
CS 173: Discrete Structures, Spring 2013
Homework 4 Solutions

This homework contains 3 problems worth a total of 42 points. It is due on Wednesday,
Febuary 27th, at 9pm.

Remember to introduce your variables and assumptions at the start of the proof, put your
steps in logical order, use connector words and good formatting, and justify important and
non-obvious steps.

1. Functions [18 points]

Let f : N→ N be a function, and let g : N2 → Z be a function defined by

g(m,n) = (2− n)f(m).

a) (12 points) Prove that if f is onto, then g is onto.

Solution. We show that for every y ∈ Z, there exists (m,n) ∈ N2 such that
g(m,n) = y. Since f is onto, there exists x ∈ N such that f(x) = |y|.
• Case 1: y ≥ 0. Let m = x and n = 1. Then m,n ∈ N and g(m,n) = g(x, 1) =

(2− 1)f(x) = f(x) = |y| = y.

• Case 2: y < 0. Let m = x and n = 3. Then m,n ∈ N and g(m,n) = g(x, 3) =
(2− 3)f(x) = −f(x) = −|y| = −(−y) = y.

Since this argument works for any choice of y, we have shown that g is onto.
Q.E.D.

Note: The choice of (m,n) is not magic. We know that m and n have to satisfy
y = f(m)(2 − n). The integer y is chosen arbitrarily. In particular, y can be a
prime. We know that for every prime y, either f(m) or (2 − n) has to be 1. If
we decide that f(m) should be 1, then if y > 2, then there is no n ∈ N such
that y = (2 − n). Therefore, we let 2 − n = 1 instead, and we find m such that
f(m) = y. The case when y < 0 is analogous.

b) (6 points) Disprove that if f is one-to-one, then g is one-to-one.

Solution. To disprove the claim, we need to show that there exists a one-
to-one function f , and two distinct elements (m1, n1), (m2, n2) of N2 such that
g(m1, n1) = g(m2, n2).

Let f be defined by f(m) = m. Then f is really a function from N to N since for
every x in the domain N there is exactly one element y = f(x) in the codomain
N. Also, f is one-to-one since for every element y of the codomain, there exists
an element x of the domain such that f(x) = y (take x = y).

Next, let m1 = 0,m2 = 0, n1 = 0, n2 = 1. Then (m1, n1) 6= (m2, n2), and

g(m1, n1) = (2− n1)m1 = 2 · 0 = 0 = 1 · 0 = (2− n2)m2 = g(m2, n2).

Therefore, g is not one-to-one, and we can conclude that it is not true that if f is
one-to-one, then g is one-to-one. Q.E.D.



2. Pigeonhole principle [8 points] Prove the following claim.

Claim: There exist two distinct natural numbers m and n with m,n ≤ 2048
such that 13m − 13n is divisible by 2013.

Hint: The truth of this claim does not depend on the exact values 13, 2013, and 2048.
So, your solution should give an argument that is easy to adapt to other values for
these constants rather than, say, using a computer program to find specific values for
m and n.

Solution. There are 2049 elements in A = {13k|k ∈ {0, 1, . . . , 2048}} but only at
most 2013 elements in B = {remainder(a, 2013)|a ∈ A}. By the Pigeonhole principle,
since we are assigning an element of B to each element of A and |A| > |B|, there
exist two distinct elements 13a and 13b of A such that r := remainder(13a, 2013) =
remainder(13b, 2013). So, by the division algorithm there are integers qa and qb such
that

13a = 2013qa + r and 13b = 2013qb + r.

Subtracting the second equation from the first gives

13a − 13b = 2013(qa − qb).

The number qa − qb is an integer (since both qa and qb are), and thus by definition of
divides, 13a − 13b is divisible by 2013. Q.E.D.

3. The Handshaking Theorem. [14 points]

At a math party, each person has exactly 3 friends among the “partiers”. We assume
that one cannot be friends with himself/herself and that friendship is always mutual.

a) (12 points) Prove the following claim.

Claim: The number of people at the math party is even.

Solution. Since no person can be friends with himself/herself, and the friendship
is always mutual, we can construct a simple undirected graph G = (V,E), where
the vertex set V is the set of all people at the party, and there is an edge between
two vertices u and v if and only if u is a friend of v.

By The Handshaking Theorem,∑
v∈V

deg(v) = 2|E|.

The fact that every person has exactly 3 friends means that every vertex has
degree 3, which implies

∑
v∈V deg(v) = 3n. Therefore 2|E| = 3|V |. Since the

LHS and the RHS have the same prime factorization and |E| ∈ Z, the number 2
has to appear in the prime factorization of |V |, proving that |V | is even.

OR: Since |E| ∈ Z, we have 2|(3n). But 2 - 3, and so 2|n. Therefore, there exists
k ∈ Z such that 2k = n, which means that n is even. Q.E.D.

In fact, a much stronger claim holds:
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Claim. In every simple graph, the number of vertices with odd degree is even.

Can you prove it?

b) (4 points) Is it possible that there are exactly 8 people at the party?

If your answer is YES, upload a picture of a graph (with each person as a vertex)
representing the situation.

If your answer is NO, give a concrete reason why such situation cannot occur.

Solution. YES. See for example the following graph:

Or consider two disjoint copies of the complete graph on 4 vertices.

Can you generalize the construction to show that for every k ∈ N − {0, 1}, it is
possible that there are exactly 2k people at the party?
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