G = (V, E) with two special vertices s and t, called the source and target. As in
previous chapters, I will write u�v to denote the directed edge from vertex u
to vertex v. Intuitively, the maximum flow problem asks for the maximum rate
at which some resource can be moved from s to t; the minimum cut problem
asks for the minimum damage needed to separate s from t.

��.� Flows

An (s , t )-flow (or just a flow if the source and target vertices are clear from con-
text) is a function f : E! R that satisfies the following conservation constraint
at every vertex v except possibly s and t:

X

u
f (u�v) =
X

w
f (v�w).

In English, the total flow into v is equal to the total flow out of v. To keep the
notation simple, we define f (u�v) = 0 if there is no edge u�v in the graph.
The value of the flow f , denoted | f |, is the total net flow out of the source

vertex s:
| f | :=
X

w
f (s�w)�
X

u
f (u�s).

maximum-flow problem, although the precise chronology is somewhat muddled; Harris and Ross
thank George Dantzig “for assistance in formulating the problem”.
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Ford Fulkerson Problems

��. M������ F���� & M������ C���

��.� Ford and Fulkerson’s augmenting-path algorithm

Ford and Fulkerson’s proof of the Maxflow-Mincut Theorem immediately sug-
gests an algorithm to compute maximum flows: Starting with the zero flow,
repeatedly augment the flow along any path from s to t in the residual graph,
until there is no such path.

This algorithm has an important but straightforward corollary:

Integrality Theorem. If all capacities in a flow network are integers, then
there is a maximum flow such that the flow through every edge is an integer.

Proof: We argue by induction that after each iteration of the augmenting path
algorithm, all flow values and all residual capacities are integers.
• Before the first iteration, all flow values are 0 (which is an integer), and

all residual capacities are the original capacities, which are integers by
definition.

• In each later iteration, the induction hypothesis implies that the capacity F
of the augmenting path is an integer, so augmenting changes the flow on
each edge, and therefore the residual capacity of each edge, by an integer.

In particular, each iteration of the augmenting path algorithm increases the
value of the flow by a positive integer. It follows that the algorithm eventually
halts and returns a maximum flow. É

If every edge capacity is an integer, then conservatively, the Ford-Fulkerson
algorithm halts after at most | f ⇤| iterations, where f ⇤ is the actual maximum
flow. In each iteration, we can build the residual graph Gf and perform a
whatever-first-search to find an augmenting path in O(E) time. Thus, in this
setting, the algorithm runs in O(E| f ⇤|) time in the worst case.

Jack Edmonds and Richard Karp observed that this running time analysis
is essentially tight. Consider the �-node network in Figure ��.�, where X is
some large integer. The maximum flow in this network is clearly 2X . However,
Ford-Fulkerson might alternate between pushing one unit of flow along the
augmenting path s�u�v�t and then pushing one unit of flow along the
augmenting path s�v�u�t, leading to a running time of ⇥(X ) = ⌦(| f ⇤|).

1

X

XX

X

ts

u

v

Figure ��.�. Edmonds and Karp’s bad example for the Ford-Fulkerson algorithm.

��� Image from https://jeffe.cs.illinois.edu/teaching/algorithms/book/10-maxflow.pdf
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