
Homework 6

Discrete Structures
CS 173 [B] : Fall 2012

Released: Fri Oct 19
Due: Thu Oct 25, 3:00 PM

Attention: Part of Homework 6 is on Moodle. The rest of the homework problems are given below. They
need to be submitted in hardcopy.

In problems that ask you to use induction, you should use induction to get full credits. Bear in mind
that the goal of these problems is more to provide you with exercise in specific proof techniques, than to be
able to prove the specific claims given.

1. Induction and Sequences [20 points]

(a) Let’s define a sequence of numbers xn recursively as follows:

Base: x0 = 0, x1 = 1

Recursive definition: for every n ≥ 1, xn+1 = 7xn − 12xn−1

Use induction to prove that xn = 4n − 3n for every integer n ≥ 0.

(b) Use induction to prove that for all integers n ≥ 0,
∑n

i=0 i
3 =

(
n(n+1)

2

)2
.

2. Induction and Numbers. [15 points]

(a) Use induction to prove that 11n − 7n is divisible by 4 for every natural number n.

(b) For any positive integer m, for any pair of integers such that a ≡ b (mod m), we have seen that
a2 ≡ b2 (mod m) and a3 ≡ b3 (mod m). Use mathematical induction to show that for all integers
a, b,m (m positive), in fact, for all n ∈ Z+, a ≡ b (mod m)→ an ≡ bn (mod m).

3. Induction and Graphs. [20 points]

(a) Use induction to prove that for all n ∈ Z+, the complete graph Kn has n(n− 1)/2 edges.

(b) Recall we can define the n-dimensional hypercube graph Qn in terms of n-bit strings, as well as
recursively, in terms of two copies of Qn−1 (with base case Q0). Using the former definition, and
the fact that the degree of each of the 2n nodes in Qn is n, we know that the number of edges in
Qn is n·2n

2 = n · 2n−1. Prove the same result, but using mathematical induction on the dimension
n, and using the recursive definition of Qn.

4. Strong induction. [15 points]

An a × b chocolate bar is a rectangular piece of chocolate consisting of ab square pieces of chocolate.
Your job is to break this chocolate into the ab individual square pieces. At any point during this task,
you will have one or more pieces of the chocolate bar; you can pick any piece and break it into two,
along a vertical or horizontal line separating the square pieces. For instance, if you start with a 2× 2
bar, you can first break it vertically to get two 2 × 1 bars; then each of them you can break once
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horizontally, to end up with all 4 individual squares. In this process you made 3 breaks in all (one
vertical, two horizontal).

Show that to completely break an a × b bar into individual squares, you need exactly ab − 1 breaks,
no matter which breaks you make.

[Hint: Induct on n = ab; use strong induction. Use the fact that a single break splits a piece of
chocolate into two smaller pieces with the same total number of squares. The rectangular geometry is
not really important.]

Extra Credit Problems

5. More induction [Extra Credit]

Show that for every positive integer n,

n =
∑

{a1,..,at}⊆{1,...,n}

1

a1a2 · · · at

where the summation is over all non-empty subsets of {1, . . . , n}.

6. Graph isomorphism preserves chromatic number. [Extra Credit]

In this problem you will prove that graph isomorphism preserves chromatic number, starting from the
definitions of isomorphism, coloring and chromatic number. Try to be as precise as possible in your
proof. When a definition requires the existence of a function with certain properties, be sure to first
clearly define a function and then prove that it has the requisite properties.

First we recall the following definitions:

A k-coloring of G = (V,E) is a function c : V → {1, . . . , k} such that ∀x, y ∈ V {x, y} ∈ E → c(x) 6=
c(y).

Given graphs G1 = (V1, E1) and G2 = (V2, E2), we say that a function f : V1 → V2 is an isomorphism
from G1 to G2 if f is a bijection and ∀x, y ∈ V1 {x, y} ∈ E1 ↔ {f(x), f(y)} ∈ E2.

(a) If f is an isomorphism from G1 to G2, and c2 is a k-coloring of G2, then define a function c1 in
terms of c2 and f and briefly justify that it is a k-coloring of G1.
(This shows that if there is an isomorphism from G1 to G2 and there exists a k-coloring of G2

then there exists a k-coloring of G1 as well.)

(b) Note that χ(G) ≤ k ↔ G has a k-coloring. Use this (and the above, as well as the fact that
isomorphism is a symmetric relation) to show that if there is an isomorphism from G1 to G2, then
χ(G1) = χ(G2).
[Hint: show χ(G1) ≤ χ(G2) and χ(G2) ≤ χ(G1) by showing the existence of colorings.]

2


