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Example
∀n∈N, 3 | n3 - n

Base case: n=0. 3|0.

Induction step: For all integers k≥0
Induction hypothesis: True for n=k. i.e., k3-k = 3m
To prove: True for n=k+1. i.e., 3 | (k+1)3-(k+1)

(k+1)3 - (k+1) = k3 + 3k2 + 3k + 1 - k - 1
                = (k3 - k) + 3k2+3k
                = 3m + 3k2 + 3k  ✔

The non-inductive proof: n3-n = n(n2-1) = (n-1)n(n+1).
3|n(n+1)(n+2) since one of n, (n+1), (n+2) is ≡ 0 (mod 3) 
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Base case: n=1.
   There is only one graph with |V|=1, for which Δ(G)=0, !(G)=1

Induction step: For all integers k≥1:
   Induction hypothesis:  for all G=(V,E) with |V|=k, !(G) ≤ Δ(G)+1
   To prove: for all graphs G=(V,E) with |V|=k+1, !(G) ≤ Δ(G)+1.

Let G=(V,E) be an arbitrary graph with |V|=k+1.
Let G’=(V’,E’) be obtained from G by removing arbitrary v∈V 
(i.e., V’=V-{v}) and all edges incident on it.
|V’|=k. So !(G’) ≤ Δ(G’)+1 ≤ Δ(G)+1. Color G’ with Δ(G)+1 colors.
deg(v) ≤ Δ(G). So color v with a color in {1,..,Δ(G)+1} that does 
not appear in its neighborhood. Valid coloring. So !(G)≤Δ(G)+1.

Claim: ∀n∈Z+  for every graph G=(V,E) s.t. |V|=n, !(G) ≤ Δ(G)+1

Proof describes a 
recursive algorithm 
for coloring with 
Δ(G)+1 colors
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Claim: for all integers n≥1, C2n+1 is not bi-partite

Base case: C3 has chromatic number 3. ✔

What is “the (most) correct” induction step?
  
 A.  For all k ≥ 3, Ck not bi-partite → Ck+1 is not bi-partite
 B.  For all k ≥ 1, C2k-1 not bi-partite → C2k+1 is not bi-partite
 C.  For all k ≥ 1, C2k+1 not bi-partite → C2k-1 is not bi-partite
 D.  For all k ≥ 2, C2k+1 not bi-partite → C2k+3 is not bi-partite
 E.  For all k ≥ 2, C2k-1 not bi-partite → C2k+1 is not bi-partite 
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So c respects all edges of C2k-1. 
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Claim: for all integers n≥1, C2n+1 is not bi-partite

Base case: n=1. C3 has chromatic number 3. ✔

Induction step: For all integers k ≥ 2 :
Induction hypothesis:  C2k-1 is not bi-partite  (corresponds to n=k-1)
To prove: C2k+1 is not bi-partite (corresponds to n=k)
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Then, c(0) ≠ c(2k) ≠ c(2k-1) ≠ c(2k-2). i.e., c(0)=c(2k-1)≠c(2k-2).
Only edge in C2k-1 not in C2k+1 is {0,2k-2}. 
So c respects all edges of C2k-1. 
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Mathematical Induction
The fact that for any n,

we can run this procedure to 
generate a proof for P(n), and 
hence for any n, P(n) holds.

We can use a less powerful ATM to produce all the dollar 
bills we want (provided we can print our own $1 bills)

You need to feed it $1, $2, ..., $n bills to get an $(n+1) bill
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Could be thought of as 
weak induction with 
Q(n) ≜ ∀m∈[1,n]  P(m) ∀n∈Z+  P(n)
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Prime Factorization
Every positive integer n ≥ 2 has a prime factorization
i.e, n = p1⋅...⋅pt (for some t≥1) where all pi are prime

Base case: n=2. (t=1, p1=2).
Induction step:
  (Strong) induction hypothesis: for all n≤k, ∃p1,...,pt, s.t. n= p1⋅...⋅pt

  To prove: ∃q1,...,qu (also primes) s.t. k+1= q1⋅...⋅qu

Case k+1 is prime: then k+1=q1 for prime q1

Case k+1 is not prime: ∃a∈Z+ s.t. 2≤a≤k and a|k+1 (def. prime). 
i.e., ∃a,b∈Z+ s.t. 2≤a,b≤k and k+1=a.b (def. divides; a>2→a.b > b)
Now, by (strong) induction hypothesis, both a & b have prime 
factorizations: a=p1...ps, b=r1...rt. 
Then k+1=q1...qu, where u=s+t, qi = pi for i=1 to s and qi = ri-s, 
for i=s+1 to s+t.

Need some 
more work to 
show unique 
factorization.

p prime ∧ p|ab 
→ p|a ∨ p|b 
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Postage Stamps
Claim: Every amount of postage that is at least 12¢ can be made 
from 4¢ and 5¢ stamps

i.e., ∀n∈Z+  n≥12 → ∃a,b∈N  n=4a+5b

Base cases: n=1,..,11 (vacuously true) and n = 12 = 4⋅3 + 5⋅0, n = 
13 = 4⋅2 + 5⋅1, n = 14 = 4⋅1 + 5⋅2, n = 15 = 4⋅0 + 5⋅3.

Induction step: For all integers k≥16 :
   Strong induction hypothesis:  True for all n s.t. 1 ≤ n < k
   To prove:  Holds for n=k

k≥16 → k-4 ≥ 12. 
So by induction hypothesis, k-4=4a+5b for some a,b∈N.
So k = 4(a+1) + 5b.
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Nim

Rephrased: with this strategy for Bob (2nd player), at the end of 
each turn, either he has already won, or will win from there
Induction variable: n = number of matchsticks on each pile at the 
beginning of the turn. 
Base case: n=1. Alice must remove one. Then Bob wins. ✔ 
Induction step: for all integers k≥1
  Induction hypothesis: when starting with n≤k, Bob always wins
  To prove: when starting with n=k+1, Bob always wins

Case 1: Alice removes all k+1 from one pile. Then Bob wins.
Case 2: Alice removes j, 1≤j≤k from one pile. After Bob’s move 
k+1-j left in each pile. By induction hypothesis, Bob will always 
win from here.

Claim: The following is a winning strategy for the second 
player: keep the piles matched at the end of your turn

strong


