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Nonlinear Systems of Equations

We’ve seen multiple methods for solving linear systems of equations.

In this chapter, we develop a method using linear algebra to solve

nonlinear systems of equations. We begin with Newton’s method for

finding the roots of a single nonlinear equation. Then we will general-

ize the method to systems of equations using a matrix formalism.

12.1 Nonlinear Functions

A nonlinear function is, simply put, a function that fails the tests

for linearity. You might have been surprised that the a�ne function

f(x) = ax + b was nonlinear. The functions f(x) = cosx, f(x) = x2,

and f(x) = log x are all nonlinear with respect to the independent

variable x.

By convention we usually write nonlinear functions in the form

f(x) = 0

This convention is not a limitation, as any nonlinear function that has

a nonzero right hand side can be rewritten by moving the right hand

terms to the left side. By always writing nonlinear functions in this

way, we can solve the function by identifying values where the function

equals zero, i.e. by finding the roots of the function. For example, the

equation

(x� 1)3 = 8

has a unique solution when x = 3. We can rewrite this equation as the

function

f(x) = (x� 1)2 � 8 = 0

Notice that this function is equal to zero (i.e. has a root) when x = 3.

The solutions are the same.

Linear systems have exactly zero, one, or infinitely many solutions.

By contrast, nonlinear systems can have any number of solutions. The

function f(x) = x2
� 4 has two roots: x = 2 and x = �2. Unlike linear
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systems, there is no grand solvability theorem for nonlinear systems.

Except in special cases (for example, polynomials), we cannot tell a

priori how many unique solutions exist for a nonlinear equation. Even

when we know a solution exists, we do not have a general procedure

like Gaussian elimination for finding solutions to nonlinear equations.

Instead, we often rely on numerical techniques to find some of the

roots of nonlinear functions.

12.2 Newton’s Method

Given a function f(x), how do we find its roots? One powerful method

builds on an observation regarding the tangent lines of f(x) near its

roots. Imagine we are at a point x0 that is near a root. The tangent

line of f(x) at the point x0 will itself have a root that is closer to the

root of f(x). Let’s call this new point x1.

Figure 12.1: If a point x0 is close
to the root of a function (black),
the tangent line (red) intersects the
horizontal axis at a point x1 that is
closer to the root.

If we draw another tangent line for f at x1, we see that the root of

the tangent line is again closer to the root of f . We can repeat this

procedure again and again, each time moving closer to the root of f .

Rather than solve the nonlinear f , we only need to solve a series of

a�ne equations describing the tangent line at each iteration.

Let’s formalize the above procedure. The starting point x0; the

values of f and its derivative f 0; and the root x1 of the tangent line

are related by

f 0(x0) =
f(x0)

x0 � x1

You can interpret this formula as “the slope of the tangent line at x0

(f 0(x0)) is equal to the height of the function at x0 (f(x0)) divided by

the distance between x0 and x1.” Rearranging, we can find the root of In other words, the slope of the
tangent line f 0(x0) is its rise f(x0)
divided by its run (x0 � x1).

the tangent line based on values at our current point.

x1 = x0 �
f(x0)

f 0(x0)

Now we know the location of x1, a point closer to the root of the

original function f . We can apply the same procedure starting at x1

to find a closer point x2, and so on. Newton published a very limited
version of the method that bears
his name. British mathematician
Thomas Simpson was the first to
apply the technique to general sys-
tems of nonlinear equations. He also
noted connections between nonlinear
systems and optimization.

x2 = x1 �
f(x1)

f 0(x1)

x3 = x2 �
f(x2)

f 0(x2)

...

xn+1 = xn �
f(xn)

f 0(xn)
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12.3 Convergence of Newton’s Method

Figure 12.2: The function f(x) =
(x� 4)3 � 2x has a root between x = 6
and x = 6.5.

Let’s find a root for the equation

f(x) = (x� 4)3 � 2x

By plotting the function, we see there is a root somewhere between

x = 6 and x = 6.5. We can use Newton’s Method to find a more

precise estimate of the root. We first calculate the derivative

f 0(x) = 3(x� 4)2 � 2

Let’s choose our initial guess to be x0 = 6.0. We’re ready to calculate

x1.

x1 = x0 �
f(x0)

f 0(x0)

= x0 �
(x0 � 4)3 � 2x0

3(x0 � 4)2 � 2

= 6.0�
(6.0� 4)3 � 2(6.0)

3(6.0� 4)2 � 2

= 6.4

We can check if we’ve found a root by evaluating f(x1). If x1 is a

root, f(x1) should equal zero.

f(x1) = f(6.4) = 1.024 6= 0

We haven’t arrived at a root yet. Let’s try another iteration of New-

ton’s method to find a second guess (x2) using x1. When studying numerical methods
we will extend our answers far beyond
the number of significant figures.
As engineers we later “trim” our
answers to an appropriate number
of significant figures based on the
uncertainty in the system.

x2 = x1 �
f(x1)

f 0(x1)

= x1 �
(x1 � 4)3 � 2x1

3(x1 � 4)2 � 2

= 6.4�
(6.4� 4)3 � 2(6.4)

3(6.4� 4)2 � 2

= 6.332984293

The new value x2 is closer to being a root: f(6.332984293) = 0.03203498.

We can always move closer using more iterations as shown in the fol-

lowing table.

i xi f(xi)

0 6 -4

1 6.4 1.024

2 6.332984293 0.032034981

3 6.330748532 0.000034974

4 6.330746086 4.18421⇥10�11
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Newton’s method converges quadratically once the xi are close to

the actual root. “Close” is not well defined and varies with each func- The quadratic convergence stems from
our use of a linear approximation
for the function, leaving a residual
bounded by the quadratic terms.

tion. If an initial guess is far from the true root, Newton’s method can

either 1.) converge slowly until it becomes close enough for quadratic

converge to kick in, or 2.) not converge at all. If Newton’s method is

converging slowly or diverges, you should try a di↵erent initial guess.

12.4 Multivariable Functions

Newton’s method works well for nonlinear functions of a single vari-

able. We use a variant of Newton’s method to solve multivariable

functions. Multivariable functions accept a vector of inputs and pro- Multivariable functions are also
called multivariate or vector-valued
functions.

duce a vector of outputs. We write the names of multivariable func-

tions using bold, non-italicized font – f(x) – to remind us that a multi-

variable functions return a vector of outputs.

We’re already familiar with linear multivariable functions like

f(x) = Ax. This function accepts a vector of inputs (x) and returns

another vector of outputs (Ax). We can also define nonlinear multi-

variable functions. An example with three inputs and three outputs

is

f(x) =

0

B@
x1 � x3

x2
3
+ 2x2

cosx1

1

CA

If x =

0

B@
0

�1

2

1

CA, then

f(x) =

0

B@
0� 2

22 + 2(�1)

cos 0

1

CA =

0

B@
�2

2

1

1

CA

It’s sometimes convenient to talk individually about the entries in the

nonlinear function. We can write a multivariable function using the

following notation We use lowercase and italicized font
(fi) when referencing individual
entries in a multivariable function
since each entry produces only a
single output.

f(x) =

0

BBBB@

f1(x1, x2, . . . , xn)

f2(x1, x2, . . . , xn)
...

fn(x1, x2, . . . , xn)

1

CCCCA

For the example above, f1 = x1 � x3; f2 = x2
3
+ 2x2; and f3 = cosx1.

12.5 The Jacobian Matrix

For functions of a single variable, Netwon’s method uses the derivative

to construct a linear approximation. The multivariable analog of the
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derivative is matrix of partial derivatives called the Jacobian, which we

write as J(x). The Jacobian is named after German
mathematician Carl Gustav Jacob
Jacobi. I assume it is based on his
last name, or possibly his second-to-
last name.

J(x) =

0

BBBBBB@

@f1
@x1

@f1
@x2

· · ·
@f1
@xn

@f2
@x1

@f2
@x2

· · ·
@f2
@xn

...
...

. . .
...

@fn
@x1

@fn
@x2

· · ·
@fn
@xn

1

CCCCCCA

The (i,j)th entry in the Jacobian is the partial derivative of the ith

function with respect to the jth variable. If a multivariable function

has n inputs and n outputs, its Jacobian is a square n⇥ n matrix.

Let’s compute the Jacobian for the function f(x) =

0

B@
x1 � x3

x2
3
+ 2x2

cosx1

1

CA.

J(x) =

0

BBBBB@

@
@x1

(x1 � x3)
@

@x2
(x1 � x3)

@
@x3

(x1 � x3)

@
@x1

�
x2
3
+ 2x2

�
@

@x2

�
x2
3
+ 2x2

�
@

@x3

�
x2
3
+ 2x2

�

@
@x1

(cosx1)
@

@x2
(cosx1)

@
@x3

(cosx1)

1

CCCCCA

=

0

B@
1 0 �1

0 2 2x3

� sinx1 0 0

1

CA

12.6 Multivariable Newton’s Method

For functions of a single variable, Newton’s method iterates with the

formula

xi+1 = xi �
f(xi)

f 0(xi)

Using a multivariable linear approximation, we can define the multi-

variable analogue of Newton’s method.

xi+1 = xi � J
�1(xi)f(xi)

As an example, let’s find a root of the function

f =

 
x1x2 � 2

�x1 + 3x2 + 1

!

First we calculate the Jacobian matrix.

J(x) =

 
x2 x1

�1 3

!
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Using an initial guess of x0 =

 
�1

�1

!
we begin iterating.

x1 = x0 � J
�1(x0)f(x0)

=

 
�1

�1

!
�

 
�1 �1

�1 3

!�1 
(�1)(�1)� 2

�(�1) + 3(�1) + 1

!

=

 
�2

�1

!

Now we use x1 to find the next guess x2.

x2 = x1 � J
�1(x1)f(x1)

=

 
�2

�1

!
�

 
�1 �2

�1 3

!�1 
(�2)(�1)� 2

�(�2) + 3(�1) + 1

!

=

 
�2

�1

!

Our guess x2 is exactly equal to the previous guess x1. Since our guess

didn’t change we are probably at a root. We can check by evaluating

f(x2).

f(x2) =

 
(�2)(�1)� 2

�(�2) + 3(�1) + 1

!
=

 
0

0

!

Indeed, the vector

 
�2

�1

!
is a solution to our equation.

Nonlinear systems often have many solutions. Newton’s method

converges to the solution nearest the initial guess. If we chose the “Nearest” in the topological sense, i.e.
the solution that is down the gradient
of the function at the initial guess.point

 
1

1

!
as our initial guess, Newton’s method on the same function

would converge to the root x =

 
3

2/3

!
after four iterations.

12.7 Practical Considerations

Solving nonlinear equations is an art. Here are some tips.

• Nonlinear equations rarely have a single solution. Solvers try many

(hundreds or thousands) of initial guesses to find several solutions.

There is no general method for determining the total number of

roots for a nonlinear system.

• Software packages like Matlab’s fsolve function can find roots

with a variety of algorithms. Many techniques find points near

roots and use Newton’s method to finish the search.
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• Software packages often allow users to provide both the function

and the Jacobian. Knowing the Jacobian explicitly almost always

improves speed and numerical stability. If the user doesn’t pro-

vide a Jacobian, the software will estimate the Jacobian at every

iteration using finite di↵erences.

• Single variable Newton’s method requires the function be contin-

uously di↵erentiable. Multivariable functions require the Jacobian

be invertible. So-called “gradient free” algorithms are available

for functions with poorly behaving, computationally expensive, or

discontinuous derivatives.

• The multivariable Newton’s method involves inverting the Jacobian,

which is computationally expensive. Instead, numerical solvers

rearrange the iteration equation:

xi+1 = xi � J
�1(xi)f(xi)

J(xi)xi+1 = J(xi)xi � J(xi)J
�1(xi)f(xi)

J(xi) (xi+1 � xi) = �f(xi)

In this form, the solver can use Gaussian elimination on the aug-

mented matrix [J(xi) � f(xi)] to solve for xi+1 � xi; adding xi

gives the new estimate for xi+1.

• We’ve focused on multivariable funtions with an equal number of

inputs and outputs. These functions have square Jacobian matrices.

If the number of inputs and outputs di↵er, the pseudoinverse of the

nonsquare Jacobian can be used to find roots. This technique is

called Gauss-Newton Iteration.
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