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Can do even better, 
but more involved
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Degree of a node. ∑v∈V deg(v) = 2|E|
u connected to v iff there is a path (equivalently, a walk) between 
u and v. Equivalence classes: Connected components.
Eulerian circuit exists ↔ Connected and all degrees even
k-coloring: c:V→{1,...,k} s.t. {u,v}∈E → c(u)≠c(v)
Chromatic number. !(G) ≤ Δ(G)+1
One way to show k0 ≤ !(G) ≤ k1: Give a k1-coloring and show a 
subgraph H with !(H) ≥ k0
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Subtree rooted at u: with all descendants of u
Depth of a node: distance from root. 
Height of a tree: maximum depth
Level i: nodes at distance i from root. All tree
edges are between adjacent levels
Arity of a tree: Max (over all nodes)
number of children. m-ary if arity ≤ m.
Full m-ary tree: Every internal node 
has exactly m children. 
Complete & Full: All leaves at same level
|E|=|V|-1. Complete/Full m-ary → (mh+1-1)/(m-1) nodes, mh leaves
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graphs on 7 vertices are there with the degree 
sequence (2,2,2,2,2,2,2) ?
      
     A.  0
     B.   1
     C.  2
     D.  3
     E.  ≥ 4

C7 and C4+C3
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Identify the graph represented by the following 
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     0 0 0 1 1
     0 0 0 1 1  
     0 0 0 1 1
     1 1 1 0 0
     1 1 1 0 0

      A. K5
      B. C5
      C. K5,5
      D. K2,3
      E. None of the above

(also K3,2)
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Which of the following must be bipartite: 
1.  a tree
2. a binary tree
3. a cycle graph
4. a hypercube graph

    A.  All of them
    B.  1, 2 & 3 only
    C.  1, 2 & 4 only
    D.  2, 3 & 4 only
    E.  2 & 4 only

odd cycles are not 
bipartite
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- the “root” is the string 0n (n zeros)
- Edges {u,v} s.t. u is a “child” of v defined as follows:
  u is a child of v if u has 1s in all the positions v has 1s,
  plus exactly at one more place. 
  (e.g., for n=3, v=010 has 2 children, at 110 and 011). 

Then
    A.  Tn is a complete and full n-ary tree
    B.  Tn is a full n-ary tree, but not complete
    C.  Tn is an n-ary tree, but not full
    D.  Tn is a tree, but not n-ary
    E.  Tn is not a tree Tn is Qn
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Let N(m,h) = number of nodes in a complete & full 
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In a tree of height h≥1 and maximum degree d, what 
is the largest number of nodes possible?

  A. N(d-1,h)
  B. 1 + N(d,h)
  C. 1 + d⋅N(d,h-1)
  D. 1 + d⋅N(d-1,h-1)
  E. 1 + d + d⋅N(d-1,h-1)



Question
Let N(m,h) = number of nodes in a complete & full 
m-ary tree of height h.  [ N(m,h) = (mh+1-1)/(m-1) ]

In a tree of height h≥1 and maximum degree d, what 
is the largest number of nodes possible?

  A. N(d-1,h)
  B. 1 + N(d,h)
  C. 1 + d⋅N(d,h-1)
  D. 1 + d⋅N(d-1,h-1)
  E. 1 + d + d⋅N(d-1,h-1)

Root has d children, 
which are roots of 
(d-1)-ary trees of 

height h-1
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In a full binary tree of height h, what is the 
smallest number of nodes possible?
  A. h
  B. h-1
  C. h+1
  D. 2h-1
  E. 2h+1



Question

In a full binary tree of height h, what is the 
smallest number of nodes possible?
  A. h
  B. h-1
  C. h+1
  D. 2h-1
  E. 2h+1 one leaf at every 

level > 0
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Class of problems which have polynomial time algorithms 
when given some help

NP : non-deterministic polynomial time

P ⊆ NP  (need not use the help)

Help: guidance on what “paths” to explore during 
computation
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P & NP: an analogy
Solving a computational problem is like a treasure-hunt

When you follow an algorithm, you are exploring the landscape 
created by the problem instance, until you hit the solution if it 
exists (or find out that no solution exists)

Polynomial time algorithm: no matter what the landscape is, if 
a solution exists, it reaches one in O(nc) steps

Non-deterministic polynomial time algorithm: if a solution 
exists, if someone could guide the algorithm at every turn, it 
will reach a solution in O(nc) steps

So we require that if a solution exists, a short path to a 
solution exists. (Needn’t be easy to find it without guidance.)

Formally, the definition of P/NP is restricted to decision problems 
(yes/no problems): need only determine if a solution exists or not
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NP: Alternate View
To formalize “guidance” we need a well-defined model of 
computation (e.g. Turing Machines). Later.

An alternate equivalent definition of NP: there is a polynomial-time 
algorithm to verify a “certificate” that a solution exists (if it exists)

For e.g., the certificate could be the directions to the solution, 
and the verifier can follow it and see if it reaches the solution

Problem can be rephrased as: ∃ cert s.t.  Verify(instance,cert)?

Note: there may not be a certificate to prove that no solution 
exists

co-NP: Class of problems with poly-time verifiable 
counter-examples (certificate of “no” being the answer)
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NP Examples

Every problem in P is in NP

Graph colorability: Given a graph, find a 3-coloring of the 
graph (if it exists)

Certificate to show that the answer is “yes”: an explicit 
coloring; can be verified that it is a valid coloring and 
uses only 3 colors, in polynomial time.

Not known to be in co-NP: is there a certificate to prove 
that there is no 3-coloring, in all such cases?
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Boolean Circuits
A directed acyclic graph: Boolean valued 
wires, AND, OR, NOT gates, inputs, output

Circuit evaluation CKT-VAL:   given 
circuit C and inputs x, find C(x) (i.e., C’s 
boolean output value, on input x)

Can be done very efficiently: if done in 
the right order, evaluating each wire 
takes O(1) time. CKT-VAL is in P

CKT-SAT: given circuit C, is there a 
“satisfying” input for C (s.t. output=1)? 
i.e., ∃x C(x)=1?  In NP.

C̅K̅T ̅- ̅S̅A ̅T ̅: given C, is it that there is no 
satisfying input. i.e., ∀x C(x)=0? In co-NP.
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P vs. NP
The Million Dollar Question:  is P=NP? 

We know P⊆NP, so the question is if every problem in NP 
is in P

Or are there problems where guidance really helps?

Generally believed: P≠NP

In particular, graph 3-colorability and CKT-SAT not 
have a polynomial time algorithm

Also open is NP = co-NP?
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NP-completeness

Graph 3-colorability, CKT-SAT and several other problems in 
NP are tightly related to each other

If any one of them is in P, then all of them are in P!


