CS 173, Fall 2015
Examlet 7, Part A

NETID:

FIRST: LAST:

Discussion: Thursday 2 3 4 5 Friday 9 10 11 12 1 2

Use (strong) induction to prove the following claim:
Claim: (4n)! is divisible by 8", for all positive integers n.
Solution: Proof by induction on n.

Base case(s): At n =1, the claim amounts to “4! is divisible by 8.” 4! = 24 which is clearly divisible
by 8.

Inductive Hypothesis [Be specific, don’t just refer to “the claim”]: Suppose that (4n)! is divisible by
8" forn=1,2,... k.

Rest of the inductive step: At n =k + 1, (4n)! = (4(k + 1))! = (4k + 4)! = (4k + 4)(4k + 3)(4k +
2)(4k + 1)(4k)!

Now, (4k + 4) is divisible by 4, and (4k + 2) is divisible by 2. So (4k + 4)(4k + 3)(4k + 2)(4k + 1) is
divisible by 8. By the inductive hypothesis, we know that (4k)! is divisible by 8*. Combining these two
facts, (4(k + 1))! is divisible by 8! which is what we needed to show.
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Use (strong) induction to prove the following claim:

For all positive integers n, > i | i* = w

Solution: Proof by induction on n.

Base case(s): At n=1,>", i*=1and L@"H) = 123 — 1. So the claim is true.

n(n+1)(2n+1)

Inductive Hypothesis [Be specific, don’t just refer to “the claim”]: Suppose that > | i* = 5

form=1,2,...,k.

kE+D@R4D) oy

Rest of the inductive step: By the inductive hypothesis, we know that Zle i? = 5

k
y it o= Zz )+ (k+1)?

_ k;(k:+1)6(2k;+1) (k41
B2k +1)

6

k(2k + 1) + 6k +6

= (k+1) +(k+1)=(k+1)

But k(2k + 1) + 6k + 6 = 2k + 7k + 6 = (n +2)(2n + 3). So i1 2 = EELEDCE) i)y g

7”(”“)6(2”“) at n =k + 1. So the claim holds for n = k + 1.
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Use (strong) induction to prove the following claim:

Claim: Z(p -pl) = (n+ 1)! — 1, for all natural numbers n.
p=0

Recall that 0! is defined to be 1.

Solution: Proof by induction on n.

Base case(s):
Solution: Atn=20, » (p-p!)=0-001=0Also (n+1)!—1=0'—1=1-1=0. So the claim holds.
p=0

Inductive hypothesis [Be specific, don’t just refer to “the claim”]:

Solution: Suppose that Z(p p)y=Mm+1)!—=1,forn=0,1,... k.
p=0
Rest of the inductive step:
k

Solution: By the inductive hypothesis Z(p -ph)y=(k+1)!—=1. So
p=0
k+1 k
) = (n+1)-(n+1N)+> (p-ph
p=0 p=0
k
= ((k+1)-(E+1)+> (p-p)

(n+1) - (k+ D)+ (k+1)! -1

= (k+1)-(k+D+(k+1) -1

(k+1)+1] (k+1)—1
(k+2) (k+1)—1=(k+2)—1
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Use (strong) induction to prove the following claim:

: - . 1— (=7t
Claim: for all natural numbers n, Z 2(=7) = —

j=0
Solution: Proof by induction on n.

)n+l

Base case(s): At n =0, > " (2(—7)) =2 and 1_(_47 = 1_(4_7) = 2. So the claim holds at n = 0.

Inductive Hypothesis [Be specific, don’t just refer to “the claim”]:

1 (!

1 forn=20,1,... k.

Suppose that Z 2(—7)

=0

Rest of the inductive step:

k 1 (_7)k’+1
In particular Z 2(=7) = —

J=0

. So then

j=0 j=0
1 (_7)k+1 L 1— (_7)k+1 + 8(_7)k+1 1+ 7(_7)k+1
4 +2=7) 4 4
B 1 (_7)k+2
B 4
k41 1 (_7)k+2
So Z 2(=7)Y = — which is what we needed to show.

j=0
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Use (strong) induction and the fact that " i = w to prove the following claim:
For all natural numbers n, (37 i)> = S.r i3
Solution: Proof by induction on n.
Base case(s): At n =0, (3.1 ,i)>=0>=0=3",4 So the claim is true.

Inductive Hypothesis [Be specific, don’t just refer to “the claim”]:
Suppose that (31, i) = St forn=0,1,... k.

Rest of the inductive step:
Starting with the lefthand side of the equation for n = k£ 4+ 1, we get

(kiz')Q <k+1+z> (k+ 1) +2(k +1) ZH(EIC: )2

=0 1=0 =0

2
By the inductive hypothesis (Zf:o 7,) = Zf:o 3. Substituting this and the fact we were told to

assume, we get

k+1 0\ 2 k(k + 1) k k k k+1
<Zz> = (k+1)2+2(k+1)T+Zz3 = (k412 +k(k+1°+) i = (k+1)°+ ) #=>
=0 i=0 i=0 i=0 i=0

2
So <Zk+1 z) = Zk+()1 i> which is what we needed to show.

=0
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Use (strong) induction to prove the following claim:

—1)nt 1
For all positive integers n, z:(—l)p_lp2 = (=1) ;(n +1)

p=1

Solution: Proof by induction on n.

Base case(s): At n =1, Z )Pip? = (=1)?- 0% = 0.

And (—1)"*;n(n+1) = & 1)210 1 = (. So the claim holds at n = 1.

Inductive Hypothesis [Be specific, don’t just refer to “the claim”]:

n

-1 n—1 1
Z(—l)pflpZZ( ) ;(n—i— )forn:1,2,-,k;.

p=1

Rest of the inductive step:

k
—1)kFk(k+ 1
By the inductive hypothesis, Z(_l)pflpz _ (-1) ; (k+1)

p=1

for

k+1 i -

(=0 = (MR +) (- 1)p71pz:(_1)k(,€+1)2+(—1) k(k+1)
= (“DFk+ 1) - %UHU (1) (k+1 __)
(2R G <k+2 D(k+2)

k+1 Nk
So Z(_l)p—l 2 _ (=1)"(k+1)(k +2)

P 5 which is the claim at n = k 4+ 1 i.e. what we needed to show.

p=1



