
Homework 11: AE 353

Due date: Monday, April 29th 2013

1 Lead-Lag Design

In this problem, we will learn how to do lead-lag design for a system. Consider the following transfer
function:

G(s) =
4

s(s+ 0.5)
. (1)

+ G(s)KcC(s)

We want to design a lead-lag compensator C(s) = Clead(s)Clag(s) such that the following
requirements are (approximately) met:

• Damping ratio ζ = 0.5

• Natural undamped frequency ωn = 5 rad/sec

• Velocity error constant1 Kv = lims→0 sG(s) = 80 sec−1

The closed loop system with this controller is KcC(s)G(s)
1+KcC(s)G(s) . We first design the lead compensator

such that the dominant closed loop poles are at a desired location. Then, we determine the value
of gain Kc with the magnitude condition for the root locus. The last step is to design the lag
compensator using the velocity error constant requirement. We will design the controller in a series
of steps which are as follows:

a) What are the poles of the simple closed loop system (when KcC(s) = 1)? What is the damping
ratio, undamped natural frequency and the velocity error constant? Are the requirements met
by just closing the loop?

b) Let us assume that we design KcC(s) such that the dominant closed loop poles are at p =
−2.5 ± j4.33. Show that the requirements of the damping ratio and the natural frequency are
met with these closed loop poles.

1Assume G(s) is the open loop transfer function. The steady state error with unit ramp input of the closed loop
system is given by ess = 1

Kv
.
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c) (Design of Lead compensator) Part (b) suggests that the closed loop poles must be around
s0 = −2.5 ± j4.33. This implies that the points s0 must lie on the root locus of the open loop
system C(s)G(s). We will design a lead compensator now to achieve this objective. Recall that
a lead compensator is given by Clead(s) = s+z1

s+p1
where z1 is closer to 0 and p1 is far from the

zero. Take z1 = 0.5 (it cancels the pole of the uncompensated system). We now want to find p1
such that

6 {G(s0)Clead(s0)} = −180◦ ⇒ 6 G(s0) + 6 Clead(s0) = −180◦. (2)

Use MATLAB/calculator and/or trial and error to find out the value of p1 > 0 which achieves
the above condition given by Equation 2.

Hint: One way to do this is to find 6 G(s0) using MATLAB, and note that angle contributed by
the lead compensator Clead must be 6 Clead(s0) = −180◦6 G(s0). Pick a value of p1 accordingly.

d) (Design of Kc) For s0 to be the closed loop pole, we need 1 + KcClead(s0)G(s0) = 0. Using
this equation, find out the value of Kc. This is the desired value of controller gain.

If we use the controller as of now (that is, KcClead(s)), we know that the closed loop pole has
dominant closed loop poles at s0. Thus, from Part (b), we know that the damping ratio and the
undamped natural frequency criteria is met. We now need to meet the velocity error constant
requirement, and we will design a lag compensator to do this job.

The lag compensator Clag(s) should not change the location of closed loop pole2, but Clag(0)
should be high enough so that velocity error requirement is met. Thus, 6 Clag(s0) ≈ 0◦.

e) (Design of Lag compensator) Recall that a lag compensator is of the form Clag(s) = s+z2
s+p2

where (z2/p2) >> 1 and both z2 and p2 are positive real numbers very close to zero. Find the
value of z2/p2 using the velocity error constant requirement, that is

lim
s→0

s(KcClead(s)Clag(s)G(s)) = 80.

Using trial and error and MATLAB, find a suitable small value of z2 and p2 such that −2◦ <
6 Clag(s0) < 0◦.

The controller design is complete. The controller is KcC(s) = KcClead(s)Clag(s).

f) Using MATLAB, draw the root locus of the uncompensated system G(s) and the compensated
system KcC(s)G(s). What are the closed loop poles for the system you designed? Is it close to
the desired closed loop poles s0?

2 Bode Diagram

Draw the Bode diagram for the following transfer function.

G(jω) =
10(jω + 3)

(jω)(jω + 2)[(jω)2 + jω + 2]
(3)

Make corrections so that the log magnitude curve is accurate. Please show all the steps.
Next, compare your sketch with that obtained with MATLAB.

2 So the closed loop pole with lag compensator should be close to s0.
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